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THEORY OF SERIES 


INTRODUCTION TO THE PAPERS ON SERIES 


Tue papers in this volume are arranged in order of publication. The 
Comments contain references} to earlier writers and writers who have 
filled gaps or answered questions arising out of the papers. References to 
the many writers who have developed and transformed the subject during 
the past twenty-five years are, in general, avoided. These may be found 
in Zeller} or Mathematical Reviews. Bibliographies up to 1930 are given by 
Kogbetliantz§ and Moore.|| See also Hardy’s Divergent series and Hardy 
and Riesz’s General theory of Dirichlet’s series ; these are referred to as D.S. 
and H.R. References to D.S. are either to the text or to the Notes at the 
ends of the chapters. 

L. 8S. B. 


+ The dates given are those of the published volumes. 

t K. Zeller, Theorie der Limitierungsverfahren, Ergebnisse der Mathematik und ihre Grenz- 
gebiete, 15, Ist edn. 1956, 2nd edn. (with W. Beekmann) 1970. Springer, Berlin. 

§ E. Kogbetliantz, Sommation des séries et intégrales divergentes par les moyennes 
arithmétiques et typiques, Mémorial des sci. math. 51, 1931. 

|| C. N. Moore, Summable series and convergence factors, American Math. Soc. Colloquium 
Publications, 22, 1938. 


ABBREVIATED TITLES 


Tux following works, and also those mentioned in the Introduction, are 
referred to by abbreviated titles. 


A. Ἐν, Andersen, Studier over Cesaro’s Summabilitetsmetode, Copenhagen 
dissertation (1921). 


H. Bohr (1) Bidrag til de Dirichlet’ske Reekkers Theori, Copenhagen disserta- 
tion (1910). Collected works, Vol. I (Danish), Vol. ITI (English translation) ; 
(2) Collected mathematical works, Vols. I-III. Danish math. Soc., Copen- 
hagen, 1952. 


E. Borel, Lecons sur les séries divergentes, Ist edn. 1901, 2nd edn. (revised by 
G. Bouligand) 1928. Gauthier—Villars, Paris. 


T. J. ΓΆΔ. Bromwich, An introduction to the theory of infimite series, Ist edn. 
1908, 2nd edn. (with T. M. MacRobert) 1926. Macmillan, London. (Edn. 1 
contains a chapter on Borel’s and other methods of summation, not included 
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ON THE CONVERGENCE OF CERTAIN MULTIPLE SERIES 


By G. H. Harpy. 


1. The most important of the few known tests for the conditional 
convergence of simple series are derived from an elementary theorem 
generally known as Abel’s lemma. In this paper I propose to extend this 
theorem in such a way as to derive similar tests for the conditional con- 
vergence of multiple series. So far as I am aware, no one has yet proved 
the convergence of any general class of multiple series whose terms are 
not all positive, though the general theory of such series has been worked 
out in considerable detail by Pringsheim.* 


2. Abel’s lemma may be written in the form 


P p-l ΐ Ῥ 
ἊΣ aru; = »> (a; — αἱ.1) Σ Unt dp 2 Ux 
i i k=1 1 


t=] 4=1 


This is an almost obvious identity. Hence 


p q 4 Ῥ»-Ἰ 
ΣΟΣαρμΞΕΣΙΣ Bs, 5 05,4, 529.3, (1) 
41=1 j=1 j=lbvi=l 
where Bij = Gi,j—at41,5; 
ὺ 
Vij = Σ Un,j. 
pei 
q q—-1 j q 
But Σ βι;υς;ΞΕ X (Bi j—Bij41) = ViitBig Σ Vi: (2) 
ΗΝ pa l=] l=] 
q q—-1 Jj 4 
and ἋΣ yj Up, 5 = Σ Yp,5 Σ Vpitap,g Σ Vp, (3) 
j=l Je1 L=1 l=1 
where Yi, j = αἱ, γπτ Gi, 711: 
It is convenient to put Ney: 
A, = Biq = αι, απ Gi+1, > A; = Ύ;»,) τ Gp, j— Ap, j+1> 


Ai, 5 = Bi, j— Bij. = Vig Yas, 5 = Gj G41, j— 4, jet ἀνα, 281- 


* Sitzungsberichte d. Ak, d. Wiss, 2u Miinchen, Vol. xxvu1. See also later papers by Pringsheim 
and London in the Math. Annalen. 
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Then, from (1), (2), and (8), 


4 p-1 q-1 
Σ αἱ, )ῖυ.,) = 2 ΠΣ ΣωΕΣ ΔῚΣ, 2 ἀρ 


1 t=1 j=l k= i=1 ka 


ἘΣ Δ 


=] a 


A, > ἊΣ Uy, itA Σ Σ Uk, 1- (Α) 


k=1 l=1 


8. The corresponding equation for -ple series may be written in the 
form 
P1 72 Pr F 
; > iy, iz, ..., in Win, ἴω, ..., in -- > [XA (xD γον Σ Ui, Riaz ten) |e (A ) 
qy=1 δ --᾿ὶ in =1 

To form the right-hand side we proceed as follows. We take any selection 
of the suffixes ὦ), ὦ», ..., 7 85 a suffix for A. [ἢ ἢ does not occur in this 

selection, we put ?,=p, in αμ,..,.,. H it does, we substitute 


Oty, ig, ...5 {, ἀμ], 49,024 ty for Cia, ta, ..., ἢ 


We repeat this for each suffix, and the result is the corresponding A; 
thus, ¢.g., 


A; i, — An. po 


n-b ἴῃ pag! ἔχον ὦ. pi, P2% .... Mya th, ἱ τ ἄρ, pa, vee Gop t,+1 


- Any, 2025 ...» 4,141, t,+1° 


In the summation in round brackets the limits for ἄν are 1 and ὃν if ὃν 1s a 
suffix of A; land yp, otherwise. The summation within the square brackets 
applies to every ὃν which is a suffix of A, and the limits are 1 and p,—l. 
The outside summation applies to all selections of the suffixes, including 
that in which no suffix is selected. In this case A = ay, », ..,p, 


It is easy to prove (2) by induction. We assume it for indices, and 
suppose each a and w affected with a new suffix 7,,,. We then sum from 
bngy = 1 tO tn41 = Pasi, and apply Abel’s lemma, to each of the terms on 
the right. Then it is almost obvious that we obtain 


2 [A pap are Xt, 13, «εἰ, Oe γ]. (Δ) 


"νι τ} 


For the term of (A’) whose characteristic suffixes are %, ὑφ» ...» % gives the 
two terms of (Δ) whose characteristic suffixes are %9, 2%, .--, ὕω» M41 and 
16, ὑφ» +++» ἴω Yespectively. 

The theorem expressed by the equation (A’) is therefore true generally. 


4, Now suppose that A;,,,, is the quantity formed in the same 


4 
> “ὦ 


way as Aii,..i,, except that the suffixes 7, which are not suffixes of A’ 


t,, 4 ¢? 
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are not put equal to p,. And suppose that the quantities a, w satisfy the 
following conditions :— 


(i.) All the quantities A’ are positive ; 


(11.) Lim ag, 4.4, = 0 @=1,2,..., 2) uniformly for all 


ly = @ 
values of ὦ, ..., tpi, Ur4dy oes On 


tn 


ty ig 
(111.) | 2D... Σ et, wen | 18 less than a constant C for all 
1 1 1 


values of 2,, to, ...5 Un 


fea) 


CO οὦ 
Then the series Σ 2X ... 2 Ain, i, ..., in Wi, ir, in US Convergent. 
1 1 


It is evident that (ii.) implies that the s-ple limit obtained by keeping 
any m—s suffixes constant and making the remaining s tend simul- 
taneously to infinity is zero. 


5. To prove the convergence of the series we have to show that how- 
ever small be « we can so choose M that 


m+71 πιὰ MnrtPn 
b> eee : o> Qi, ἴω, ..4 in Ui, 14, oon 


Mn 
πο ΟΣ ΟΣ δὲ 2 Gis, in, ..., in Ui, ta, «0.4 in| 5 σ (4) 


4=1 2,=1 tn = 


for any values of m,, m., ..., mn all >M and all positive values of 
Ps Por +++) Dn 

Now let us take any selection of the 7’s (including at least one) and 
form the sum 22... Lai, in, im Ui, »,...,%,, IN which the limits for 1, are 
m,+1 to m,-+p, if ὃν is selected, 1 to m, if not. We can form 2”—1 such 
sums, and their sum is the quantity whose modulus figures in (4). 

Consider, for example, the sum for which the selected 2’s are 
ὧι, ley ...», Muy and put 

jy =ty—m, (ν ΞΕῚ, 2,..., 2), 


pee ’=e+,..., 0), 
Tv = Pp V=1, 2, ae) μ), 
dve=—™m, v= a+, sony n), 
’ — 
αν 75, ΝΜ ΕΙ x O51 τα, jatma, ig dut My, eh jy? 
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and similarly for the w’s. Then the sum is 


ΠῚ 42 ln ; ; 
> > eee ; Σ Qj, jas “51. in Ujy, 23, very Jn ’ 
jal 22 ΞΞ 1 Jn = 
. t 
which, by (A’), = E[TACZ... Dey in... ee) 


the A’s being now formed from a’ instead of a. The modulus of this 
<C [ZA]. But to find Z[ZA] we have only to suppose that w= 1 if 
all its suffixes are = 1, and = 0 otherwise. This gives 


01,1,..,1 = =LZA]. 


Thus the modulus of our sum is < Cay, 4, ὖ.6., < Camta, ..., met], 1, oy 1 
and can therefore be made < «/2” by choice of WM. 

Exactly the same argument applies to the other 2”—2 partial sums; 
and (4) follows. Therefore the series is convergent. 


6. The most interesting case is that in which 


Qi, ia, ..., in — p ( Σ avi), 
v=l1 
where Q, ..., ἄμ are positive, and ¢(w) is a function which has Ὁ as its 
limit for w= © and has continuous derivates ¢’(u), ¢’'(u), ..., pg” (u), 
such that ¢’(u) <0, φ΄ (ἡ >0, ¢'"(u) «0, ..., and 


iy ant = αν {(E 9.) ψ|-Ὁ}, 


where θι, ..., 0, are any real quantities other than multiples of 27. Then 
; itl fietl i,+1 
(-- δῷ, ἦῳ, ..., ὃς — QA; Ay ... As | \ eee | f(a, 2+... 52s 
4 (St ἧς 
+ As41 tsi... +n ὃ.) AL, 4... 414» 
which has the sign of (—)’, so that A; ;, > 0, and similarly for each A’. 


41, 12, ..05 


Thus (i.) of § 4 is satisfied. Evidently (11.) is satisfied. Finally, 


» 


©. 


“Ms 


ve DY OXP { (2,0, +... Fen On) /(— 1} | 


II eae it a ala 3 | < cosec 40, cosec $0, ... cosec $0, ; 


" 
1 


so that (1i1.) 15 satisfied. 
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In particular we may suppose 


=, ΞξΪῬἴ 
d(u) = or, (eo > 0). 


p 


“αν (ix OF tg Oo-+... ban On) 
a “Tal WA Ante... -An tn)? 


Hence the series 


~Ms 
- M8 


are convergent uf p > 0. 


It was with the object of proving the convergence of these series, 
which form the natural generalization of some of the simplest single series 
considered in the books, that I undertook the preceding investigation. 


[Note added October 4th, 1908. --- A very interesting question is 
whether the multiple series written above is also convergent for all 
complex values of p whose real part is positive. The argument of 88 4-6 
fails when p is complex, but it can be proved directly from (A’) that the 
series is convergent if the right values of the complex powers are taken. 
A further question is how far the restriction that the a’s are to be real 
and positive is necessary. 

These questions, however, tian rather to the theory of zeta and 
allied functions than to the elementary theory of series, and would prob- 
ably be answered most easily by totally different methods depending on 
Cauchy’s theorem. | 


CORRECTIONS 


p. 125, lines 13-14. For the 2nd term on the right read ay, », 
The sign before the last term should be +. 

line 11 up. For (2) read (A’). 

p. 126, ine 4. For (¢ = read (r=. 

line 10 up. For 17 read i,. 

p. 127, line 5. For u read τ΄. 


s-tt—itl,in Ἀ 


COMMENTS 


The theorem given in § 4 is an extension to multiple series of Dirichlet’s test for 
convergence. The composite series is shown to be convergent in Pringsheim’s sense, 


10 


but the analysis also shows that its partial sums are bounded. In an addendum 
(1905, 3) the conclusion is improved to regular (or complete) convergence. See 1917, 3 
and the Comments on 19085, 3. 

Condition (ii) may be replaced by 


(ii)’ lim αἱ, μένα, = 9 ( = 1,.22,...,5}. 


ty—> 00 
This was proved for double series by Bromwich. f In view of the monotonic properties 
in (i), condition (ii)’ is equivalent to (ii), and also to 
(ii)” lm a -- 0 (r= 1,2,..., 2), 
ἱ,-» 0 
for all choices Of ὃ,»...» ὅρα» ὕρα νυν On 
On the other hand, condition (i) may be replaced by 


Gy ΣΌΣ [Aina | < ο, 


φ 


11 


Uysostrenystn 


if condition (ii) is replaced by (ii)’. 
The theorem may be completed in the form: Necessary and sufficient conditions for 


the series 
= vee > Din in Min..in 
11 tn 


to be convergent (or boundedly convergent), whenever (111) holds, are (i)’ and (11)” ; see also 
the Comments on 1905, 3. A construction, which shows the necessity of (i)’, is given 
in Moore, § 1.14. 

Necessary and sufficient conditions for single series were given by Dedekind} 
(sufficiency) and Hadamard§ (necessity), and for double series by Hardy (sufficiency) 
(in 1917, 3) and Kojimal| (necessity). Hamilton} +} showed that the conditions of Hardy 
and Kojima are equivalent to (i)’ and (ii)” with n = 2. See 1917, ὃ and the Comments 
on 1917,.3. . 

ΤᾺ 1917, 3 Hardy remarks that an extension of Abel’s partial summation formula 
to double series was also given by Krause. Hardy’s general formula, § 3, has often 
been quoted by later writers, but the important pioneering result in § 4 seems to be 
virtually unknown. The paper is not included in any of the bibliographies mentioned 
in the Introduction. 

Answers to the questions raised in the note added at the end of the paper are given, 
for double series, in 1905, 14 and 1917, 3. An analogous multiple integral is discussed 
in 1905, 11 (in Vol. V). 


+ Ist edn., p. 89; 2nd edn., p. 97. 
t Dirichlet’s Vorlesungen tiber Zahlentheorie, 2nd edn., revised (with supplements) by 
Dedekind (1871), Suppl. IX, § 143, pp. 376-7. 
§ Acta Math. 27 (1903), 177-84. | 
|| Téhoku Math. J. 17 (1920), 213-20. 
tt Bull. American Math. Soc. 42 (1936), 275-83. 


XIII. On Dofferentiation and Integration of Divergent Series. 
By G. H. Harpy. 


[Received 7 February 1902.] 


GENERAL PRELIMINARIES. 


ο΄ § 1. Txere is a class of problems—the double limit problems of the integral calculus— 
which are all particular cases of one or other of the two following general problems: 
to determine the conditions under which 


A A 
(1) lim [ f(x, n) de = | lim f (2, n) da, 


NR=—ODe 


A "A 
(2) lim |” f(@, a)de= [“ lim f(w, a) da, 
a2=a, "ὦ a a=a, 


n being a positive integer, and a a continuous variable. In a paper* entitled “On the 
continuity and discontinuity of definite integrals which contain a continuous parameter,” 
I investigated general conditions for the truth of the second of these equations, and 
discussed various cases in which it does not hold. These were all cases in which the 
two sides of the equation are finite and determinate, but distinct. 


Now let us suppose that the right hand of (1) and (2) is finite and determinate, 
but the left hand indeterminate. Under these circumstances we may define the value of 
the left hand as being equal to that of the right: that is to say we may use the 
otherwise meaningless expression on the left as a formal equivalent for the determinate 
expression of the right. The value of such conventions can of course be only formal and 
practical; but so long as they are consistent they are perfectly legitimate, and may, as 
has been abundantly proved, be extremely profitable 1 


* Quarterly Journal of Mathematics, vol. XXXIV., pp. 28—52, 
+t For a general account of the possible uses of divergent series I may refer to Borel’s writings on the subject. 


1904, 3 Transactions of the Cambridge Philosophical Society, 19, 297-321. 
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Sum oF A DIVERGENT SERIES. 
§ 2. Suppose, for instance, that in (1) a=0, A=, and 
n an 
7}, n) =e * Σ Uy, —. 
0 nN. 
Then (1) becomes 


is] ο a a iv 3) a 
Σ tn | e* — dx= | e* Su, -, da, 
0 0 11 ! Ths 


0 0 
1.6. (3) Σ Un = { eu (x) da, 
0 0 
ea) a 
where u (4) = Σ Un τ: 


When therefore Su, is divergent we may define its ‘sum’ as being equal to the 
integral 


| e* u (x) da, 
0 


whenever this integral is convergent. This is the definition given by Borel, whose point 
of view is however different. 


CONDITION OF CONSISTENCY. 


§ 3. It is obvious that our definition will involve us in contradictions unless equation 
(8) is true whenever 2up is convergent. It is therefore essential to prove that this is 
the case. 


: : a. ; : 
Now, if Zu, is convergent, Le~* un τὶ is uniformly convergent in (0, X), however 


great be X. For, however small be the positive quantity σ, we can choose WN so that 


Un|<o 
if only n2N. And then 
N+ a oc mn 
= 6 a) As ni | < ge* Σ τς 
N' gn: 
«σ, 


for all values of « in (0, X), all values of NW’ 2, and all positive values of p. 


oO x gir x oo gr 
Hence | (1) Bua Ι Miler dz = | e-= > Un a da. 
0 0 nN: 0 0 nN: 
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We shall be justified in replacing X by oo if only 


A=o 0 
But | e-* wo” dx = e-X {AX + XP + od, +n}, 
x 
so that this series is 
co n 4 roa) xX” a0 
ΘΑ 2 uy, > τς e* 3 —, Du; 
0 οὖ 0 ἢ if n 
For if 8. ΞΕ Du; 
nr 
xX? x” 
to +t (1+ X)+ uy (14+ X Ἐπ oheeek +, (14+ X+ Sone +] 
xX” x” 
= 8 +5,X + erccoe +8075 — Suns (1+ X + ew eceene +). 


and the limit of the last term for n= oo iS zero. 


Now let o be any assigned positive quantity, and determine N so that if n 2N 


|Sil<o. 
| _@ Xn ao Xn 
N41 πὶ! o 2} 

< G, 


whatever be the value of X¥. Now we can choose a value of X’ so great that 


for all values of X =X’. And then 


nN 


ee χζ 
0 nm! 
if only X 2X’. “Phus | 


ὦ aac " Zz 
—? lim & wp, | e* -- dx = 0. 
A= 0 AL 72): 


Therefore we may replace X by o in (1), and so 
ος a n 

S tin = [ e* > tm — da, 
0 ‘o. wn: 


whenever the series on the left is convergent Ἐ, 


* Since writing this I have proved a more general theorem, viz. that if o,=u)+u,+...... + Uy 
lim 0 σι Ὁ --..... σε [ e-* 3 uy — da, 
nN 0 0 ni 


if the left hand is determinate, and a certain other condition is satisfied. 
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It is to be observed that we have not proved that | e“u(x)dax will diverge to a 
0 


definite infinity whenever Zu, does so. This is true, however, when all the terms of 
the series are positive. For then, however great be G, we can determine N so that 


N 
Σ Un > G. 
0 
᾿ ω Ν ge 
That is | e*>u, —da>G; 
0 0 n!} 
and a fortiort | eu (4) ἀα > G. 
0 


But this can only be the case if the last integral diverges to + 0. 


§ 4. When the integral i e*u (x) dx 
0 


is convergent, I shall say, with Borel, that the series Su, is summable; and I shall 
denote its sum by 


Ff Un. 
0 
It is not obvious that the sum of the series 
0 + Uy + Uy + .-eeee 
is equal to that of Ug τ Uy HF Ug H eee ee 


The sum of the first series (if it is summable) is 


[ e-* υ(α) dex 
«0 
a? 
where V(L) = Ue + Uy ait ΤΥ 


= |" u(e)da, | 


0 
provided u(x) be uniformly convergent. And 


[c= [° u@de=- jen fue) ἀρ + [eeu ὦ 


Hence 0+%+% «..... will be summable, and its sum equal (je a - ἄρ νννοννν if 
u(#) is uniformly convergent and eae 
Ξ | 
lim e~* Ι wu (a) da = 0. 
X= 00 0 
And under these circumstances 
α t+ Uo H τῷ «οννον = + (Uy + th ...... ). 


We can deal similarly with the series 
a+t+b+...... the + - Uy co oeee- 
But I shall not enter in detail into these points at present™. 


* See Borel’s Lecons sur les Séries Divergentes. Borel confines himself to absolutely summable series. I may 
remark that there is no difficulty in seeing that we may prefix any number of zero terms to the trigonometrical 
series considered later. 
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UNiIFroRM SUMMABILITY. 
§ 5. Now let us:suppose that the terms of the series are functions of a variable a. 
Let ες ΨΨ (ὦ, a) = Σ Un (a) τ᾿ | 
We shall say that Stn (a) 1s uniformly swmmable in (B, y) if 


| 6 Ὁ κι (ὦ, a) dx 
0 


is uniformly convergent in (β, 4). 


CONTINUITY OF THE SUM OF A DIVERGENT SERIES. 


§ 6. Theorem I. If all the terms u,(a) are continuous functions of a, and 


f Un (a) ἡ 
ws uniformly summable, and 
Σ εἰ 
τ ιῷ n! 
uniformly convergent for any finite value of a, in an interval (8, y), the sum of the 
first series is a continuous function of α throughout the interval. 


In the first place, e-*u(x,a) is a uniformly continuous function of a throughout 


the domain | 
(0, Xx, B, Y) 
however great be X. 


: : x” , ; : 
To prove this we observe that, since > u, (a) τι 5 uniformly convergent in (β, γ), 


we can determine a value of N, corresponding to any assigned positive quantity o, so that 


«σ, 


| Un (a) -- = 


for all values of a in (8, y) and all values of n 2 N. 
If then X, is any positive quantity < X, and 0<as Xj, 


: Σ ῳ() = «σΣ (Ὁ) <y oy: 


for all values of a in (8, γ), all values of 2 in (0, X,), all values of N ‘ZN, and all 
positive values of p. 


17d 
Hence the series Σ wu, (a) — is uniformly convergent throughout (0, X,, 8, 1); 


as X is arbitrarily great, so is X, And so e~*u(a, a) is a uniformly continuous function 
of a throughout any such region. 


15 
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Moreover the integral 


| ey (x, aldz 
0 


is uniformly convergent in (8, y). Hence it is a continuous function of a. 


§ 7. Suppose for instance that 


Un (a) = a” cos nO. 


Then if —l<a<l, Σ Un (a) is convergent and equal to 
0 


Was 
1 — 2a cos 6 + a?" 
If Ya cosnO is continuous at the extremities of (—1, 1) we may make a=—I1 


o 
and 1, and so obtain 


(1) Y(— 1)» cos nO = 1 — 008 8 + 008 39 ....... = 5, 
0 

(2) Y cos nO = 1+ cos O + cos 20 eee =5. 
0 


Let us see whether the conditions of I are satisfied. All the terms are continuous, 
νι 
and Σ αὖ cos nb — is evidently uniformly convergent for any finite value of ὁ. It only 


remains to show that 


ΌΟ οο 
i 6 μία, a)dx= | e—*i—2.0089) eos (ax sin 0) dix. 
0 0 


is uniformly convergent in (—1, 1). This is so provided @ is not a multiple of π, im 
which case uniform convergence ceases at one or other of the ends of the interval. 
If for instance 0<@0<_7 


i a0 
| e7% (1-2 cos 8) COS ax sin θ dx 
Xx 


οΌ 
« ] ο: {i—a cos 8) ada 
ὧν 


1 


pe et (1I—a cos 8) 
1—acos @ : 


for all values of a in (—1, 1), and this can be made as small as we please by choice 


of X alone. But if 6=0 uniform convergence ceases for a=1; if @=m, for a=—l. 
And in fact in these cases (1) and (2) each give 


a result in contradiction with § 3. 
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ELEMENTARY TRIGONOMETRICAL SERIES. 


ὃ. 8. If 04(2n+1)7, 


φ (—)" cos ηθ = [ 6. Ὁ ΟἼΘΟΒ θ) eos (x sin θ) dx = : 
0 0 
Similarly we deduce all the following series: 

(1) Y(-)" cos n8 = 1 — cos 8 + cos 26......= - 
0 

(2) ¥ cos nO =1 + cos 6+ cos 24...... -Σ, 
0 
= Lod 

(3) Y(—)"" sin nO = sin 6 — sin 20 ...... = δ tan 5 6, 
1 : | 
oe ᾿ : 1 1 

(4) sin nO =sin 6 + sin 26...... = 5 cot 5 6, 
1 

(5) Y(-)" cos (2n + 1) 8@=cos θ — cos 36...... =5 sec 0, 
0 . 

(6) Y cos (2n + 1) 0 = cos 6 + cos 36...... = (, 
0 

(7) ¥(—Y*sin (2n +1) 0 =sin 9 — sin 30...... <0, 
0 

(8) Ysin (2n+1)0=sin 6+ sin 30...... = : cosec θ. 
0 “αι 


In these series @ may have any value except those for which the series takes 
the form | 


1+1+41...... : 


in the case of (3), (4), (5 ) and (8) these are the values for which the function which 
represents the sum of the series becomes infinite. And it is easy to see that any one 
of the series is uniformly summable in any interval of values of @ which does not 
include any of these exceptional values. 


By writing 6+¢4, θ-- ᾧ instead of 6, and adding or subtracting the results we can 
obtain a number of more general formulae. It will be sufficient to give the following: 


(9) 1 £ 00s θ cos + cos 20 cos 3 ......=5, 
(10) sin @sin φΦ + sin 2 sin 2d ...... = 0, 

cae 1 sin Φ 
1 ° 5 S Z .Φ...».. ““π- π΄ 
(11) cos @ sin ᾧ + cos 290 sin 2¢ 2 cos 6 — cos ᾧ 
(12) cos @sin $ — cos 20 sin 2g......=4 —_ D9 


These hold so long as 6+¢ and θ--ᾧ have not certain particular values easy to 
specify. 


17 
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DIFFERENTIATION OF A DIVERGENT SERIES TERM BY TERM. 


§ 9. Suppose that u,(a), whatever be n, has a derivate τ, (α) continuous throughout 


(α, -- ἕξ, a -- ξ), and that ζα, (a) is summable throughout this interval, w(a) being its sum. 
0 


Theorem II. If 
Ff Un. (a) 
0 


is uniformly summable in (ας -- ἕ, a + &), and 
ao ; a” 
ate) 


uniformly convergent for any finite value of x; the series Ψ Un(a) may be differentiated 
0 


term by term for a=%. 


Ou (x, a) | 


‘ a”. : : : 
For since Σ un (α) πὶ 5 uniformly convergent, its sum 15 as w (wv, a). 


Also we can prove, as in ἃ 6, that ε΄ (ὦ, α) is a uniformly continuous function of α 
throughout (0, X, a —&, αὐ Ὁ ξ), however great be X. Finally, since S Un! (a) is uniformly 
summable, τ: : 

Ι. e* ψ' (a, a) da 


is uniformly convergent. Therefore 
μ' (a)= al e*u(a, a)dx 
= | ᾿ ey (ὦ, a) da 
=| σ S tn’ (a) δ΄ da 
= Pun! (2), 
0 
for a=). 
§ 10. Consider for instance the series 
Ἂς. ce Πρ Ξε -- ---ς σοῦ za. 
The result of differentiating the left hand p times is 


a 
WP Fn? ems, 
0 
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and the sum of this series, so long as a+2mz7, is 


οο 
1» | 6 5 Uy (x, a) dex, 
0 
where 


οο ᾿ a” 
Up (@, a) = BnP em — | 
1 nN: 


This series 1s uniformly convergent in any interval of values of a, whatever be ὦ. 
And in order to prove that we may differentiate Ye™* term by term any number of 
times, for a=a, we only need to be assured that, whatever be p, we can make 


i e* uy, (x, a) dx 
ASE 
assignedly small by choice of X, for all values of ἃ in a finite interval (a,—&, a+ &). 


Now 1? Up (ὦ, ay = (ΤΥ 3 AY ee 


If we differentiate out and replace each term by its modulus we obtain a finite 
sum of the form 


Pp 
ex cos a > Aya”, 
0 


Hence we need only prove that we can make 
οΌ 
| οι {1—COs a) av da 
x 


assignedly small for all values of ἃ in an interval (α, -- ἕ, a+). Now if a+2n7 we 
can find an interval of this kind throughout which 


1 — cosa>y, 
a positive constant. And then 


| 6. (l—cos a) gv dn < | era" da, 
x x 
which can certainly be made as small as we please by choice of X. 


§ 11. It follows that we may differentiate (2) and (4) of § 8 as often as we please, 
so long as @+2n7. The same is true of the other series of ὃ 8, so long as @ has 
not certain special values. 


Thus, for instance, 
(1) #n* cos né = 0, 
1 


(2) Gn sin n0 = 0; 
1 


Bh ae dan ds ed Vek, ἢ 
and | (8) Fae sin n? = (—) (2) 9 cot 5 9, 
0 : d +1 1 
4 ay) 9=(-) |= = cot = 0. 
(4) Pn cosnd=(—¥(Jq) δοὺξ 


19 
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Similarly (5) Ψ (--ῦ)δ 1 n® cos ηθ = 0, 
1 


(6) g (—)"— n¥**! sin né = 0, 
1 


0 ΑΛ} 1 
(7) σ (-- ὺ. 1 n® sin ηθ = (—)* (sa) tan 5 0, 


2 
οὐ ¥ ’ αἱ \%8+1 J 1 9 
Wa 1 28+] ae pre ie peal ton — 
(8) σι 1 n+) cos nO = (—) (9) 5 tan 5 
From (2) and (5) we deduce 
(9). 1% — 2% + 3% ...... = 0, 
(10) 144! — 9% + 681 ...... = 0. 
Also since sie 
1 1 27] - 
5 tans O=—57- Βιθ + 4! Be coenes ; 
(11) [sti — 92e+i 4 Sreti es 8 2 5 


(—) 42 Bey. 
To obtain 1% — 3% + 5% 
This gives 


(12) 15 -- 34.0... =(-} (ze) 55° | = oD ie 


§ 12. Now let us consider the more general series 


Ψ p” end 
0 
The sum of this is 
[eo Σ 6110 (pa) dx 
0 0 n! 


οΌ 
ἘΞΞ | e-* (1i—p cos 6—ip sin @) d Φ 
0 


1 
~ 1—p cos 6 — ip sin 0’ 


provided 1—pcos@>0. 


That is to say ; 
Pia _ _1l—pcos 
(1) op ON Son cs Gap 


Fe ὡς _ sin 0 
(2) Sp i 1 — 2p cos 6+ p?’ 
if 1—pcosO>0. If —1<p<1 the series are convergent. 


Again, consider the series 


g h” P,, (cos @). 
0 
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~The sum of this is | 


| cs LP, {1}. dix 
0 0 nr 3 
Now P,= . i ae: — w cos φ)" dd, 
TJ 0 
where μι =cos 0, v=sin 6. 


Thus the sum of our series is 
1 ΒΕ ἰῳ -- w cos Φ) ha}” 
ἫΝ : Σ ; n! dp) dar 


Now it may be shown (I shall not stop now to work out the proof in detail) 
_ that we are justified in writing this in the form 


= [[« ἫΝ Σ a= cos #) ἃ ) ps 


= 1 " ἀφ | ¢-th-ruivewe da 
7 0 0 
_1f* _d¢ 


oso 1—hw +t thy cos φ 


I 
— M(1 -- 2h t h?)’ 


provided 1~hu>0. If —~1<h<1 the series is ; convergent, and this is its sum in the 
ordinary sense. 


INTEGRATION OF A DIVERGENT SERIES TERM BY TERM. 


§ 13. Let us now consider the problem of the integration of a divergent series. 
Suppose in the first instance that the range of integration (8, y) is finite. Then integra- 
tion term by term is justified by the following series of transformations : 


[° Pun (a) da 
BO 
Ύ ie.) 
-| das | e* u(x, a) da 
β 0 
mS Y 
=| et de | ie Dae 
0 B 
=| στ de |" Στ (a) da 
0 B 0 nN: 
=| ede & = {uy (a) da 
0 0 ft: β 


= P|" (2) da. 


0.}β 
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We have therefore to consider what assumptions are involved in this procedure. 
They are evidently (i) that the order of integrations in 


| “da i eu (a, a)dax 
p Jo 
may be changed, (ii) that the series 
Σ Un (a) ai 
0 n!} 
may be integrated term by term over (8, y), whatever be the value of «. 
Now (ii) will certainly be true if (a) w,(a) is finite and integrable throughout 


(8, y), whatever be n, and (b) 2un (a) is uniformly convergent in (8, y), whatever be =. 
And (i) will be true if (c) 
᾿ 
| e* u(x, a) da 
β 
is uniformly convergent in (0, X), however great be X, and (d) 
[ 6. u(x, a)dx 
J0 


is uniformly convergent in (8, y)*. This last condition is equivalent to that of the uniform 
summability of Pun(a). And (c) will be certainly satisfied if Dun (a) is uniformly 


convergent throughout the domain (0, X, 8, γ); for then e-*u(az,a) is a continuous 
function of both variables throughout this domain. 


We may therefore enunciate the following theorem. It is to be understood that 
each separate term u,(«) is finite and integrable. 


Theorem III. If 
Ff Un (a) 
0 
is uniformly summable in (8, y), and 
οΌ a™ 


uniformly convergent throughout the domain (0, X, β, however great be X: the serves 
Sun(a) may be integrated term by term over (BP, 7). 


§ 14, All the trigonometrical series of § 8, to which I am devoting particular 
attention in this paper, cease to be uniformly summable at certain isolated points. It 1s 
important for my present purpose to obtain theorems which may be used in cases in 
which some of these exceptional points are included in the range of integration. 


Theorem IV. If the conditions of III. are satisfied except that Puy (a) is only uniformly 
summable in (8, y—e), however small be e, while 


9" un (ὦ da 
0 sp 


* Ch. de la Vallée Poussin, Journal de Math., sér. 4, t. νι. 
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18. ἃ continuous function of a up to and including a=; the series Puy(a) may be 
integrated term by term over (8, ¥). 

y-€@ ao fy—e 
For S Un (a) da = ΨΙ Un (a) da, 
B 0 | 0/8 


however small be ¢, and the theorem follows on proceeding to the limit. 


§ 15. We know, for instance, that 
sina+sin 3a+...... = 4 cosec @, 
sin 2a + sin 4a+...... = 4 cot a. 


Multiply by a and integrate term by term from a=0 to a=4n. Since 
(—)” 


[ asin ἀν δ OF LY, 


Τ 


ἀπ 
> --.ἕ fo NIE ι΄. 
[ asin 2nada = (—) a? 
we obtain 


toe eo CF 
| ταν aay 


in 1 
(2) ["acot ada =5 log 3, 
0 


provided the conditions of III. or IV. be satisfied. The condition which concerns Su, (a) — 
is evidently satisfied in each case, and Puy (2) is uniformly convergent in (e, ἐπ), 
however small be ε. Also | 


ecos(2n+1)e sin(2n+l)e 


[asin (2n+1)ada= on +1 ΠΟ 


It is clear that 


. Ssin(Qn+lye .. 
ἀπὸ Qntly Το 
ς ~cos(2n+1l)e ,. 1 1 
and lim ieee es a = lim 5 ¢ log cot 9 ε 
Ξε 0, 


Henee the conditions of IV. are satisfied, and (1) and (2) are correct. 


§ 16. Now consider the equation 
sin 2a — sin 4a...... = 4 tana. 


Suppose that @(a) is a function which does not vanish for a= ἀπ, and has a 
derivate $’(a) which is continuous throughout (0, πὴ. Then 


[tan ad (a) da 
0 


23 
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is indeterminate, but its principal value*, which I denote by 
P {tan ad (a) da, 
is determinate, and it is naturally suggested that we may have 
5P| tan acd (a) da = {"sin Qad (a) da - {sin hac (a) da ....... 


Such cases may be dealt with by means of the following theorem. 


Theorem V. If the conditions of III. are satisfied except that the uniform summa- 
bility of Sun (a) ceases for a single value & of a, while 


o fite 
lim FY} wun (a) da 


e=0 0 J g-e 
as zero; then 


P " Pn (a) da = P|" (ὦ da. 
B 0 0/8 


For under these circumstances 


(ase Sum ie g(f +f") ms (a) da; 


and the theorem follows on proceeding to the limit. 
Another case which may occur is that in which some or all of the terms tp (a) 
‘ : : Y : : 
become infinite for ατξ in such ἃ way that | u,(a)da is not determinate, although 
B 


its principal value is. In this case we must substitute for the condition of V. the 
condition that 


00 E+e 
lim YP Un (a)da=0; 


e=0 0 t—e 


and the final result will be 


Ρ | ” Pun(a)da=9P | tay ae: 
B 0 0 β 


§ 17. Let us consider, for instance, the example at the beginning of § 16. We 
have to prove that 
@ rte 
lin ¥(-)*" | sin 2nad (a) da 
εξ 1 $7 —€ 
is 0, or that 
‘ a ra an rte | 
lim | ede Σ (--). — | sin 2na h(a) da 
e=0 J 0 1 Nil }π--ε 
is 0. 


Now we may sum under the sign of integration with respect to a. Thus we obtain 
| e-*®@ (x, €) dx, 
0 


* I have worked out the theory of ‘principal values’ in considerable detail in some papers in the London 
Mathematical Society’s Proceedings. 
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ἀπ-ε a) n 
where ® (ὦ, €) =| φ (a) dad (—)"— sin 2na — 
π-ε 1 , 


= R E | vena * (a) da 


QJ ts 


The last integral is 


τς [9 @)| 


212 


ἀπ-ε 1 tite “ ! 
ἀπ-- ε a pute Φ (δ) αι 
and the second term of this is 
1 ; inte =] ftrte « αἱ . 
ei —Qia—xrer 47 a τ ν -φε5’.α τ —a ,.1’ 
4" [ ? @) | 4." ee da ie Φ (2) a, 
if @’ (a) is also continuous. Thus 
1 ; inte ap (2, €) 
— | g—2 C0820 ς bBo ie 
Φ (ὦ, ε) ΞΞ On E cos (ὦ sin 2a) ΟΝ π΄ aed 
where [Ψ' (ὦ, €)| < He*, 
(H a constant); 1.6. 


= {6 Ger +6) 9 Gr —)j os 5m Pe) ΨΩ Ὁ 


ie a) NX pao 
Now i e* ᾧ (a, ε) ἀα ΞΞ + | 
0 0 x 


© oe 
We can choose X so that | ue 6) dz, which is numerically less than 
x 
“ἽΗ Η 
x By 


is as small as we please. Also ᾧ (ἐπ ε) -- φ (ἐπ -- εὐ vanishes with εἴ like ε; and (if 
we suppose X > 1) 


A o> da | 
ο΄ Ὁ (1-608 2€) agg (x sin 2€) ne 
A τὰ 


Ὁ 
« i e-% (1— 008 2e) gt da 
0 
_ τῷ 
(1 — cos 2e)?’ 


and therefore becomes infinite for e=0 at the most lke εὖ; so that 
. i da: 

lim {$ (ἐπ + €) — $ (ἐπ — 6} 6 Ὁ 0“ 082) cos (x sin Qe = 0. 
e=0 A 


x 
And we can also choose ε so small that , e-*® (x, «)dx is as small as we please. 
0 


Consequently | 
lim | e*® (a, e)dz=0. 


εξ V0 


26 
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Hence * 
; Ρ[ "tan ad (a) da = G (-y> [sin 2nad (a) da. 
0 1 0 . 


We can prove in the same way that we may multiply any of the series (3), (4), 
(5), (8), (11), (12) of § 8 by (0) and integrate term by term, provided that neither 
limit is a point at which the sum of the series becomes infinite, and that we insert 
the sign of the principal value whenever any such point is included in the range of 
integration. | 

§18. I shall give a few examples of the use of this theorem. Since 


5 tan (6 -- $) = ¥(—)* sin 2n (0 -- 9) 


2 
: cot (θ -- φ) = Ysin 2n (θ — >), 
0 


P{ “tan (6 — h) cos (2n + 1) 0d0 =0, 
0 


21 
ΡΙ tan (θ --- φ) sin (2η + 1) θάθ -Ξ0, 
0 
and the two corresponding principal values containing οοὐ (θ -- Φ) are also zero. And 


Qr 
P | tan (6 — φ) cos 2n8d0 = (—)" 2m sin 2nd, 
0 
Qr 
Ρ | tan (6 — φ) sin 2n0d0 = (—)"“ 2a cos 2nd, 
0 
Qr 
P i} cot (0 — φ) cos 2ηθαθ = 2π sin 2nd, 
0 


21 
P cot (θ — d) sin 2n@dé = 27 cos 2nd. 
0 


These formulae are true so long as the subject of integration does not become 
infinite at either of the limits. Similarly 
| = cos nOdé sin nd 


ea ae Ce ἥτις 
9 cos 8@—cos ᾧ sin  ’ 


if 0<q@<7; and so on. 


§19. The question of the integration of (1), (2), (6), (7), (9), and (10) of § 8, 1s 
however of much greater importance; and it is plain that integration term by term 
is not always legitimate. If for instance we integrate 

| cos 8 —cos 20+... =4 
from 6=0 to 0=7, we obtain the obviously false result 0 = ἐπ. 


Let us consider then whether the equation 
1 + cos (a— 0) + 608 2 (α -- 9)... =4 
* I proved this formula by an entirely different method in the case in which the series on the right 
hand is convergent, in the Proc. Lond. Math. Soc., xXxxiv., p. 80. | 
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may be multiplied by ¢(a) and integrated from 8 to y, $(a) being a function whose 
first and second derivates are continuous. 


In the first place, integration is permissible if (8, y) does not contain any of the 
points a=2n7r+6. Hence if 9 --2π« β «θ, and ε is a small positive quantity 


θ-ε οὦ οὐ θ--ε 
[ Scosn(a— θ) h(a) ἀα -Ξ al cos n (a — 8) φ (a) da, 
B 90 0.β 
and therefore 
0 @ 
[ 93 cos n(a—O) h(a) da . 
B 0 
ο ΓΘ co fé 
=9 | cos ἢ (a — 0) φ (a) da — lim Z| cos ἢ (a — 9) d (a) da, 
o Jp | e=0 0 J O~e 
provided that any two of these three terms be determinate. The left hand is simply 
1 [9 
5| (a) 4α, 
β 
while the second term on the right is the limit of 
a οὐ mn £8 
| edad =| cos n (a — 8) φ (a) da 
0 0 7....6-ε 
0 a yn 
=| ede | $ (ada Σ — cosn(a — 0) 
0 θ-ε on. 
a) θ ᾿ 
= f | | eda | ere (στὸ & (α) da 
0 θ--ε 
= | 9:56 (a, e) da, 
0 
θ ᾿ 
where | @ (x, <)=R | exci 9) 6 (a) da, 
θ--ε 
᾿ Now this integral is 
[εγώ -- = | etary ὦ] + 2 fer Steg (w)} du 
where y(u)=$(8—w). The second term is 
| 1 iu+re—tu d iu a eu d iu | ° 
ale ee Tut? voi |= 3 f. εἶ (π ) ψΨ (u) du. 


Hence 
@ (a2, ε) Ξε -- Δ ermesin (ε -- a sin €) Ψ (ε) + x ©) 


lx (@, €)| < He*, 
H being a constant. 


Now if & be any positive quantity 


lim | e*@(z, e) div = lim | e* @ (a, ε) dz; 
e=0/ 0 e=0 JE 
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and it follows as in the last paragraph that we may neglect the term y/« in the 
expression of Θ (α, ε) found above. Hence our limit is the same as 


a 
—lim y (e) | ὁ 5 ὅπ 9086) sin (e — ὦ sin €) 6 : 
e=0 ἐ ᾿ XL 


ore) 
° . . dx 
Now lim sin € | 6.5. l-cos) cog (ὦ Sin €) ae 0; 
ξ 


e=0 


for we may suppose &>1, and then 


' οΌ ao 
i] </| e-r(l-cose) p—-t day 
Je! 0 


DP (3) 
< cos)’ 
; ΘΟ Ἢ . . ax 
And lim 00s € / e~ 541 - οὐδε) sin (x sin €) = | 
e=0 ἕ L 


e=0 


bol = 
3 


Hence finally 


e=0 ¥ 0 


Consequently 


That is to say 


δ α 
= Kim | 6.5 -- 086) sin (a sin €) — 
0 4 


lim | e*@(a, e)d#= : mr (0) 


1 
=5 woh (8). 


5 [}[Φ da =F" cosn (a 8) φίω ἀα -- 578 (0) 


(0) = Ξ 15 [¢@ da+ Z| cos n(a— 0) ¢ (a) (αὶ ; 


Similarly, if 0< y< 27 + @, 


φ (8) = 2 {5 [Φ (α) da+ & | "eos ῃ (α -- θ) (a) da 


And generally 


5 |b (a)da+ P|" cosn(a— 8) $ (a) da= a Σ eng (2nm 6) 
β 1/8 


the summation 


being =1 in general, but =} if 2n7+0=f8 or =¥. 


extending to all values of nm such that 2na + lies in (8, γ), and ε 


This is a form of Fourier’s 


Theorem. Of course the conditions which we have imposed upon ¢ are much narrower 


than they need be™*. 


* The ordinary proofs of Fourier’s theorem show that 
as a matter of fact the series on the left is not only 
summable but convergent. I need hardly say that my 
object is not to give a proof of Fourier’s theorem equal in 
generality to the accepted proofs, but to show how naturally 
one is led to it from a point of view quite different from 
those usually adopted. 


It is the inversion of integrations in § 13 which is not 


I shall not, however, attempt to generalise them, beyond 


legitimate in the case of the series cos θ —cos 20+..., when 
B=0, y=". 
When we integrate term by term we assume that 


[ae [7 Fe ) da=[" da | F a) dz, 
0 0 0 0 


when F(z, a)=e7(+e#*) cos (a -- x sin a), and this is un- 
true, the left hand being =0 and the right hand =}7, as is 
easily seen on working out the integrations. 
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remarking that @ may have a finite number of ordinary discontinuities in (8, y). In 


this case, if any one of the points 2n7+6 be one of them, we must substitute 


4 if (Qnz + θ -- Ο) 4+ 6 (Qn7r+ 6+0)} 
for  (2nq + 8). 


INTEGRATION OVER AN INFINITE RANGE. 


§ 20. I shall now suppose that the range of integration is infinite. Let us assume 
that, however great be y, 


[” Sup (a) da -- "uy (a) da. 
“~B 0 O08 


Then if lim g "un (a)da is determinate and equal to 
y=o O/B 


Sf | Un (a) da, 
0/8 
this equation passes over in the limit into 
[Prin (a) da= P {rn (a) da. 
~B 0 a 
The additional condition which must be satisfied is therefore that 


lim Ψ rahe (a) da =0, 


fae die 
: a co an οΌ 
or lim | e*dx>— | un(a)dxa=0. 
y=a 70 Ones y 
Now let us assume that 
foe) an a 
‘ nee dz 
5 = [um @ : 


converges uniformly up to and including a=o. Then it may be integrated term by 
term over (8, 0), and our condition becomes | 


lim eda | πίω, a) da=0. 


γξϑνυ γ 
This will certainly be satisfied if 


[ etde [ὦ (x, a) dx 
0 Y 


is uniformly convergent up to and including a=00; i.e. if 


oO « 


S| um (a) da 
Oy 
is uniformly summable up to and including a=. 


Theorem VI. If the conditions of III. are satisfied for any finite value of y, however 
great, and 


Ὁ [“ῷ (a) da 


29 
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is uniformly summable in (β, © ), and 


οΌ a” a 
Σ OL 


uniformly convergent in (8, ©), for any finite value of a, the series 


gy Un (a) 
0 
may be integrated term by term over (8, @ ). 


§ 21. Theorem IV. was designed to meet the case in which integration term by 
term is permissible, although the original series ceases to be uniformly summable at a 
number of isolated points. In the corresponding case in which the range of integration 
is infinite we need the following theorem. 

Theorem VII. If the series Pun(a) may be integrated term by term over (8, i for 
any finite value of y, however great; and the integral series 


f | (a) da 


converges and represents a continuous function of a for a=; the series Sun(a) may 
be integrated term by term over (B, © ). 


I need not delay over a formal proof of this proposition. 


§ 22. We have next to consider how to extend V. in a similar way. Let us 
suppose that Yu,(a) is uniformly summable over any finite interval which does not 
include any one of a set of isolated points γι, near which it behaves as in V. No 
new point arises if the number of these points is finite, so we shall suppose it infinite; 
also γι “γι..» and lim y;=0. Then for any finite value of γ, distinct from any γι, 


- (1) P|" Fun(a) da=F | "un (a) da. 
B 0 o JB 
Now let us suppose that ᾿ 
al Un (a) da 
0/8 


is summable, and that when vy tends to «, in a manner subject to certain restrictions 
(one of which must obviously be that of never taking any of the values γι), the right 
hand of (1) tends to a limit equal to the sum of this series’ Then 


lim ΡΙ' Sis (a)da= ai (a) da. 
B 0 0/8 
I shall write this in the form 
Pl Puy (a) da= Ff | "wn (a) da. 
B 0 0/8 


For a detailed discussion of the definition of principal values such as that on the 
left I must refer to the papers on “The Theory of Cauchy’s Principal Values” already 
mentioned. 
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Theorem VIII. If 


Pf’ Ψὴ ζῶ ἄαε: aie (a) da, 
B 0 0/8 


for every finite value of y distinct from any of a certain set of values γι; and if, when 


e . e e .Ψ ὑοῦ γ 
Ὑ tends to οὐ in ἃ manner subject to certain restrictions, F | Un(a)da tends to a finite 
β 


limit equal to : 
Sf | Un (a) da ; 
0.8 
then By Pin (2) da= 9 | tn (a) da 
| BO o/s 7 


§ 23. We saw in ὃ 17 that if $(a) satisfies certain conditions 
5P [tan ad (a)da= yy |” sin 2na ᾧ (a) da. 
0 1 0 
And if these conditions are satisfied throughout any finite interval of values of « 
1 Nr 2 Nr | 
5} | ἤδη α ᾧ (α) ἀα -Ξ (γι sin 2na ᾧ (a) da, 
0 1 0 
for any finite value of N. 


Can we replace the upper limit by  ? 


Let us suppose, in the first place, that the series 


y(-y [ ᾿ sin 2na φ (a) da 
1 (9 


is summable; and let us consider the series 
g (-- 5! i sin 2na ᾧ (a) da 
1 Nr 
= | e* dar Σ (-}» τὴ i sin 2na ¢ (a) da 
0 1 Nid Ne 
=| e* (a, V)de, 
“0 


where ®(«, N)=R E | ᾿ θη ατ-αοϑία  (q) da | 
Nr 
The last integral is 
1 οἷα συν 
— δ; ἴω φ (| + a ef (a) da; 


and the second term of this is 


blo], fibre ioe 


a 
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provided this double integration by parts be justified. This will certainly be the case 
if, from some finite value of a, Φ (α), φ' (α) tend steadily to zero, as then 


[ φ' (a) da, iz φ΄ (a) da. 


are absolutely convergent. 


Henee ® (2, N)=—< 6 (Nw) + VM), 
where [Ψ (a, N) | < He’, | 
H being a constant. | 

Now [ oe N) 4.- [«΄. 

| 0 0 JX 


We can choose X so that { ὁ: de, which is numerically less than 
x 


d 


veo Ὁ 


is as small as we please; and the same is evidently true of 


- (Ne) | δ΄ de. 


[ΓΞ Η 


XxX | 
And we can also choose NV so great that | | | is as small as we please. Hence 
0 


lim | e*@®(a, N)dx=0. 


N=m0 /0 


Consequently 


Nir Fe) 80 
lim ; P Ϊ tanad(a)da= σ'(--Ξ).! | sin 2na d (a) da. 
0 1 0 ᾿ 
The left hand of this equation is 


5P I tan a ᾧ (a) da, 
2° Jo 
according to the definition in the paper quoted above. It is the same as 


lim : Ρ “tan α φ (a) da, 
a/= ὦ 0 


where a’ tends to οὐ through any series of values differing from any odd multiple of 
dor by more than an arbitrarily small, but fixed, quantity 6. 


In the same way we arrive at the general conclusion that we may multiply any 


of the series (3), (4), (5), (8), (11), (12) of § 8 by ¢ (4) and integrate term by term 
over a suitably chosen interval whose upper limit is 2, provided that φ (0) satisfy the 


conditions imposed upon ¢(a) in the preceding argument, and that we insert the sign 
of the principal value before the integral of the sum of the series. 

We may also multiply by cosa@$(@) and integrate. To prove this we only need 
to modify the preceding argument very slightly. ᾿ 
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§ 24. Suppose for instance that we multiply the two equations 
4 tan a=sin 2a—sin 4a+...... ; 


+ οοὔ α ΞΞ 8581η 2. - 81η 4a+...... ' 


by cos aa (0 « γ, 0<a<2), 


a? + ¥ ’ 

and integrate term by term. We obtain 
1 sg ada 
5 PI cos aa tan a αἱ τι τῇ 


* acos aa sin 2na d 


. vy α Ὁ of 


ΝΣ ; T Σ (-}».».: ἷ ο΄ 2nt+a)y + e- ae 
1 
Ἴ ada — mcoshay 
68. Ρ ᾿ = " ΔΝ 
; Ι βου ae ar wat? 
and similarly * P i cos aa cot ἃ "ΕΞ ε 7 cosh ay 
0 ae+y 6Ὗ-- }ΞΘ 


In exactly the same way we may prove Cauchy’s formulae ~ 


9 cos bal+a? 2” coshdb’ 


ΡΙ cosaa da 1 ecosha 


Pf sin aa da 1 sinha 

9 sinbal+o? 2” sinh δ᾽ 

(0<a<6), and many others of the same kind. We can also find the corresponding 
formulae when a>b. 


§ 25. In these examples the series of integrals is convergent, but all that is essential 
to our theorems is that it should be summable. 


Suppose, for instance, that we multiply by 


COS @2 ai 7 . 


Then, so long as y is not an odd multiple of 47, 


1 ῶ ada 0 ” acos aasin 2na 
5P | cos aa t -- f(—)nr-1 | ee oe ee 
gt |, cosaa ἀθαον P( »:Ρ» : a a da. 


To prove this we have only to observe that, by § 23, 
| Wy io ada 20 me ia 
3 P| 00s aa tan a aoe las f 


if Nw is any multiple of 7>y; and, by § 16, 


1. (N= ada 20 Na 
οὐ cos aa tan ------- = “"Ζ7ι]κ -)»»} | 
0 e—P 4 0 
* Two other proofs of these formulae will be found in the Proc. Lond. Math. Soc. xxxtv. pp. 61—65 and 
83—84, and a fourth in the Quarterly Journal, 1900, p. 120. 
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Now Pf —— = {008 (2n + 4} + 008 (2n—a) 9} = 5 1 c08 αὙ C08 2ny 


— ἢ 


eS ad ὡς 1 
and so P | cos aa tan a = = =m cos ay f(—)""' cos 2ny = 5 7 COS ay. 
0 = 1 
aa 7 ada 1 
Similarly Ye | cos aa cot aA——-, = — 5 π᾿ COS ay, 
0 α΄ -- 2 


so long as y is not a multiple of π. 


In the same way we may prove that 


Γ cosaa da 
» cos ba l—a@ 


= 0, 


2 


[ sinaa dz 
0 


sin ba 1 — a 


if 0<a<b (so long as Ὁ has not any one of certain exceptional values). 


§ 26. I pass now to the corresponding investigation connected with § 19. 


found there that, if @(a) satisfies certain conditions 


(1) [ Sos n (a — 0) (a) da Ξ # | cos ῃ (α -- 0) h(a) da — Lend (2n7 + 8), 


We 


the summation extending to all values of 2n7+6 which fall in (8, γ), and ε being 


=} if 2Inr+0=£ or y, =1 otherwise. 


Now let us suppose that g(a) tends steadily to zero as a increases from some 


finite value to o, and that 


| $ (a) da 
B 
is convergent. If then we make y tend to οὐ, the left hand of (1) tends to 
5] $(a)da 
B | 
and the second term on the nght to 
π Σ En® (ϑηπ + 6). 


Let us assume that 


ᾧ [cos n(a—@) (a) da 
0 vy 


is summable, and seek its limit for y=oo. The sum of the series is as before proved 


to be 
| e* @ (a, γ) da, 
0 


where @ (x, y)=R i * geo & (α) ἀα. 
Y 
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We may suppose that y=(2N+1)7+0, N being a positive integer which tends 
to 0. Integrating by parts we obtain, instead of the last integral 


~(2N+1)" 1 


τι τ ἴω, Ψ ω] +5 giutac it < fe yp (w) | 


-(2N+1)7 


ποῦ 


1 - (2N+1) 7 


eu d tu : 
θ᾽ (+ 6 ) ψΨ (ὦ) du, 


where Ψ' (1): φ(θ-- ὁ. We suppose as in § 23 that ¢’(a) as well as Φ (α) tends steadily 


to Ὁ for a=. 


ἄπ τς 


The first term vanishes, and to the other two we may apply the same argument 
as before, which shows that 


lim | e*@(a, y)dx=0. 
0 


γϑοοῦ 
Thus 5 φ (a) da + Al ‘cos n (α --- Θ) φ(α) ἀα --, π Σ εφ(ηπ + 8). 
β 1} | 
The applications of this formula which we obtain by making 


1 “-α ,»-α2 
$ (2) τ τὸ ον δον rear 7 


are so well known that I need hardly give any. 


COMMENTS 


The general principle formulated in ὃ 1 is known as ‘Hardy’s principle’; see Bromwich; Ist edn., pp. 267-8. 
It is further elaborated in 1904, 4, § 2. See also D.S., pp. 89-91. 

In D.S., pp. 80 and 83, summability by Borel’s integral is called summability (B’); summability by his 
exponential mean is called swmmability (B). The (B) mean was introduced by Borelt before the (B’) integral 
as a particular case of a general mean, in which the role of e* is played by an integral function Σ ρα δ... Ὁ; 
In D.S., pp. 79-80, summability by this mean is called the J method. 

Hardy remarks in 1904, 4, ὃ 3 that Borel had stated without proof the consistency (regularity) of the (B’) 
method. Borel originally made the statement for the J method, } and repeated it for the (B) method.§ Borel 
paper (2), pp. 107—9 introduced the (Β΄) integral of the series u,+ u, +... as a formula for the (B) limit of the 


t Borel (1), Comptes rendus 121 (1895), 1125-7. 
Ζ Borel (2), J. de math. pure et appl. (5), 2 (1896), 103-22. 
'§ Borel (3), Ann. de l’Ecole norm. sup. (3), 16 (1899), 9-131. 
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sequence (0, Uo, ug +%,...), i.e. the (B) sum of the series 0 --Ἐ τύ -Ἐ τ. -Ῥ .... Hence his statement also applies 
to the (B’) method; compare D.S., Theorem 126. Borel (paper (2), p. 106) proved that if s, ultimately lies 


between two numbers p and 4, then the (B) limit, <f at exists, also lies between p and q. He added: ‘Il en 


résulte que, si les s,, ont une limite, sa valeur coincide avec celle de la limite généralisse, qu’on s "assure aisé- 


ment exister toujours dans ce cas.’ But he did not give a proof that the generalized limit exists whenever the 
ordinary one does. 


The formula in ὃ 4, connecting the Borel integrals of the series (1) 0+ 9+u,+... and (2) Ut, 4t..., 
Χ 
shows that if either of (1) or (2) is summable (B’), then so is the other 1} and only af εχ [ u(x) dx tends to 
, 0 
a limit, which can only be zero.t In 1904, 4, §4, Hardy proves that the (B’) summability of (2) itself amples 
that x 
eX | u(x) dx +0, 
| 0 

and hence also that (1) is summable (Β΄). See D.S., Theorems 123-5. 

The result partly stated in the footnote to § 3 is proved in 1904, 4, § 6. The extra condition is 

(oot... to,)/(n +1) = s+o(1/vn). 
The investigation of the continuity and term-by-term differentiation of Borel summable series continues 


similar investigations for convergent and principal-value integrals, in Vol. V; see the Introduction to 
Vol. V, topics A and D. Similar results for integrals are given in 1908, 3. 


+ The uniform convergence of the power series u(x) in (0, X) follows from its convergence in (0, 00). 
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RESEARCHES IN THE THEORY OF DIVERGENT 
SERIES AND DIVERGENT INTEGRALS. 


By G. H. Harpy, Trinity College, Cambridge. 


Introduction. 


§1. SINCE the appearance of M. Borel’s original 
memoirs on Divergent Series, few branches of 
analysis have aroused more interest among mathematicians. 
The applications of divergent series to the theory of functions 
of a complex variable, and especially to the problems of 
analytic continuation and the asymptotic expansion, have 
given rise to extensive researches; I need only refer to the 
writings of M. Borel himself, of MM. Servant and Le Roy, 
and of Mr. Barnes. The ‘arithmetic’ theory of divergent 
series, as it was originally presented by M. Borel, has received 
less attention. _ 

In the first few sections of this paper I discuss a few of 
the questions which arise in the early part of the theory; this 
part of the paper may be regarded as supplementary to 
Chap. III. of M. Borel’s Legons sur les Séries Divergentes, and 
to my paper ‘On differentiation and integration of Divergent 
Series.’* I discuss in turn (i) the relation of convergence and 
absolute summability, (ii) the removal of terms from, or 
addition of terms to, a divergent series, (iii) the ‘condition of 
consistency ’ for definitions other than M. Borel’s original 
definition, (iv) the relation of ‘ generalised limits’ and ‘ mean 
values,’ and (v) the multiplication of divergent series. In 
the latter sections I suggest the outlines of a similar theory 
of divergent integrals. 


Part I. 
SOME POINTS IN THE THEORY OF DIVERGENT SERIES. 
General Preliminaries. 


§2. In the first paragraph of the paper referred to, I 
indicated very briefly a general principle which may often 
guide us in our choice of a convention as to the value to be 
attributed to an otherwise meaningless expression. It is that 


* Cambridge Philosophical Transactions, X1X., p. 297. 


1904, 4 Quarterly Journal of Mathematics, 35, 22-66. : 
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when a number of limit operations, performed in a definite order 
ona function of several variables, lead toa definite result, but 
do not do so when performed in another definite order, we are 
to agree that the expression which is the result of the formal 
carrying out of the second sequence of operations MEANS the 


result of the first sequence. 


I pointed out that Borel’s definition of the sum of a 
divergent series was an application of this principle; and the 
same is true of the definitions given by M. Le Roy* and 
Mr. Barnes.t It is at first sight a little difficult to imagine 
how we can gain any advantage by writing X when we 
mean Y. Results, however, prove conclusively that we can. 
And if we consider an example, it is easy to see how. 

Few analytical processes occur more frequently than that 
of the evaluation of a definite integral by expansion of the 
subject of integration, and integration term by term. Our 
work in this case depends on an equation of the form 


(1) I, Su, (a) da = I, u,,(a) da. 


β 0 


᾿ Ύ 
Now, if Su, (a) and = i u, (a) da are convergent, 
β 


Σ u (a) = Ϊ e “da Σ = u, (a) 


9 ni 
wo fr 9 co pm" fT 
and = | u,, (a) da = { e"dze= -- | u, (a) da.. 
od 2 ° ontje ™ 


Thus the simple transformation (1) which may be repre- 
sented symbolically by 
[223] 
(1) (1) 


may be replaced by a more elaborate permutation of limit 
operations, viz. 


Ὁ fa la?=Io lo? Lolo 
(1) J (2) (2) # (1) (2) (1) 


the first and last expressions being equivalent to the two 
members of (1). 
ΞΕ να νυ a a 


* Annales de la Faculté des Sciences de Toulouse, 1900, pp. 811--.18].. 
t Phil. Trans, (A.), 199, pp. 411—900. 
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Now (2) may be true when neither or only one side of (1) 
is determinate. In this case, if we adopt Borel’s definition of 
the sum of a divergent series, and the notation of my former 
paper,* (2) may be written in the form 


") ἡ ᾿ iF [ω5- " sf: 


In practice we omit the intermediate step, so that the trans- 
formation is formally the same as that expressed by (1); and 
s0 our work gains immensely in quickness and compactness, 
to say nothing of the probability that but for the formal 
resemblance of (1) and (3) we should never have thought of 
the transformation (2). ‘l'hus in this, and in a greater degree 
in more complicated cases, divergent series provide us with a 
suggestive and easily manipulated shorthand representation of 
elaborate and often very difficult analytical processes. 

They do not, however, exempt us from the labour of 
examining the legitimacy of these processes. Fortunately 
this is not very difficult in most of the cases which ordinarily 
occur. In the theory of divergent power series in particular, 
we are not troubled seriously by cases of exception. In the 
‘arithmetic’ theory, the part of the theory which is concerned 
with the application of divergent series to the theory of 
functions of real variables, the fundamental difficulties of the 
subject are naturally more prominent. f 


§ 3. I shall now consider one or two of the questions which 
arise in the beginning of the theory. 


Convergence and Absolute Summability. 


In my former paper I proved that what I called the ‘ Condition 
of consistency’ was satisfied by M. Borel’s definition; that is 
to say that 


* Hs 


OF) 
whenever the latter series is convergent. That this is so was 
stated by M. Borel in his first memoir, Fondements de la 
théorie des séries divergentes summables,t and again in his 
Memoire sur les séries divergentes§ ; but [ am unable to find 


* T use S instead of the symbol used there. 

{ See e.7., §§ 19-26 of my paper referred to above. 

tJ. de Math., 1896, pp. 103~122. 

§ Annales de (Ecole Normal Supérieure, 1899, pp. 1-181. 
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any proof in any of his writings. In his Lecons sur les séries 
divergentes, M. Borel makes the further assertion that all 
convergent series are ‘evidently’ adsolutely summable; that 
is, that if 


2 U, 
is convergent, and 
a” 
Uu (x) = 3 π! Uny 
all the integrals 
00 - ἂλ = 
Ϊ σὴ Tule) |de (20) 


are convergent. ‘This, it seems to me, is untrue; unless the 
analysis which follows is inaccurate, there are convergent 
series which are not absolutely summable.* 

Consider the series 


0-14+0+0+34+04+0+0+40 


—2404040+040+4044+4..,, 
in which 


ou (--ῬὈ[ 5" 
n ΜΠ ’ 
if nis a square, and =0 otherwise. The series is evidently 
convergent. 


I shall prove that if 


foo] 
(--}ὁ αἱ 
By) Sear a 


| eu (a) | > 


= 
οὐ 


throughout a certain infinite series of intervals. I may 
remark that this example was suggested to me by an investi- 
gation of M. Borel’st concerning the series 


L+a+ta‘ta’t..., 


and that I adopt a very convenient notation used by him 


elsewhere.{ I denote by A a constant entering into an 


ἘΠῚ give this investigation more because it shows how we can determine the 
manner of growth of a very interesting type of functiun, than because the question 
of the trnth or falsity of M. Borel’s statement is particularly important. 

+ J. de Math., 1846, p. 447. 

Comptes Rendus, 11 Mai 1896, 
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equality or inequality, not necessarily the same in all inei- 
qualities, but always lying between, say, 0°00001 and 10000. 
Also when I say that one quantity is approximately another, 
I mean that their ratio differs from unity by less than σ, a 
very small positive quantity fixed throughout the investi- 
gation. 

We can choose 7 so that 


251-- {23 }1 oi? ν᾽ (2πῚὶ (1 +r ρ): 
lpl<e, 


for all values of ¢>Z. When this has been done we may 
evidently neglect the terms of u(x) up to ἐξξ 1 as for 
sufficiently large values of a, 


T(_)\i gi? 
ε΄" 3) le 
ἢ at | 
: 1 
is less than any power of π᾿ 
1 αἷ 
Let Mme 231} 
[Va] = X, 
Va=X +f; 


and suppose 0< f<j4. Then it can be shown that | u (2) | 
is of the same order of greatness as its X“ term. 

In the first place, neglecting factors which are approxi- 
mately unity, 


J )20°+-41+3 
q2+l 


Pt = (ex)-2-1 (e+ 


Virs 


=a 1\ 272 }1 
= (ομ)-3.-1 ({- 140: (1 +3) 
πο a+ 1 )" 

X+f} ? 
277-72 " 
as (1 ΕΣ : heer tog (145) 


291--ἘΈΉ 4. Φ 
ty 


=—€ 


4] 
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Hence if7 = X --Ἔ, 


Hence 
= é 
τ (- “= (—)# {(vy ΩΝ χ 1] + (vy » — Vy 5) Feet Vrs 


has the sign of (—)*, and is numerically greater than 


If i= X, 


v as 4X+-2 
4 =¢ (1 riper A z) 


approximately, 2.e. > e> 2. 
If ἐξ X it is evident that the ratio of v, to v,,, 18. greater 
still. Hence 


2 (N= OF xa τ Cra Pre) od 


is numerically less than 4v,. 
Hence ΙΣ (—)fv, | > dey 
“1 | 
Now v, is approximately 


1 (ex) <? 


X X2X41 “πὶ 


K f \2X? 
.--- Σ΄ pak ee 
= xe (1+) 


= ik, 


and so 


It follows that we can find a number Jf, such that 


= K 
| ule) [>> 
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throughout the intervals 
m’, (m+4)? (m> dM). 
2 + 
But Σ 2s = 
m? 4 Jm τ 


is evidently divergent. Hence 


fe δ ἄν 


is not convergent. 
It is evident that we can apply the preceding analysis to 
a whole class of functions 


302 
UG) φ (ἡ) vi! 
for which 
lim. φ ee 1) ΞΞ 
ἔξ Φ (2) 


The behaviour of u(x) for large values of x is dominated 
by that of its greatest term, and its modulus is generally 
comparable with 

K 


νὰ (Va) ” 
Taking, 6.9.) φ (¢) = 7 (w> 0), the series 


1 1 
a ac ea Sc a vr 


is not absolutely summable unless $(u#+1)>1 or w>1, in 
which case the series is absolutely convergent. 

It is easy to see that an absolutely convergent series must 
be absolutely summable ; for 


| a” 
|u(e)| «ΣΤ ὦ]; 
and | u,| is convergent, so that 


| e* | u(x) | dz 
is so. And as 


Un + Uy 43 as 


43 
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is absolutely convergent, the same is true of 
.* 
0 
For a similar reason, if Su, is convergent, the integrals 


0 r 
[ δ’ Fu (2) de 


dx. 


αλ 
dx“) 


are convergent, even when 


[et lu@ ide 


is not. 


Removal of terms from, and addition of terms to, a divergent 
series. 


§4. M. Borel’s alternative definition of the sum s of a 
divergent series u,+ u, + u, +... 18 


κι 
5. 


s=lim. δ Σ Ι 
x=00 9 


where 8, ΞΕ Uy, HU, Ἔν. t Us 


He proves that if the limit on the right is determinate 


οο 


=U, HU, bees 
according to the integral definition. 
It does not follow that 
s=u,+u,+u, +... =| eu (x) da. 
0 
We are thus led to consider the relation of the series 
(1) 85 =u, tu,+4,+-.5 
(2) so =U, +U, + U, teers 


and as M. Borel’s discussion® of this question does not seem 
to me altogether satisfactory, I shall treat it in some detail. 


* Lecons, pp. 100-108 
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M. Borel’s analysis is affected by the erroneous assumption 
that if 
[ e* | u(w) | de 

P | 
is convergent, ¢* u(x) has necessarily the limit 0 forrz=o. 
And it seems to me that the notion of absolute summability, 
on which M. Borel lays considerable stress, does not, here at 
any rate, give us any real assistance. 


I assume that u(x) is an integral function, Then the 
sums of the series (1) and (2) are defined as 


οο Ν co _@ 
eu (2) da [ e* Φ' u(2) de 


0 
respectively. Since 


| e*u(«)da=— je @)| “+ : eu’ (x) dr, 


0 


it follows that if 


lim. eu (x) = 0, 


the summability of either (1) or (2) involves that of the other, 
and the relation 
(3) s=u,+s’. 


Again, if both are summable, e*u(z) has a limit for 
δ᾽ == 00, which can only be zero; so that (3) must be true. 

But it can be shown that if (2) is summable, (1) must be 
so. The converse is not true ; if, for instance 


aor § OF" _ pli ge (p+1)" 
Gane a aya mitt to =p! ; 


re) ο 2} " 
6) 4]: So Σ ies | 
@n=0N + y=0 p} 


= BR Ε Σ pil er 
4 p=0 P ! 


=e" sine’, 


οο 
© . 
Bu,=| sine’ dx 
0 

0 


ὩΣ “sing 4 
[ y Y; 
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a κα 
while ens [6 51 6) dx 


is divergent. 

I shall now prove that the summability of (1) follows from 
that of (2). In the first place I may remark that it is easy 
to give a valid form to M. Borel’s proof of his proposition, 
that the absolute summability of (1) follows from that of (2). 
For, as M. Borel shows,* it is enough to prove this on the 
assumption that wu (x), wu’ (xz) are positive. 

This being so, we can choose X so that 


XX! 
| e“u' (x) dx <a, 
x 
however small be a, for all values of ζ΄» X. A fortiori 
x? 
eX’ | μ' (x) dx <a, 
x 
ἢ. 6. eX" fy (X')—u (Χ)} « σ. 
But, X being fixed, we can choose X, > X so that 
eX'u(X)<o 
for all values of X'> X,. Hence 
eX'y(X')<20 (X'>X). 
Therefore 


lim. e” u (4) = 0, 
L=O 


and the desired conclusion follows. 

It is, however, almost equally easy to prove the more 
general theorem. For suppose that (2) is summable, and (1) 
not. Let | 


&*u(a)=9 (2): 
Then 67 μ' (x)= φ (x) + ¢ (4). 


Thus [ fo (2) + 4 γᾶν 


is convergent, while { Φ (x) dx is not. Hence | | φ (x) dx 
0 : 0 


* U¢., Ὁ. 101. 
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is not convergent, so that ¢ (x) does not tend to any finite 
limit for a =o. 

Now ¢ (x) either has or has not infinitely many zeroes in 
(0,00). In the latter case it is ultimately of constant sign, 
say positive. 

Then we can determine a positive quantity Hy, and an 
infinite series of intervals 


᾽ν) Ly + δι, (ee > Ly + 5,), 
so that 
ay+dv 
(4) Ϊ φ' (x) dx > H, 


(v=1,2,...). This is obvious if 
lim. ¢ (x) =o. 


If this is not so, let the upper and lower limits of indeter- 
mination of (x) for a= be U, L. However small be 
the positive quantity o, we can find two infinite series of 
quantities 

Ay, B, (a... > Ov, B. > By lim. a, = Ὁ ) lim. B, -Ξξῷ ὦ i 

νξξῶ p= 
such that | 
φ (αν) <L+a, 
9(8,)> ὕ--σ 
(v=1, 2,...). Hence we can find an infinite series of intervals 
(x,, x, + δι) as required, taking H = U — ZL — 2o, and choosing 
the lower limits from the a’s, and the upper limits from the 


f’s. | 
A fortiori, as $ (x) >0, 


στὸν 
ΓΦ @) τ φ ὦ] 45. 


Ly 


This contradicts the hypothesis that 


[ w@)+9 @lde 


is convergent. ae 
here remains the possibility that φ (x) has infinitely many 
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zeroes. One of its limits of indetermination must differ 
from 0; suppose that 


lim. φ(.) Ξ U>0 
(U may be +o). We can determine an infinite series of 


ascending quantities @,, whose limit iso, so that, if U is 
finite 
᾿ 


9 (8,) 2  -- σ, 
where o is any small fixed positive quantity, or, if U is 
infinite, | 
¢ (8,) = ὦ, 


where G is any fixed positive quantity, however large. With 
each 8, we associate the largest zero < (3, Some zeroes will 
be associated with several of the points 8; in this case we 
disregard all save the one which is nearest to the zero. We 
have thus an infinity of associated pairs of zeroes and points A; 
and itis evident that we can satisfy (4) by taking H to be 
U—oa or G, x, to be one of the selected zeroes, and a, + 6, 
to be the associated point 8. Moreover, ¢ (x) is positive 
throughout the intervals (αν, ὧν +,), so that, as before, 


("oe +9 @lde> H 


wy 


It is therefore impossible that | ¢(x)dx should be 
divergent, and {p (x) + φ' (x)} dx convergent, Hence if 


0 
(2) is summable, (1) 1s so too. 
We conclude then that ¢f any one of the series 


eoseeeoene CooeeesseoreesesCeesecy 


0 +0 +0 +utU, tee, 
0 4+0 τα t+ τ Ἔ Uy tory 
0 +u tu, tu, + τὰς ἜΚ... 
U, + UU, + Us + Uy Ἔκ 60) 
U, FU, +U, +, TU, Tees 
U, + Uz Ἐπ, + Uz, Ἔ τς teers 


@eecueoveseseaeceeaeeeeegee φνυΦ9 809 
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as summable, all those above tt are summable, and their sums 
are related as if they were convergent. 

I may remark, before leaving this part of the subject, that 
non-absolutely summable series are by no means ‘artificial 
monstrosities.’ Not only are the convergent series considered 
in § 4 of a natural and simple type, but so simple a divergent 
serles as 

δ ( -- ἡ 
9 n+1 
is non-absolutely summable. 


Condition of consistency for other definitions. 


§5. I shall now prove that the other definitions proposed 
by MM. Borel and Le Roy all satisfy the ‘condition of 
consistency.’ 

In the first place let us consider M. Borel’s alternative 
definition mentioned at the beginning of the last paragraph. 
If w (a) is an integral function 


_~2s am" zd (og a" 
ev 24-—y =| — 6 Σ ΠῚ dx 
0 n! » ada 0 n! 


n 
= [Ὁ ΤΩΝ ἈΝ 
) o nt 


Hence, lim. e~? 3 °*”- is finite and determinate if, and only if 
? n ! Σ 3 


w= 


U, Ἔ Uy Hose 
is summable. If this is so 
Uy + τι, + U, tooo 
is summable. The latter series may be summable without 
lim. ΘΟ Σ call 
ni 


eonvergent too, and 


existing. But if it is convergent, u,+ u,+..s is 


en eee Τὰ 
liim.e*? S52 =u.t+u tooo, 
as n! : : 


as may easily be proved directly. 
M. Borel’s generalised method of exponential summation 
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presents no special difficulty. He defines the sum of the 
series u,+U, + U,+... as 


fo a) 
[ e'u,(r) de, 
J 


0 
& 


1! err 


Uy, (x) = Uy + τ; Peet Un + (u, Ἔν. Usp) 
According to this method, we associate the terms of the 
series in groups, and apply the ordinary exponential method 
to the series of groups; and as the terins of a convergent 
series may be grouped in any manner, the proof that the 
ordinary method satisfies the condition of consistency applies 
to this method also.* 
M. le Roy suggests two generalisations of the exponential 
definition. According to one, we deine u,+ u, +... as 


ay eee: 
i [ eta? u(x) de, 
0 
where p> 0, and 
90 Ts 
u, (x) = -T (ap + 1) ‘ 


This integral is equal to 


J on Fup τ Ὁ 9) 


if the latter is convergent. If y is an integer (the only case 
of much interest) the condition of consistency is certainly 
satisfied. For the integral is the sum of 


u,+O04+04...+4,+ 04... 
Ἔτι, Ἔν. 


in which p—1 zero terms separate two consecutive w’s, 
calculated by the ordinary method, and 15 therefore con- 
vergent and equal to the sum of this series, if 


Uy, + U, Ἔ Uy Ἔν. 


is convergent. 
SS ee ee ee 


* The generalised exponential method is not always consistent with the ordinary 
method. Ife.g. k=2, it gives 0 as the sum of 1 -- ἢ Ἔ1 --,... In fact we obtain 4 
or 0 according as ὦ is odd or even. 
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According to M. le Roy’s other definition 
. 2 T'(nt +1) 
tu, +...= lim. 5 —~——+ 
, as Ea Ge el) . 
(0 <t<1), if this limit is determinate. It may be expressed 
in the form 
μ αὖ 
πὶ dx, 


- & 

lim. | @”2 

t=1 /o ° 

for, as 1 proved in ὃ ὃ of my former paper, integration term 

by term is in this case legitimate whenever the resulting series 
is convergent. Hence our series is defined as 


lim. | εἴμ (2') da, 
0 


t=1 
oe ee ee 
or lim. - | ee! u(x) dx, 
t=1 ὃ 
‘ - -zite 
or (1) lim. | δ΄ a*u(x) de. 
a=0 “0 


Now it can be shown that if 


(2) | ac (a) dx 


is convergent, the integral in (1) is convergent for values of α 
in an interval (0, a,), and that it tends to (2) for a=0. 
for we can determine X so that 


(3) eu (x) dee 


(X'>X). We can also suppose X so preat* that e** αν 
decreases steadily as w increases from X to οὐ, for all values 
of a in a small interval (0, a’). Then, by the second theorem 
of the mean 


«σ 


[νὰ 
[2 ΚΝ 0 Νὴ 
x 


ξ 


= οἰ -Χ ρα χα | xv (x) dx 


l+a a x -% 
+ eta ΠΧ ᾿ 6“ (ω) dx 


(XS ξΞ Χ)), which is numerically less than 3c. 


* For this we need, in fact, only suppose X21, Thus ὁ π΄ αὐ <1, (x= 1). 


ol 
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Hence 


(4) i ee nt y (x) de 
0 


is convergent. And it is equal to 


᾿ ἫΝ (X,> X). 


The second part is equal to 
x, , 
εΧ,- Hit χα | eu(e)de (X,2X)), 
2 


which is numerically <2c. And we can choose a, so small 
that the first part differs from 


X, 
| eu (wv) dx 


by less than o, for all values of α in (0, a4,). Then, for such 
values of a, (4) differs from (2) by less than ὅσ, so that 

lim. | 61 2°de = | u(x) da. 

a=0 4 ο Ό 

It follows that if u,+u,+u,+... is summable by tlhe 

exponential method, it is summable also by M. le Roy’s 
method, and that the two sums are the same. Hence M. le 
Roy’s definition satisfies the condition. of consistency. 


Divergent Series and Mean Values. 


§6. The ‘mean value’ of an infinite series of quantities 


80) 31) Sq) vee 18 


8. “3. ...1Ὲ 8. 
n+t 


(t) Im. : 
N=—=D 

if this limit exists. It is well known that if lim.s, exists and 

=s, the mean value also exists and =s. As the converse is 

not true, the expression (1) provides us with a generalisation 

of a notion of a limit or of the sum of a series from which 

interesting conclusions have been deduced.* 


* Frobenius, Credle, 89, p. 262; Holder, Math. Ann., 20, p. 535; Césaro, Bull. 
des Sc. Math., 1890, p. 114. 


98 Mr. Hardy, Researches in the theory of 


The question which I shall discuss in this paragraph is 
whether the existence of a mean value for 


37. 5. 
involves the summability of the series 


Uy HU, Ἔ τὸς Heese 
If the mean value exists we may put 


$ + 8, +...+8,=(n+1) (s+ p,), 


| lim. p, = 0. 
N= 
Then 
n 
S25 
on! Ν 


a χ͵ἘΠ 
(9, + 8 Ἔ....ὮῈ 8.) ( -πἯ τ τι) 
- ὃ 1) 
=2@+) στρ (τ -s ait 
. ὅ a τ 

= 86 +3 (n+1)p, (5 - 


f n+l ) j 
Since lim. p,=0, we can choose a series of 
positive quantities ες such that 


nti 


descending 
lpr |<e, Οὐ =n), 
and lim.e,=0. Also if F=[2] 


aa a” gt 
S(n+1)p,(= --=—) 


n+1! 
ΧΙ £1 ὦ 
“ὦ (<X<&). 


All the coefficients of the quantities p, in the first two 


sums are negative, except the last, which may be zero; and 
all in the third are positive. Hence 


X-1 | a a 
| Σ (nt1)p,(5- ξ τῇ] | 

ΧΙ “Δ χα" 

aa +a (τι Ξ 
ΣΝ X41 
«ΚΙ -( +2 bo -. 


rrr 


where XK is a constant. 


a3 
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Again 


ξ-.}] ae gh} 
Foran) 


«Ἐφ ὦ 


Ἔ γ»Χτὶ ξ-ὶ ᾿ 
«αὖ - X+i)°" Te (€-1)! - (x45 


Exé 
< ex ral 
Finally 
2) a gt 
Στ), (5 - 1) | 


4ἘῚ 


0 a” x 
Soe teers 


«ει ὍΣΣ — 


n 
Μη 
«αἰδε (+1) Ft 
Hence 
0 a” gt 
bone ττῆτο, 


Ex* 
Εἰ 


te lett it. 
Now let z=£+/f. Then when z is very large 


ἣν 
οἷ ξ' τ ) 
ΕἸ ξέρε {2 π 
where a, β are very small. Hence the last term of (1) is 


equal to 
fide (1+), 


(1) 


«ΚΧ τ, (tex ey 


( +4) = Haat ae -ππείῖ +8), 
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where ¥ is very small; and its product by e~ will tend to aero 
forz=0, if 


(2) ae eVE=0; 


and similarly the product of the second term by e~ will vanish 
for x= 00 if 


(3) lm.ex/&=0. 
ἔξω 
᾿ Finally, the same will be true of the first term if 


Be, eee ery 
(4) Ητλ τέ X τηΞ0. 


Suppose (2) satisfied, and Χ΄ -- ἐξ, or }(€+1), according 


as € is even or odd. Then, supposing & even, (3) will be 
satisfied, and as 


fi 
e (145) 


(BEN EH afar 


ee eT a 


lim, &'@ (3) 
T=0O 


(4) is also satisfied. 


Hence if 
8. 58, tee tS, 
n+1 s+ Pu 
and lim. p, /n = 0, 
n=O 
then lime? 3 =s, 
00 o nt 


‘Thus the series u,+u,+... and a fortiord the series 
U,+uU,+Uu,+... 


is summable. 

I may remark that the condition lim.p,./n=0 is by no 
means necessary. In fact it is easy to construct convergent 
series for which it is not satisfied. 

Suppose, e.g. s,=1, and 


1 
seit (0<e<}). 
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za‘ 


Then Pa? 


and for n= 0, p, is of order 
nn, 
so that lim. p, /n =o. 

On the other hand the result would not be true if the 
condition were omitted. For we can choose the quantities 8. 
so that p, is infinitely small of order n for n=00, and yet 

co ; 2 
lim.¢* 3 = 
. ἢ 
does not exist. 
Suppose, 6. 7. 
8,330, s,=—1, 8,33 8,330, 9,352, 
δι =..=5,=0, s,=— 3, 4499 
8,2 -- ς" n, eove 
Then we can prove as in § 3 that 
23 x" 


ΟἿΣ 2} 
o nt 


takes, as x increases to οὐ, an infinite series of values, positive 
and negative, all numerically greater than a constant K. In 
fact, in the notation used near the end of § 3, 


K 
"ὦ Ἐπ fg 
Nich (ν) 
Now if σ τρ᾿ Ἐφ (p being the largest square contained 
in 7) 
8,48, tt 8, =—-14+2—34...4(-)p 
= dp or —-4(pt 1), 


according as p is even or odd. 


st+5,t-+38,| dp | 

Hence cares aa πε 4:1’ 
τυ: 

pt+qti 
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t.e. 18 infinitely small for n=0o like 


1 ἐς 1 
» Nn 
The condition therefore corresponds to a real limitation, and 
has not been introduced by the method employed. 
I shall not attempt now to prove any similar theorems 
concerning the more general mean values introduced by 
Holder and Césaro. 1 will only remark that a similar line 


of argument may be applied to the more general question 
whether, if 


Nim, 80 Ἔ StF 8. 
n+1 
exists, 


2 
lim, 20% Ἔα 5.5 + 4,8,0° +... 
° ae ES et eo τος ae τος - τ 


will exist and be equal to it, 
ας + 2,2 +... φ (2) 


being an integral function. 
For 


> 8,2" = > (s, Ἔ 3, Feet 8.) (ἀ " ἘΣ a, ἢ) 
=3(n+1) (8+ p,) (a,0" -- ας αὐ Ὁ 


= 5p (2) ἘΣ (n Ἐ1), (a,2"- ας). 


1 ad ἢ Ὲ 
~~ =8 + — -~ Ξ (n+ 1) p, (a,2" — 4,2"). 
ΤΣ Τὰ )ρ,( ι 


We have then to prove that the limit of the last term for 
= 00 is zero, by a method analogous to that employed for the 


e Φ 1 x 
case in which ᾶ͵, Ξε ἢ γ ᾧ (x) =e". 
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The multiplication of divergent serves. 


§ 7. M. Borel has proved that if two series are absolutely 
summable, they may be multiplied according to the ordinary 
rule, and the validity of his proof is not affected by the 
considerations of §§ 3—4. 

I showed in those paragraphs that in the treatment of 
certain questions fundamental in the theory we gained nothing 
by the introduction of the idea of absolute summability. This 
is, however, no longer true when we come to the question of 
the multiplication of series; I am, for instance, unable to 
prove that if two series Su,, Sv, are such that 


Uy + Uy 44 a 
Va t Ns Hees 


summable, whatever be A, we may multiply them as if they 
were convergent; and indeed, if we consider the analogy of 
convergent series, it seems unlikely that this should be true. 

There are, however, two interesting resemblances between 
the theories of the multiplication of convergent and divergent 
series. 1 may remark that in this connnection I consider only 
series which satisfy the condition mentioned above, for if 
a divergent series does not resemble a convergent one in 
this first and most elementary point, it is not of much interest 
to inquire whether it resembles one in other points more 
difficult to investigate. 

This being understood, we can prove (1) that it is enough 
to suppose one series absolutely summable, and (2) that if the 
product series is summable, its sum is the product of the sums 
of the original series. 

To prove (1) we have only to make a slight alteration in 
M. Borel’s proof for the case in which both series are 
absolutely summable. The whole question turns* on whether 
we may assume that 


a) | é*u(e)dz x | e' u(y) dy 
0 0 
- JP ttw t—-w\ dw 

“J. ° [κ" a) “(3 ): ἃ 
Now the left-hand side is the limit for H= οὗ 

Hop 

@) [ [eu (e) oy) dedy, 
0 0 


(eerie nha AO eee 


* Ic. Ὁ. 104. 
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and the right-hand side is the limit of 


(2') [ert (x) v(y) dxdy 
over the triangle bounded by 
ὥτεθ, y=0,ande+y=Z. 
Suppose that Su, is absolutely summable. Then the 
difference of (2) and (2’) is 


Ι ἢ eu () do [ “ι΄ δ’ (gy) ἄν. 
Now [ ἐς υ () 4 [στ ) dy | 
<[° {letwe)| [ready | hae 
aL tly 
Ξ fe eday| [Leta ce) ae 


Ὁ} ev (y) dy [ [ 6“ u(x) | ἀπ, 

H-K’ LH | 

where 0=£K5}4, JAEK'SGZ, 

so that 1 ἢ -- ΚΞ 4H; and the limit of this for =o 


15 0). 
The proof may then be completed as by M. Borel. It 


need only be observed that we do not prove that the product 
series is absolutely summable. 
The second proposition (2) is most easily proved indirectly.* 
I shall first prove the following lemma. 
If Su, 1s summable, Su,t ts absolutely summable forall 
positive values of t less than unity, and 
lim. Sut" = Su... 
t=1 


af dy Ν 
Fort Tim. ¢ () μ() τὸ (r=), 


* The same is of course true of the corresponding theorem for convergent series 
οἴ On account of the limitation made at the beginning of this paragraph. 
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μη 


λ 
so that et (3) u(r) (0<t<1) 


vanishes exponentially forx=@. Hence 


a > αλλ ! ee 0 a αλλ ᾿ 
I 8 (=) u (tx) de =t Ι é i (5) u(w)de 


is absolutely convergent. 


rs) x ὁ Ὁ 
Also lim. ὦ | ὁ tu(«) dex =| e* u(x) de 
t=1 f 


0 0 


if the latter integral is convergent. This has been proved 
by Dirichlet.* The lemma follows. 

1 may remark that it is easy to prove in the same way a 
proposition analogous to Abel’s well known theorem regard- 
Ing series on their circle of convergence ; viz. that ¢f a series 
Sux" is summable at any point P on the boundary of tts 
polygon of summability, and f (P) ts tts sum, the function f (x) 
represented by the series within the polygon tends to f (P) when 
x approaches P along the line OP. 

Now suppose that Su,, Sv,, and Sw, or 


UV, + (U,V) + UU,) + (U,% + πὸ Ὁ. U,Y,) Hoo 


are all summable. Then Sw,¢", Sv,t", and Sw,t" are all 
absolutely summable if 0 « ὁ « 1, and 


Sut, x Sv, = Sw,t". 
Hence in the limit 


Su, x Sv, = Sw,. 


§8. Before leaving this part of the subject I shall indicate 
another method by which the question of the multiplication 
of divergent series can be attacked. It is capable of more 
general application than is M. Borel’s method, which depends 
upon a particular property of the exponential function, 
although, in the particular case of series whose sums are 
defined by the exponential method, it does not lead to quite 
such general conditions. 


Ἔν, Stulz, Grundziige, τ., p.447; and my paper ‘On the continuity and dis- 
continuity of definite integrals,’ ete. (Q.J., 1902, p. 28). 
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Suppose that the sum of the series 


Uy + Uy + τις fase 
is defined as 


69 ® 
, ἢ 
[ φ (2) Σ αι dz, 
0 
= 1 
where [ φ(.) οὐ αν =—. 
0 a, 


Then the multiplication of the series Su,, Sv, may be justi- 
fied by the following series of transformations: 


Su, x Sv, = Su, x | 6 (y) 3 a,v,y" dy 
0 0 


= [Ὁ Φ) dy Lage, (uy + αὶ Ἔα, to) 


+a,v,y (0 Ἡ 2%, + u, +...) 
+a,v,y (0+ 0 +4, +...) 
+...] 


=[ ea Ξ ιν" [p@)ae Bau am 
; . 

=| o@ay[ 6) deSany" 3α, ὦ, "5 
. 

ee [ ἢ (x) dee [Ὁ (y) dy a,0,y" Σ αι ες τ 
᾿ . 

- [φῶ αν [φ 0) ὦ tae Say, ον 

- ] “φ (a) dix Σ a,x | : ὁ (y) dy 2 αρι, oy 


= i} φ (x) dx Σ CW yt? 


=— Sw,. 
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Suppose, ¢.g., that α͵ τε ἢ) φ (α) =e", and that we can 
find quantities H, ες, (¢ <1), such that 
lu (2) | < He", 
|» (y) | < He®. 
Then it is easy to see that 


( | de) a (2) 


and hence that all the transformations are legitimate. 


NN 
5 
omt+tn! 


—o 
— 


< Hee", 


Part I. 
DIVERGENT INTEGRALS. 


Definitions of the value of a divergent integral. 


§9. The various methods which I have considered in the 
preceding part of this paper enable us to attach a meaning 
ta 

lim. 5.» Uy +, Ἐ...1Ὁ U6, tees 

200 
in a number of cases in which they are otherwise meaningless. 
I shall now consider the possibility of framing similar con~ 
ventions for the interpretation of the expressions 


lim. Φ (2), i ayaa 


Let us recall the process* which leads to M. Borel’s 
definition of the sum of a divergent series. We take a doubly 


infinite sequence 


}) 
a,! ? 


such that a, increases with p for any fixed value of π, and 
decreases as ἢ increases for any fixed value of p, and define 
the generalised limit of s, as 


τ᾿ (5) 
= a's, 
. n= 
lim. ————_ - 
p-o >. a,,{?) 
n=0 


* Borel, l.c., Ὁ. 90. 
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In particular we take 


n 
7) 
(p) _ 2 
a, τ 


Mt ὁ 


The analogous method of defining lim. Φ (x) is evidently 
to define it as 


& 
[ θα, ὃ Φ (2) dex 
(1) ᾿Ξ. 
A Ϊ 0 (2, ὃ dx 
v 

6 (x, ὃ) being a function of a and ¢ which increases with ¢ for 
for any fixed value of x (or at any rate for all values greater 
than a certain value), but decreases, when x increases and ¢ 
is fixed, sufficiently rapidly to ensure the convergence of the 
integral in the numerator. 

Further progress depends on our choice of a function 


@ (x, ὃ. 
§10. A natural assumption is 
θα, t)=p ὉΔῚ Ὁ 
where p is any positive quantity. Then 
[9 (x, t) dc = pt [oo urdu 
0 


0 


=t, 
so that (1) becomes 


lim. 2 ] ᾿ (ἢ ὁ CF) @ (2) de 


=lim. | e"® (ἐν) du. 


t=00 0 


From this we easily deduce a definition of a divergent 
integral 


[Ὁ (x) de. 


For if ® (x) = ᾿ φ (x) da, 
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we have defined lim. (a) as 


tn 5 [ (7 e Wee ae 


z\P 


= lim. [ δ᾽ 6 φ (a) dts 
t=00 0 
provided lim. (5) Ἢ Ὁ Φ (x) = 0. 


The simplest case is that in which p=1; and this as- 
sumption enables us to deal with many of the most interesting 
integrals which present themselves naturally in analysis. 
shall therefore leave the general question on one side for the 
present, while I consider some consequences of the hypothesis 


O(a, ?)=e ὃ. 
I shall suppose that ¢ (zx) is continuous for all finite values 
of a, and that 
lim. ε΄ @ (x) =0 


for any positive value of τ. And I define the generalised 
limit L® (x) by the equation 


ὦ) LE o(e)=lim. [ ο Φ(ὴ de, 
and the divergent integral 
al φ (x) de 
by the equation 
ὦ αἰ ΚΞ lim. { evo 
it being always understood that 
© («) = | Roce 


Our hypotheses ensure that these definitions are consistent 5 
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and we may (as is easily seen) replace the right-hand side of 
(1) or (2) by the repeated integral 


dt | xe > (4) de. 
0 0 
And it is evident that these definitions (and the more 
general definitions for which p41) are governed by the 
general principle of § 2. 
Condition of consistency. 


§11. Lt is easy to prove that if lim. Φ (x) is determinate 
L ᾧ («) = lim. @ (2). 
For L® (οὐ =lim. | δ" Φ (tx) de 
t=0 46 


= lim. (τ [ ore (a) 4.) 


{Ξ. 


θ 
x οο 
=lim.7(| +| ) 
7=0 rey ΧΑ 


if the last limit is determinate. 
Now we can choose X so great that 


| P(t) -P(wo) | <a 
for all values of «2 ἃ, however small be co Then 


7 | 67 ® (2) dx =eT*XP (20) +p, 


where lp|<cetmX% <a. 


We can then choose τὶ so that 


Χ 
Τ Ϊ «σ 
for all values of τ 3 τ᾿: 
Thus L® (4) = lim. e* ὁ (« ) 
+=0 
= 9 (0), 
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We may also prove directly that the condition of consist- 
ency is satisfied by our definition of 


α [Ὁ (x) de 


by using Dirichlet’s theorem, mentioned in § 7, that 
lim. | 6 φ (4) de= | φ (x) dx 
+r=0 “9 0 


whenever the last integral is convergent. 
It is perhaps worth while at this point to state explicitly 
that L® (x) is not generally equal to 


lim. ®(z,), 


Γ paolo 9] 


(2,<2,<a,<..., lim, x,=0o) when the Jatter limit is deter- 
minate, in the ordinary sense, or in M. Borel’s sense. Nor 
is it generally true that 


G{ 9 @den8 [9 @ae 
(supposing 2, =0). 
Elementary properties of the generalised limit and the divergent 
integral. 
§12. I. If Lo, (x), L®, (x), ..., δῷ (4) are determinate 
L {a,®, (#) + a,®, (x) +...+ 4,9, (ὦ) 
= a,L®, (x) +a,L®, (x) +...+.4,L®, (x). 


This follows at once from the definition. It is obvious that 
a similar theorem holds for the divergent integral. On the 
other hand it is not generally true that 


L® (#) ¥ (ὦ) = L® (x) LY¥ (2). 


when the two latter generalised limits exist. 


Il. Ifa and ὃ are constants, and a positive 
L® (ax + 6) = L® (x) 


tf the latter is determinate. 
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In the first place it follows immediately from the definition 
at 
(1) L® (ax) = Lo (2). 


Again L® («+ ὃ) Ξ lim. | 6 ᾧ (tx + δ) dx 
ἔξξοο 40 
by is 
= lim. é i 6" Φ (tu) du. 
t=00 : 
Ἢ 
εἴ | e“® (u) du 


ὄ 
But <K {'e* du, 
0 


and the limit of this for t= oo is plainly zero. Hence 
(2) L® (#+b)=L (2). 
From (1) and (2) the theorem follows. 


It is easy to see that the corresponding theorem for 
divergent integrals is 


@[ ¢@) de=aG{ , Φ (ax +b) dz, 


(a>0); ae a divergent integral muy be transformed by a 
linear substitution x τα ἂν + ὃ (a>0) according to the ordinary 
rule. 

Again from the equation 


[ WOVE) +9 OL@O}de=9@)4O)-9O ¥O, 
and Theorem I., it follows at once that 


ΠῚ. A divergent integral may be transformed by integration 
by parts, if the process leads to a determinate result. 
For 


G) Ιφῶψ @+9 OV@lde= L 9@1@)-9O YO, 


if either of the two sides is determinate. 
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Iv. 7, 
G | φ (x) dx 
4.5. determinate, “ 
Lo (x) = 0. 
For Lo (x) =lim. τ | e™ (x) dx= 0. 
+0 0 


Generalised limits and mean values. 


§13. The result of § 11 is capable of an extension naturally 
suggested by § 6. 
We may define the mean value of ᾧ (x) for x= 0 as 


lim. [Φ (ὦ) de, 


if this limit exists. In ὃ 6 I proved that under certain conditions 
the fact that s, possesses a mean value ensures that it possesses 


a generalised limit in M. Borel’s sense. And it is easy to 


state conditions under which the fact that ®(2) possesses 
a mean value ensures that it possesses a generalised limit in 
the sense of § 10. 

In the first place, if (a) possesses a mean value k, we can 
find constants «Δ, X such that 3 


aX 


[3 () de < Kx 


for all values of 2 =X. For if this were not so we could find 
two ascending sequences X,, X,, ..., K,, H,, ... such that 


lim. X, =a, lim. ἡ =o, 


Xn 
and | ® (x) ὮΝ και; 
and then ® (x) could not have a mean value.. 
Now lim." ® (5) = 0, 


however small τ may be. Hence 


rf ε ἡ ᾧ (x) dx 


ΓΘ 
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is convergent and equal to 


τ' [ (e~ | Φ (x) dr) dx, 


Now we can choose X,>X so that, if r= Α΄, 


[®@de=(+p)2, (Ipl<e), 


however small be σ. 
Then 


ar Ε 6 ὁ (kh+ p)xdx= ke, (1+ 7X,) +, 


where [1 <oe7h (14 τῶ) <a, 


But 
“fe foe) -lo (ef) 


<PLIX+7°KX,, 


e™ | "6 (x) dx 
Q 


where Z igs the maximum of 


sl in (0, X). 
ence 


rf ee (x) dx —k | 


0 


«}{1-- στ (14+ 7X) Ἐσ εὐ LX+ KX), 


and we can choose 7, so small that this is less than 2¢ for all 
values of rS7,. Hence 


lim. τ | 6 ἘΦ (x) dx =k. 
«Ξ:0 a 
Thus, e.g. if ᾧ (2) = cosx, k=0, and so 


Leosx = 0, 
αΞΞΟΟ 


It is easy to prove that if © (co ) is determinate 
lim, ἢ i o (2) dz = 6 (w ); 
ὥξξοο Μη 0 


hence this result includes the result of § 11. 
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If ® (7) has no mean value it may still happen that 


= =| Φ (x) dx 
has one; in this case we may define the mean value of ᾧ (x) 
as being equal to it ; and so on generally. 


If eg. Φ (x)= xine, 
= [ Φ (2) da =— conn ας, 


and so the mean value of ὦ (5) is 0. These extensions are 
analogous to those given by Hélder and Césaro to the notion 
of the mean value of s,. 


Some particular generalised limits and divergent integrals. 
§14, I shall now find the value of 
Le f (sina), 


f{(u) being any function of u continuous from u=0 to u= 1, 
inclusive, and a being real. 
By definition 


Le™ f (sin x) = lim. | 6 απο F (sin tz) de 
t=00 0 


ioe) 
=lim. τ | ε΄ (ταῦ F (sin?) dar 
0 


T=0 


("41)% 
= lim. T > Σ [ 
nT 


. +7=0 
aed ° e _—/T<3 e 
= lim. τ Be)" & lim. [ ea" F(sin’2) dat, 
τς " τῷ 49, ᾿ 


Τ 


(1) sets (Ler i e* f (sin x) dc, 


(2) = : { " cosa SF (sin’x) dx, 
T Jo 


or = 0, 
according as a is or is not an even integer. Thus 
Lsinaz f (sin’z) 


is always zero. 
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Again 
G [ ef (sin*z) dv 
¥ 0 


ioe] 
== lim. i eon” F(sin’x) de 
+T=0 0 


Φ 1 ἽΝ -ς7ὔ- ὦ e 
=lim. — aa; i e αὐ F (gin®x) dx. 
+7=0 1 —@ δ 


If a is not an even integer this is 
1 see re ἡ a ir , 2 
i | e™* f(sin’r).dz = | cosax f (cos’r) dx. 
Q 9 


sin dar 
Thus 


(3) G4 Ϊ ᾿ cosaxf (sin’s) dx Ξε 0, 


(4) G | εἶπας F (ain’r) dr = aie | 08 ax f (cosa) dx, 


sin dar 


On the other hand, if a is an even integer the first of these 
divergent integrals is not in general determinate, as 


ἢ, cosaz f (sin’2) 
is not in general zero. If, however, 
cosazf (sin’r) dx =0, 


0 
we obtain 


G | cosax f (sin’x) das 
0 


cosax Κὶ (sin’x) α dx 


ΞΞ ᾿ 
= 3 


λ | cos ax f (sin"x) dx 


cosax f(sin*x) (π — x) dz 


ll 


= (), 
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But 


αἱ βίη αῷ f (sin’ x) dr 
- 2 ῳ τὰ." etn? 
= pare ea [- sinaxf(sin’ 2) dx 
2 ἐπ 
(ὃ π--- = (—)}? | x sinaz f (cos’x) dz. 
0 


It may be pointed out, in connection with the remark at 
the end of § 11, that 


oo ; 2. wo f(@t)r : , 
G | ew f(sin’x) dx = 5 | ef (sin’ x) dx. 


For the series is equal to 


(1 + eo + e+...) | e™ f (sin’x) dx 
0 


1 οὶ ee 
-ii Ι em f (sin’ x) dx, 
provided a is not an even integer. 
Some particular cases of the formule (1)~(5) are inter- 
esting. Thus 


L cosaz= LT sinax=0, 


L (cos’ar)*"= L (sin’ax)™ = = | (cos’x)™ dx 
0 


m+1 
ry) 
re aE, 
Vl (ξ + 1) 
2 
if m> 0; and if 2n is a positive integer 
L (cos’x)” = L (sin’ x)" 


2 84.40.9 
πὶ 8.58... 0. +1 


; _1,8...24-1 
~ —~9.4...08 ? 
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according as 2n=2k+1or=2k. But 
L (cosx)*" = ZT (sin 4) 1 =0. 

Some of these results may be easily deduced from first 
principles, Thus, ¢.g., if Zcosz is determinate, it must, by II., 
be equal to | 

| L ὁ08 (2 Ῥ πὸ) = — L cosz, 


and therefore = 0, 
Again 


a | cosax dx = 0, 
0 
mes 1 
G | sinaxdx=—, 
; a 
G | (cos.x)™"* dx = 0, 
θ 


eo δπ 
G | (sin.r)*** dz = | (cosz)”"* dx 
0 0 


ee) 
" 3.5,..2h 1° 


Again G [ cosax (6084) ἢ dx =0, 
0 
G | sin ax (sinr)™ dx 


1 opie τ 
genes Ι cos au (cos μ)"} du 
τ π C(2k+1) -: | 
~ 2" sindar D(k+1— 4a) Γ (k+1+4a) 
2k! | 
~ a (2° -- a") (4 -- αἷ)... (ἀκ -- a’)? 


provided a is not an even integer. 


Again 
1 1 
gs J 
1 —2p cosx + p 1 — 2p cos2z + p 
- [ dx ee 
Πα Jo 1—2pcos2r+p* 1—p"? 
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1 
or = 7 (according as p’ < or > 1), 


Llog(1—2pcosrt+p’)= 0,  (p’<1), 
. =2logp, (p'>}), 
G| log (1—2p cosxtp’)dz=0, (p’<1), 


and so on. Again, since 


Oded ». 08 I'(p) cos 1a 
χα ας 1)=—;—+;, .. += 
[ ἥ sin” (»»1) (τ΄ + a*)# sin? eae 
G [ 608 aa pa ce ἀπ 
a sin a’ sin * 


If p<1 these integrals are convergent in the ordinary 
sense. And Lz? cosax=L2’sinax=0, (p>0). But it is 
not necessary to multiply examples of the general formule. 

A large number of these formule for divergent integrals 
were given by Raabe,* and are reproduced in Bierens 
de Haan’s Tables. Raabe also gives ‘limits’ for cosx, sina, 
etc., but not any of the general formule (1)—(5). He appears 
to think that he has proved, e.g., that 


lim. cosz = 0 

in the ordinary sense; his proof, which bears no resemblance 
to the methods of this paper, is of course wrong. It need 
hardly be said that at the time at which he wrote the idea of 
giving conventional definitions of such expressions as cos 0, 
sino, etc., had not occurred to anyone. It had of course 
been noticed that such expressions often presented themselves 
in analysis, and it had been found that there was generally 
one value which could be attributed to them without con- 
tradiction resulting; but there was as much confusion as to 
what was meant by such an equation as 


coscc = 0 


as there was in the case of 1—1+1-...=}. And the same 
is true of divergent integrals; in fact it would be very 
difficult to say in what sense Raabe regarded 


eo 
[ οοδα dx 
0 


PO a SO ....-.-. “515 .ρῦϑΟΘϑὕὖὕΟὃὨὉὨῺ(ὩἈ-.7ἨὈᾳῳὌὉὁὍὋὁ ὁἨϑὔ ὖᾧᾧ0ᾧ.-0οὍθ06Χ0 Ὅτ’ ἋἬἭσσσσσψΠςΠ.σ.΄σΠςΠς 


* Integralrechnung, 1., pp. 280 et seg. 
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as convergent. His results however, so far as they go, agree 
with those found here. 
Raabe* discusses a more general integral 


4 ef (sin’w,2, sin’u.2, ... sin’ x) dar, 
6 


in which f is a continuous function, and μι, μ,» «++, μ,, positive 
and rational. Raabe supposes a=0, and his analysis is 
Invalid. | 

We may suppose that & is the L. c. M. of the denominators 
οὗ μιν» 0) μ Lfm,=ky,, μ,ΞΞ ἔμ,» ..., the integral is 


0 
kG | ew f (sin’m,&, ..., sin’m, 2) dx, 
Ὁ 


where now 2,7...) m, are integers; this integral falls under 
the classes already treated. A similar reduction may be 
applied to 


Le f (sin"m,2, ..., sin’w,2). 


§15. We have supposed so far that the functions Φ (2), 
p(x) are continuous. But there is nothing to prevent ua 
from attaching a sense to L(x), even when ® (x) becomes 
infinite for an infinity of indetinitely increasing values of x. 
We may agree that the definitions of Le (x) and 


@ “¢ (x) die 


are to apply whenever the integrals which occur in them are 
convergent, or even if only their principal values are con- 
vergent. The formule worked out in §14 are, in general, 
the same under these extended conditions. 

Thus, 6. 9.) 


L log (cosz— cosa)? (0 «α « πὶ 
1 (τ : 
= — Ι log (cos ὦ -- cosa)’ dx 


= — 2 log 2, 


© . 7 
GP | es log (4 sin’Ja), 


COS % — COS α’ 


ΜΠΔΠποῸρπ“--.----πτΣπττ Τ΄΄ἷἶβὦ  ἢἮ͵ ὁ ὃϑΘϑΘὃὅ ὖΦΦ55Κ5-656Θ6 .΄.......,,.., - 


* Lc., p. 810, and Credle, xv., p. 85ὅ. 
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a result which may be deduced either directly or from the 
fact that we must have 


GP | ne =L | ~ } log (00s @ — 008 "| 
0 


COS Y - COS & ὃ 


2a 
cos — ἃ 
isan ,cosat , ὃ 
5 cos bx 008 2 ἡ 
2a . . 7° Φ ᾿ ἦ . Φ 
If 7 38 not an even integer this is zero. If it is 
cos = x cos ze x 
b 1 ε b 
--------π-- δὶ ——dz 
008 25; ω υ COs 2x 


= 0, ( even ) 


= (— 1)*, (5 =2h + 1). 


| ” COS ax 2 Ὁ 05 Ἔ ὦ 
And GP | ied ee GP | Sepa) 
| > 008 bx b » cos 2x 


unless 1- 2k +1. In the case of 


sinaz 
sin be 


we should have to modify our procedure, as 


. 2a 
sin— x 
ee b 
P| ——— dz 
᾿ sin 2 


is not generally convergent. But I shall not enter into this 
now, as the examples I have given will be sufficient to 
illustrate the different cases which may occur. 


§16. The definitions of the previous sections are perhaps 
of most use in connection with double limit problems, such as 
differentiation under the integral sign. Their employment in 
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such problems raises questions which demand a detailed treat- 
ment which I must reserve for the present. But they enable 
us to a considerable extent to disregard questions of converg- 
ence or divergence. I may, perhaps, illustrate this by showing 
how they can be used to calculate two important definite 


integrals. 
; ° cosaxr os 
(1) If u=| igo dit, (a > 0); 
du f° «sinax 
de _ ” xsinas 
da , ita 
— au “οὗ cos ax 
2 οο 
a7 v=G| cosaa da 
da ἷ 
=0, 
τ Ae* + Be, 
and as τ Ξ- ἐπ for ἀ =0, and does not ever exceed ἀπ, 
"τὸ ἐπε, 
oye af” cosaxr dz 
os w= Pf cosbe 1+ a? 
‘and |a/=|4, 
2 οο : 
ΤΕ, GP | - δ ἡ κενῇ, 
da » Cosbx 


u = Ae’ + Be, 


and as τὲ τὸ ἐπ for a=+5, 


A=B a 


—~ 4 coshé? 


wr cosha 


~ 2 coshd° 


This investigation of the value of (i) is that given in some 
of the older English text-books. The use of the definitions of 
this paper enables us to justify what appears to be a quite 
invalid line of argument. 
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Other definitions. 
§17. If we had taken 


e(x,)=p(F) ὁ , @>n, 
so that 


Le (x) = rua [τ (ἐ νι) du, 
=o J/g 


and = G $ (aw) de = lim. etre)” d (x) der, 
0 ΥΞ0 JG 


we should have found the same formule# as we deduced in 
§15 on the hypothesis that p=1, though tthe proofs would 
have been more difficult. But we should also have been able 
to attach meanings to limits and integrals which our actual 
definitions were not powerful enough to deal with. 

Suppose for instance that p = 2, and 


φ (ec) =el"? (α} 0). 


Then 
0 U , 1 
lim. [6 (το Hatbieda = | ett dn ax , 
a0 = 00 a + bi 
so that 
- 2 mes 1 
‘= lim. —#x)*+(at+bi)z dy ~ ὡς 
G i, ¢ (x) dx lim [- ϑδεουῆα dat -- ττττν 


But 


οὐ ( a Υ̓ “ο 
| ὁ (rx)*+(a+bi)2 (χ = e\?7 | e—(rx)P+bat dg 


=00 


_ vm ($)-(¢) 


: 
If a? <0’, the limit of this for 7 =0 is 0, and so 


1 


οο 
ee de = -- -------- 
G ] , a+ be? 


and Le = 0. 
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It is of course clear that if we are to give any definition 
of L® (x) which is consistent with itself, it must give 
Le'*)* — 7 ο(αἸ δὲ) (xt) 


ee ρ(αἸδὴπ 7 ρα δι): 


and so = Ὁ. 
_ And it is very desirable to find a convention which will 
give - 
Le” -- 0; 
bY oto 
G | ἐπα «-- -- ὦ 
: Ζ 


for as large a region of values of z=a+ δὲ as possible. This 
region is evidently that formed by all values of z other than 
real and positive values. For it is only when ¢ is real and 
positive that 


εἶ" da 
is definitely infinite. “ 


δ 18. Now M. le Roy has proved, in the memoir already 
cited, that if <1 


© 
lim. | e-#tex'dxy = 
t=1 Vo 1—z 


for all values of 2 except real values >1. And by a similar 
method we can prove that | 


Ps 1 
lim. etx logztex dy = ~~ 


T=0 Jo ΖΦ 
for all values of 2 except real and positive values, 
In the first place, it is clear that 


lim, [ e-relogates d= —!, 
᾿ τὸ Yo Ξ 
if R(z) <0. Βαϊ 
| etx logztet dy = [ exp. {—Tpe'? log (pe?) + zpe'? + ig} dp, 
0 “0 


if 0 «φ «ἐπ, and the logarithm has its principal value. To 
prove this we integrate 


[-- logetex dx (x Ξε ἕ + an = pe?) 
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round the contour bounded by the lines 
G=0, O=¢, p=s, ρ- ἢ, 


e being very small and & very large. All that is necessary 
is to prove that the integral over the arc p= tends to zero 
for R=. ‘This follows from the fact that when p is large 
the subject of integration is of order 


exp. p {- t logp cos6 + τθ sin 6 + a cos 6 -- ὃ sin 6). 
Now 


lim. [ exp. {-- τρεὶφ log (pei) + zpeld + 1g} ἀρ 
™=0 0 


= J" exp pe + i} d 


provided the second integral is convergent. This will be the 
case if acosp—dsing<0. The line Ecosf$= ἡ sing is the 
line through 0, making an angle 4 (3 — $) with the real axis ; 
and acos¢ — ὦ sing <0 if z lies to the left of this line. But 
¢@ may have any value between 0 and ἐπ, and as ¢ varies 
between these limits the region to the left of the different 
positions of the line covers all the plane except the fourth 
quadrant. Thus (1) holds except when z lies in the fourth 
quadrant. By supposing ¢ negative we can prove that it 
holds except in the first quadrant. It therefore holds except 
when Φ is on the real axis. 


Thus if we define 


G | φ (x) da, 
0 
as lim. | ere loge ὁ (52) dar, 
τὸ 9 
τ (atbhye 7 I 
(arb) 7.5) oe — --ὁ 
we find that af 6 x aur 
except whena>0, b=0.  _ 
If we start from the equation 
~ : ] 
lim. [ 6 τη 16)" ἀκ Ξε -- -- ᾿ς 
t=0 0 ΖΦ 
P 1 
and put v= U, = + τ, 
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we obtain 
1 
lim. w'et—ul+uedy — — —, 
«Ξῦ 0 Zz 
= 1 
ΟΥ̓ lim. i (1+...) eTulogu-... e“dy=— -, 
τιΞΌ 0 Zz 


This shows the connection between the equation proved by 
M. le Roy and that proved here. | 
Suppose that ®(0)=0. Then the corresponding definition 


of L& (x) is 


Le (x) =lim. ] e-reloge’ (ar) der 
τὸ Yo 
= lim. Ϊ τ (ἰορῳ + 1) ὁττα loge ᾧ (a) da, 
+7=0 0 
if lim. e-7# logz ᾧ (x) logx =0. 


ΦΏΊΏΟΟ 
If we observe that 


fa) 1 
| (log x + 1) e~7# loge dae =~ , 
0 


we see that this definition agrees with that given by the 
general formula of § 9, if 


—F logz 


θ (x, t)=(logx+ le 


Much more general results are given by thia choice of 
θ (w, ὃ than by the more simple one adopted in §§11-16. 
But the latter enables us to deal with the simplest and most 
obvious cases with greater facility. 

At this point I shall, for the present, bring these investi- 
gations to a close. My object in the second part of this paper 
has been rather to discuss the general principles which must 
govern our conventions, and to illustrate the different range 
of different definitions, than to enter into great detail con- 
cerning any one of them. ‘The subject is a large one, and 1] 
hope to return to it on some future occasion. 
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CORRECTIONS 
p. 29, lines 7-6 up. The statement ‘It does not follow that...’ is 
false. See pp. 31-3, where the contrary is proved. 
p. 41, line 7 up. For x read n, and for (p read (ρῆ. 
p. 43, line 3 up. For the 2nd ὦ read v. 
p. 44, last ine. For x = 0 read ὦ = οὐ. 
p. 45, line 11 up. For t, read t”. 
p. 46, line 7 wp. For ὦ read Up. 
p. 49, line 1. For n = οὐ read & = 00. 
line 4. For lim(a/t)?—1e-@/9?@(x) = 0 read lim e~@/9?O(x) = 0. 
line 4 up. Read ε΄", 
p. 50, last 2 lines. For ᾧ read ® (twice). 
p. 51, line 9. For x = οὐ read n = ©. 
line 3 up. For ‘and a positive’ read ‘and a is positive’. 


: ῳᾧ 
p. δ8, line 3 up. For Ἰέτα 6 Φ(α) = 0 read lime~** | @(t) dt = 0. 
0 


p. 55, line 10 up (twice) and line 6 up. For sin read sin?, 

lines 6-5 up. The numbers (1) and (2) should be moved down 
one line. 

p. 57, line 3. For 7 read 1. 

lines 14-15 and p. 58, lines 9-10. Herea + 0. 

p. 59, lines 6-7. The argument assumes ὦ > 0. 

line 16. For x = 0 read x = ©. 


p. 63, lines 5-4 up. A factor exp(iab/27?) is omitted in the 2nd and 
3rd expressions. 


COMMENTS 


Part I 
In § 2, ‘Hardy’s principle’, formulated in 1904, 3, is further 
extended; see D.S., pp. 89-91. Systematic applications are made 
in 1911, 2 by Hardy and Chapman. The applications to infinite 
integrals, in Part II, are continued in 1908, 3. 

The definitions of (B) and (B’) summability are given in the 
Comments on 1904, 3. An absolutely summable series, in Borel’s 
sense, is one for which the integrals [ e~*|u(a)| da converge for 
r = 0, 1,..., as in Borel (1st and 2nd edns.). In D.S., p. 184, Hardy 
uses the term regularly summable. 

The result (δ 4) that the (B’) summability of u,.+uU,+... implies 
that of u,+u,+... completes a result in 1904, 3, ὃ 4. Hardy’s proof 
is Mercerian in character (cf. 1912, 5). Another proof is given in 
Bromwich (lst edn., pp. 272-3), where it is reduced to proving that: 
f+f’ > 0 implies f > 0. See D.S., Theorem 53, the proof of which 


(attributed to Hobson) is substantially the same as Bromwich’s. 
Another proof of Hardy’s result was given by Perron.f The result 
that e~*u(x) > 0 if (2) is summable may also be obtained directly. 
For if e > 0, X, may be chosen so that, for X > Xo, 


x x 
\u(X)—w(Xo)| = e® .e-*u’(x) dx| = eX e—*y’(x) ἄχ] < εοζ. 
Xo x 


cf. Hardy’s proof, § 4, of Borel’s analogous proposition. 

The theorem proved in § 6 (partly stated in 1904, 3, § 3) is 
generalized by Hardy and Littlewood in 1916, 8, § 3, where they 
point out that a generalization stated by Hardy in 1913, 1 (footnote 
to p. 10) is incorrect. The generalization has been extended to 
Euler—-Knopp summability by Knopp;{ see D.S., Theorem 149. 

The formal product of the Borel integrals of u,+u,+... and 


cO : 
Vp +v,+... may be written f e~'w(t) dt, where 
ὃ 


t 
w(t) = [ u(x)o(t—2) dx. 
0 
This is the Borel integral of 0-+-w,+w,+..., where 
Wy = Ug Ua t-..+Un V3 

see Borel,§ or D.S., Theorem 187. Borel’s multiplication theorem 
and Propositions (1) and (2), § 7, correspond to the multiplication 
theorems of Cauchy, Mertens, and Abel for series. Analogues for 
ordinary infinite integrals of the multiplication theorems of Mer- 
tens, Abel, and Cesaro were given by Bohrj| and by Hardy, 1908, 2. 

Hardy asks (δ 7) whether the summability of uj+u,+... and 
V+v,+... necessarily involves the convergence of the product 
series. The analogue of Cesaro’s multiplication theorem shows 
that it is summable (C,1). For ordinary infinite integrals, Bohr 
(loc. cit.) showed that the ‘square’ of the convergent integral 
J x-te* dx is not convergent. To answer Hardy’s question, we 
may take a series whose Borel integral is approximately Bohr’s 
integral. Let | 

Un = Vg, = (14+2)"T (n+ 1)/T(n +8). 

Then 1 


1 0 
u(x) = v(x) = τῷ [στρα ὅτ dt = [ | J) = fi t)e, 
0 -ο --οὦ 


where ἡ, = (1+4)-ta-te(+ and j, = O(z-+) in (0,1), = O(a-) 


+ Math. Zeit. 6 (1920), 158-60; see also ibid., 286-310 (302-3). 

1 Math. Zest. 18 (1923), 125-56. 

§ lst edn., pp. 103—7; 2nd edn., pp. 131-5. 

|| Oversigt over K. Danske Vidensk. Selsk. Férh. (1908), 213-32; 
Collected Works, Vol. ITI. 
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in (1,00); ef. 1905, 5 (in Vol. IV). Hence 


w(x) = (71- 792) Ἐ (Jr tJe) = 71 * Ir + 21 * Jato Ἐ72 = Wit Wet Vs, 
where [ e-“w, dz converges for r = 2, 8, by the Mertens and Cauchy 
analogues, and for r = 1 is (1+2)7!7 f οἷα dx. Further, Hardy’s 
extra conditions are also satisfied; cf. 1905, 5. A series such that all 
the series u,+u,,,+... are summable (B’) (or equivalently all 
summable (B)) is called normally summable in D.S., p. 184. 

The Borel polygon T of a power series, with positive radius of 
convergence, was defined by Borelft in terms of the singularities of 
its sum function; see D.S., ὃ 8.8. Borel showed that the interior Π 
of Γ is the domain of absolute summability in his sense (apart from 
points on the boundary I). Phragmén{t{ showed that J] is also the 
domain of summability (B’), and so also of summability (B) and 
normal summability. Hardy’s analogue of Abel’s limit theorem 
§ 7, is stated for points of normal summability on I’, but the deduc- 
tion from Dirichlet’s analogue for infinite integrals holds for pomts 
of summability (B’). Further, if there is no polygon of summability, 
it holds along a segment joining the origin to any point of summa- 
bility; see 1911, 8. Bromwich (lst edn., pp. 29]—2) observed that 
Phragmén (loc. cit.) had shown that, if Borel’s integral [ e~*u(ta) dt 
converges for x = 29» then it converges uniformly on any segment 
(82,2), ὃ > 0. Hardy’s theorem was evidently independent of 


_Phragmén’s. Bromwich inadvertently stated that the uniformity 


holds on (0, 2,), and Hardy assumes this in 1910, 1; but in 1911, 8, 
he proves that it is, in fact, true. The analogue for infinite integrals 
of Abel’s limit theorem was stated by Bonnet§§ in 1849. Hardy 
quotes the result from Stolz,|||| who refers to a book by Meyer,TTtt 
stated in the sub-title to be ‘zumeist nach Vortragen von Lejeune— 
Dirichlet im Sommer 1858’. 


Part II 


In § 10, the modified condition 
lim e—(/5?@(x) = 0 
(see Corrections) plays the role of the condition lim e~*u(x) = 0 in 
ὃ 4. In particular, if p = 1, necessary and sufficient conditions for 
G [ ¢ dx to exist are that L®(zx) should exist and lim e~*®(x) = 0 
for 7 > 0 (if the assumption lim e-7*d(x) = 0 is omitted). 
The alternative definition at the end of § 10 should be interpreted 


co 0 


as lim f f ; see ὃ 25 of 1908, 3. 
Τοῦ 7 0 . 
The ‘questions which demand a detailed treatment which I 


must reserve for the present’, § 16, are discussed in 1908, 3. 


Tf 1st edn., pp. 125-8; 2nd edn., pp. 157-60. 

tf Comptes rendus 132 (1901), 1396-9. 

§§ J. de math. pures et appl. (1), 14 (1849), 249-56. 

[ll Defferential- und Integralrechnung, Vol. 1 (1893), pp. 447-8. 
ttt Vorlesungen iiber die Theorie der bestimmten Integrale zwischen reellen 
Grenzen (1871). 


SOME EXTENSIONS TO MULTIPLE SERIES OF ABEL’S 
THEOREM ON THE CONTINUITY OF POWER SERIES 


By T. J. YA. Bromwicn and G. H. Harpy.* 


1. 
The object of this paper is to investigate certain extensions to multiple 
and repeated series of the following well-known theorem due to Abel :— 
If the series 


(1) Aj +a, tat... 
is convergent, the series 
(2) | Ata, cx+a,x?+... 


is absolutely convergent for all values of « whose modulus is less than 
unity, and if f(z) denotes the function represented by the series (2), the 
limit of f(x) when ὦ approaches 1 along the straight line (0, 1) is equal 
to the sum of the series (1).t+ 


Notation and Terminology. 


It will be found essential in dealing with these questions to lay down 

as definite and concise a notation and as unambiguous a terminology as 

is possible, since those usually employed are in some ways misleading. 
| Suppose that 


41=mM 1 t2=Mo i,=M™,, 
Sy, May...) My ΤΞ Σ 2s pe ὭΣ Win, tay oy ἴῃ 9 
το ἔφ i,,=0 
then we denote by 
> a 


(1, 2, ..., ») (pt, ..., 9)... (r+], ..., Ὁ) 


* Mr. Hardy communicated his share of the paper on February 11th, 1904, and discovered 
shortly afterwards that Prof. Bromwich had at an earlier date arrived independently at the 
results of §§1-5. §6 and §§ 12-17 are due more particularly to Mr. Hardy, and §§ 7-11 to Prof. 
Bromwich. Some of the earlier results (those relating to double series summed by rows or 
columns) were also obtained by Mr. A. Brown, to whom the subject had been suggested by 
Prof. Bromwich for a dissertation. As regards the latter part of the paper, each of the 
authors had arrived by conjecture at the other’s results, but had not worked out formal proofs 
at the time when it was decided to unite them in one paper. 

t The theorem is still true if s approaches 1 by any path (in the complex-plane) which does 
not touch the circle of convergence ; but it is not with extensions of this kind that we shall be 
concerned now. 


1905, 2 (with T. J. A. Bromwich) Proceedings of the London Mathematical Society (2), 2, 
161-89. 7 
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the result (if it be determinate) of making the suffixes m, mq, ..., m, tend 
to infinity in groups, the group m,41, ..., ™n being made first to tend 
simultaneously to infinity, and so on, the groups corresponding to the 
brackets written under the sign of summation. Thus, to take the simplest 
case—that of two integral parameters 2,, 7,—the expressions 


La Za, 2a 
(1, 2) (1)(2) (2)(.) 
denote respectively the double series 
Li, de 


in Pringsheim’s sense, and the two repeated series in which the sum is 
effected with respect to one parameter first. A similar notation will be 


used for limits. Thus, 


= a= lim 8, Σ alms. 
(1, 2) (1, 2) (1) (2) (1)(2) 

Where there is more than one bracket the operation of proceeding to 
the limit which corresponds to the bracket on the right is always to be 
performed first. The same notation applies to limits of functions of 
continuous variables. Thus, if f(x,, x) is a function of z, and Zz», both 
of these being positive and less than 1, aa f means lim (lim /) and ra Ζ 


%=1 te=1 


means the double limit lim ἢ. 


%=1, %2=1 
It is always to be understood that the limits of summation, unless the 
contrary is expressly stated, are zero and infinity, and the limiting value 
of every variable, which we shall always assume to be real and positive,* 
unless the contrary is expressly stated, is 1, and the term “ double limit ”’ 
will be used always as indicating that two variables (integral or continuous) 
are made to tend simultaneously to their limiting values. When there are 
several distinct passages to the limit the result is a repeated limit; thus, 
lim 
| (1, 2)(8, 4) 
would denote a repeated limit—in this case the double limit of a double 
limit. 
The expression Σ a 
(1) 


denotes the result of summing with respect to 2, only, and soon. Also, 


* There is, of course, no such limitation on the value of a. 
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if ὃ depends on %,, ..., ἔμ, 


A b= — b:, 41, to, i —b; 


oney Uy, 11) te, aang 449 
(1) 


Ab= AbSB=AAD 
(1, 2) (2,1) (2) (1) 
= bi. 41, i941, ig, «05 i — Oty, ἐρεῖ, fy, .. 


and so on. 


Finally, all this notation may be generalised to denote, not limits, but 
maximum and minimum limits ;* thus, 


= a 
(1) (2) 


’ 1 = 014: te, ig, cory ig bi, te, 13, oe] i) 


denotes the maximum limit for 7, = © of the minimum limit of Si,, i. for 
lo = ©, and ae 

(, 2) 
denotes the maximum limit of Si,, i, When 2, and 2, tend together to infinity. 
And, again, exactly the same applies to such expressions as 


lim f 
(1) (2) 


2. Statement of the Analogue of Abel’s Theorem for the General Series. 


If the simple series 2a; is convergent, there is certainly a constant C, 
such that | s: | < C 


for all values of ὁ. We express this by saying that such a convergent 
series necessarily satisfies the condition of finitude. The same is not true 
for multiple series. This being so, we cannot affirm that, if, ¢.g., 


x @ 
(1, 2, ..., ) 
is convergent, then Σ ax*a?... a 
᾿ (1, 2, see n) 
converges for values of 2, 29, ...,z, less than 1, and it is easy to see by 


examples that this is not necessarily the case.t 
It is therefore essential to subject our series to some condition beyond 


_that of mere convergence. We shall assume that it does satisfy the 
‘condition of finitude,” that is to say, that 


(8) | Sin), Mla, ..., My, | < C 


a ey 


* Sometimes called ‘‘ upper and lower limits of indetermination,”’’ 
t For instance, compare § 3, end. 
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for all values of 7, mo, ..., Mn. Doubtless this condition is unnecessarily 
narrow, but it is simple and fulfils all requirements. __ 
The analogue of Abel’s theorem is then as follows :—If the condition 
of fintude rs satisfied, and 
(4) > a 
(1,2, ..., p)(ptl, ....@...7+1, ...,5) 
as convergent, then 


(5) ax} x? ... an 

as absolutely convergent for all values of 2, ..., Xn whose moduli are less 
than 1, and of f (ay, ..., tn) ts the function represented by this series, then 
(6) lim 


(1, 2,..., »)Α»  Ἐ1,..... 9)... (741, 5 2) 
25 determinate and equal to the swum of the series (4). 


We shall prove this theorem first for double series and give some 
illustrations in which the series 2@ has different sums when summed in 
different ways, so that f has different limits when we proceed to the 
limit in different ways.* We shall then consider some further extensions 
of a different kind connected with double series. Finally, we shall 
establish the general theorem by induction. In dealing with double series 
we shall use 2, 7, z, y for 1%, %,, 2, % in order to avoid suffixes, and we 


shall write 2 , 2, 2, lim, lim, lim for =, .... 
OO) Gd) GD) Ow WO Gy) (1) (2) 


8. Double Series. 


Since Qi; = A sayy 
(i, 9) 
and { Sn,n |< Ὁ, 
it follows that 
(7) | a:,;| < 40, 
and hence that Lai, ay! 


is absolutely convergent. Let f(z, y) denote its sum. Then 


(8) 7}, ψ) = Xs,,;(1—2z) (1—y) ay, 


* This course seems best because this simple case affords the clearest illustration of the ideas 
on which our extensions of Abel’s theorem are based, and its treatment does not involve the 
algebraical difficulties which occur in proving the more general theorems. 
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&8 is at once evident if we | compare the coefficients and use condition 
(7).* 


Now to say that 2 a is convergent is the same as to say that there is 
(i, j) 
ἃ quantity s such that, however small be co, we can determine M and N 


so that | Sua—s | « σ, 


if only m>M andn>N. It is evident, moreover, that | s| << C 
Now, since 


Z(1l—z) (1—y) οἷν = 1, 


it follows that f(z, y)—s = Σ (s;,;—s)(1—z)(1—y) αἷν 


M-1 N-1 N-1 © © 0 
d , 9) -α 2 ὩΣ |S 2: 2 SD 
and |f(@,y)—s|< i=0 j=0 +]; Ξ j=N j=0 i=M ΕΝ i=M j=N 
M-1 N-1 
But Σ |< 2CMN(1—z)(1—y), 
i=Q j=0 


since «<1, «1, and | s;,;—s| < 2C; also 


ΣΣ «βομα--ῶΣ yi(l—y) < 2CM(1—2), 


ἀπ j=N 
Σ - 20N(1—y), 
j=0 i=M 
and Σ ΟΣ ΡΟΣ Σ ziyi(1—2)(1—y) «σ. 
i= M j=N 4=0 j=90 
Thus 


|\f(@, y)—s | << 20MN(1—2)(1—y)+2CM (1—2z) + 20N (1—y)+o. 
But when o has been fixed M and N are fixed, and we can determine ὃ, e, 
so that lf, yy—s| < 2c, 
if 1--} « ὃ, l1—y<e. Therefore 
| lim f= 8. 


(x, y) 


* The transformation 
Ag+, X4+Ggx? = ... = (1—Z) (89 + 5,2 + 8927 +...) 
was given by Dirichlet and used as the basis of a proof of Abel’s theorem identical in principle 
with the proof stated here of the corresponding theorem for double series, though (at any rate in 
the form in which he presents it) less simple than Abel’s original proof. See Abel, Guvres, 
Vol. 1., p. 223; Dirichlet, Werke, Vol. u., p. 306; Pringsheim, Munch. Ber., 1897, Ὁ. 344. 
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We may remark in: passiny thata similar proof applies v0 the general 
case when it is the convergence of the multiple series 


> a 


(1, 2, ..., ”) 


which is given. The real difficulties begin when repeated limits are 
introduced. 

We may further remark that the dispbgaiey of some such limitation as 
is implied by the condition of finitude becomes apparent when we consider 
that, for example, the double series defined by the scheme 


Aptby, 1-9, Ag, Ag, ...; 
—Aj+b,, —a,—b,, —ag, —ds3, ...Ψ, 
ba; —b,, 0, ΟΣ 22 wage 

bs; —bs, 0, 0, ΤΥ 


is convergent and has the sum 0 whatever be the quantities a, ὃ; even if 
a, =b,=v!, in which case Σαι,; αἷψ' is not convergent for any values 
of x and y except c=0, y=O μπᾶ ΖΞ 1, ψΞΞ 1. If a=b,= 2’, 
the series is convergent and equal to (l—y) /(1—2z)+(1—2)/(1—2y) if 
z and y are both < 4, but divergent if }<a<1 or ¢<y <1. 


4, Repeated (Two-fold) Series. 


Now let us suppose that 2a is convergent ‘when summed by colwmna, 
thus implying the convergence of every column, and that 


The series is of course absolutely convergent as before, in virtue of the 
condition of finitude. To illustrate the necessity of some such con- 
dition in this case we might suppose a;,; given by the scheme ~ 


de. οἷς, ae, 2B. Σοὶ 
5.8’ Both tee de κε: 
4, —4, 1) — 2, cory 
os es ces eee ee 
Then δ a = 0, but the power series does not converge for any value of 


yift <2 <1. 
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Let | ὃ; = 24:33 
(j) 
then, since Σ iii = 1Δ 8... | « 2C, 
j=0 (i) 
[ὃ.} « 26 
and 
(9) > b; x* 


(i) 
is absolutely convergent. Similarly, 


> hij “ἱ 
ὌΝ 
is absolutely convergent. Further we can prove that 


(10) Σ ai, ) 2" 
() @) 


is convergent, and its sum equal to that of (9).* 
For, if we introduce the abbreviation 


j 
δι) => ait = A Si-1, j». 
1=0 (i) 


then the series (10) is equal to the limit 
lim (Σ δι ja’), 
j=o \i=0 


- provided that this limit exists. — 
Now, by the condition of finitude, 


[5,5 |= | A i145] < 2C; 


so that | ; ;—0; | « 406, for all values of ὁ, 7. 
Hence, for all values of 7, 


Σ (b; ;—5) αἰ] « 46 Σ a’ = 4025 /(1—z). 
i=M Ἱξμ 


167 


Let M be chosen so as to make 4Cz™ /(1—2) less than an assigned 


positive number o ; M being now fixed, N can be chosen so as to give 


| 6; ;—b: | < o(1—z) 


* This is a kind of converse of Weierstrass’s theorem concerning series of power series. 
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for every value of j > N and for ὁ = 0,1, 2, ..., M—1, since 


lim bi, j = b;. 
jJ=He2e 
M-1 M-1 
Then | 5 (b,,;—b)2*|<o(1—a) Σ αἱ «σ, 
re) M-1 00 
and hence | 2, (ὃ, 5---ὄ δὴ αὐ  « | 2 + BA | <%, if 7 >N. 


Thus* 


j=o 4=0 


οο wm 
lim Σ b,;2° = Σ bx’; 
τ i=0 


that is to say, the series (10) converges and has the same sum as (9). | 


5. 


Hence lim ζω, y) = lim 2y* La,;2' = lim Σ Da, ; αἱ 
(x)(y) (xy) ὦ (i) @ ὦ @ 


(by Abel’s theorem) 


= lim Σ αοἷΣ α;; (by ὃ 4) 
® ὦ 


= 2a;,; (by Abel’s theorem). 
Ὁ) 


An exactly similar proof applies to the case in which the convergence 


of 2 ὦ is given. Hence, ἐγ the condition of finitude is satisfied, and any 
my, the three serves ἡ" a, τ a, at ws convergent, the corresponding 
one of the three lumits er Sd; ταν , ao J %s determinate and equal to 
the sum of the series. 


By similar methods we can easily establish corresponding theorems, 


in case the series 2 ai,;, 2 a,j, Σ ας; do not converge, but oscillate. 
(9) OX) (i, ἢ 


* An alternative proof of this equation can be found by writing each side as a repeated limit, 
in the form i 4 \ 
lim ( > ΩΣ lim ( >> dm, 32 ) 
(9){4); \ m=O (5) \ νι πὉ ; 
The equality can be then obtained by using conditions given by Bromwich (Proc. London Math. 
Soc., Ser. 2, Vol. 1, 1908, p. 184). 
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Thus we find | 
iti S him f (x, y) = ταὶ F(x, y) < Zo jp 
Fo ti< lim se, ) <limfee, 9) < Σ ais 


(ὧδ) lim f(a, N< im γῶν yY< Σ Ai, j. 


These results may be summed up in the statement that the maximum and 
minimum limits of f(x,y), when x, y approach unity in any one of the 
three standard ways, are included between the maximum and minimum 
mits of Xa; ;, when i,j approach infinity in the same way as x, y approach 
unity. 

6. 


Before proceeding to the general case we shall illustrate this result 
by some examples :— 


: --᾿ ὅς ὦ 
(.) Suppose ,; = “τῇ oS (, 7 >0) 
and a; =—29(j> 0), a,0 = 2-* (ἡ >0), a o=O0. Then, if 7>0, 
= ee (a a+j7—1)! —i_ (a tt] ΞΟ ο-ὶ 
ΣΝ Ms, 5 2 += 7! ΤΣ (1-- 1}! 2 ἐπ ἢ —1)! 4! 
= 29497-10919 {1-1} = 0; 
but Σά. τε SI = 1 
1 
Hence » ὦ ΞΞῚ 
(NM 
and, as αὶ = — ἂς.» 
+> a=— 


It follows by a well known theorem of Pringsheim’s that the double series 


2 ais not convergent. Hence we infer (assuming for ἃ moment that the 
(i, 3) 


condition of finitude is satisfied) that 
lim f = —1, lim f = 1, 
(2) (y) (y) (x) 
‘and therefore (by the same theorem) lim/f is not determinate. It is 
(x, y) 
interesting to note that in such a case as this we can make this last 


negatwe inference. In the case of Abel’s theorem no negative inference 
is possible. | 
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To verify that, as a matter of fact, the condition of finitude is satisfied, 
we have only to observe that, if m = n, 


Sm,n = 9, 
᾿ } m n γι ὡ 
while, if m > 7, Sm, n = — Σ 2. Xi, j opines Σ Σ Qi, js 
i=0 j= t=n+1 j=0 


In this last expression every term is positive, and 


oo} n 
Sin, Sas 
sta i=n¢1 j=o 7’ 
but, since s,,,= 0, 
ie) nr oo nr 
ξ seer 250 OS ΠΟ 50 030 MS 


Thus we may take C = 1. 
It is easy to verify our conclusions, for 


og ey _ d—y)——2) 
2450 Y = Fy — yea) 


lim f = —1, lim f = 1. 
(x) (y) . (y) (x) 


(u.) Suppose that 


sin — -- ay tottae+.. O<z<)), 


and consider the double series defined by the scheme 
Apt, αι, -τ-αρν Ag ἄμ, oes 
A—A —A,—M, —Ag —Ay ...» 
(4; --ὧὖἦἽυ. 90, Ὁ; ὠς 


As, — Qs, 0, 0, eee 
Then, if m > 2, n > 2, Sn,n—0; 80 that 
ἔν νων = 0. 


But neither repeated series is asin since dj+a,+a,+... is not 
convergent.* In this case 


f(a, y) = (-- sin +0—y) sin ; 


so that | lim f = 0 


(2, y) 
while neither repeated limit exists. 


* For, if it were, sin τὸς would by Abel’s theorem have a limit for x = 1, which is not 


the case. 
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It is true that we have not in this case verified the condition of 
finitude, and it is difficult to see exactly how this can be done, as a, is 
ἃ complicated function of v. But it is only necessary to observe that 


to remove this objection we may replace sin τὶ. by any function of z 
which satisfies the following conditions :— 

(i.) F(z) = agtaz+... (0<2< 1); 

(ii.) | d+ta,+...ta,| < Cc; 


(ii.) f(z) oscillates between finite limits of indetermination for xz = 1. 
Such functions certainly exist.* 


7. Statement of the Theorems of Frobenius and Helder. 


Abel’s theorem gives no information as to the behaviour near ὦ = 1 
of the function f(z), in case the series (1) is not convergent ; but if the 
series oscillates it is quite possible that the limit 


lim f(z) 


may be finite and determinate, in spite of the divergence of the series.t+ 
Frobenius! was the first to obtain a result giving information about this 
case ; his theorem may be stated as follows :-— 


Let 7 Sn = Σ ay; 


j=0 
Mm case 8, approaches no definite limit as n increases to unfinity, ἐξέ may 
* One may, in fact, be constructed as follows. Divide (0, 1) into the intervals 


1. 4 
πᾷς, l- ni) (n = 0, 1, 2, ...). 


Let o be an assigned small positive quantity. Choose , so that throughout i,,, 

| (l—22)—(—1) | <a. 
Now choose p, 80 that throughout in, | 

a2 (l+e+¢a%+...) <a, 
tf, 80 that throughout i,,, [1---2. τ 222" -- (Ὁ 1}} <a, 
»4 80 that throughout i,,, 2 (l+r+27+...) <a, 
and soon. Then it is easy to see that, if 

SF (2) = 1—2x"! 4 24—22"8 4... (p, = 1), 

J (2) differs from — 1 by less than 3¢ in ἐν,» ἐμ.» ing, ...) and from +1 by less than ὃσ in ἐμ,» i”, ine, ... - 
The numbers 7,, 72, #3, ... increase with very great rapidity. 

t For example, let f(z) = 1/(l+2) = 1—-z+22—23+...; then lim J () is equal to 3, al- 
though 1—1+1—1+1—1+... is oscillatory. But it has been proved that if lim s, = ©, then 
lim f(z) = 0. igus 
"+ Crelle’s Journal, Ba. LXXXIX., 1880, p. 262. 
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happen that the arithmetic mean 


1 
δ) ΞΞ ay Got Ἐ 52... Ἔ δι) 
approaches a lumi; then the mit 


lim f(z) 

c=] 
exists and 1s equal to ἰ. | 

It may be noticed incidentally that, if s; does approach a definite limit 
l, then the arithmetic mean 5.) will approach the same limit. For an 
integer 70 can be chosen so that 
| s;—2 | <o, 

if 7 >; ἢ being fixed, choose N so that 


| Sots +sat...+Sn-1—nl | < No. 


Then 
|| = aH (5981+... 8n-1— 2) + (52—D-+ (Suzi — D+. τὸ 
< τ (No) +(j—n+Do] < 2c, 
if j >nand N; that is, lim si? = 1. 
ὅπ, 


A similar method can be used to prove that if s, tends to infinity with 
n, then the same is true of s“. 

The theorem of Frobenius was extended further by Holder,* so as to 
cover cases in which the first arithmetic mean has no definite limit. 

Holder writes 


= = τυ 8, Ἔ 8)... +5), 


om P= ἜΣ PtP HOt. ταν, 


oeoe 3 


1 = i k— (k-~-1 
Fi ΞΞ wri D4 5 D4 (ὦ D4 st ). 
The extended theorem is then 
lim 909 < lim f(z) < lim f(@) < lim re 
(n) (2) (x) ῃ 


provided that | s | < C for all values of n. 


* Math. Annalen, Bd. xx., 1882, p. 535. 
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8. Hatension of Frobenius’s Theorem to Double Series. 


Let us write 


a t= te ον πα στη, δ, Ὁ: 
so that ee is an arithmetic mean amongst the sums spn. Then the 
theorem is :— 
If lim s\?, =, 
(m, n) 
then also ree f@yn=l 


provided that 
(18) |, |< 0 
for all values of m,n (the present form of the condition of finttude). 


In virtue of equations (12), we have 
Nae ΞΞέν» ΑΘ ἡ rag). 
(i, 9) ; (1,3) 


Hence, using (18), we deduce 

(14) | si5| << C(@+1)GU+)+iG+D4+64)j+y] < 406 (-Ἐ1)0-Ὲ1) 
and 

(15) | ai; | << 166 G@+1)4+)). 

It follows at once, from (18), (14), and (15), that the three series 


Σ (ὑ- 1) 7- 1) gi?) ay), Σβι) αἶψ, Layj;zy? 


4, 
are all absolutely convergent, since their terms are less numerically than 
the corresponding terms in the series for 
166 (1—2)-*(1—y)~”. 
Further we find by direct multiplication that 
(1—2)(1—y) G+) G4) sp j2'y? = Ys, j2'y?. 
Thus, using (8), it is clear that 
(16) f(a, y) = ( --αοὐὸα —yP SG4) G+) Ὁ arty, 
But, since the arithmetic means have the limiting value /, an integer N 
can be found such that 
(17) | s—1| <o, for i,j >N, 
however small the positive number o may be; further, from (18), it follows 
that lil <c, | s§3—2| < 2C, for all values of ὁ, j. 
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Thus, since (4 --οὐ αι --ἰ » ὁ, Σ ((- 1) 9(.-Ἐ1) ay = 1, 
it follows, from (16), that 
f(a, y—l = (1—2)*(1—y)? ὁπ 1) GAD οὗ, —D at y! 
N-1 N-1 © N-1 @ rr) 
=(-aa-y| Σ ἘΣ E+E D+ 2 
i,j=0 i=0j=N j=0t=N i,j=N 


But, from (17), it is evident that 


Z| <o 2 φησ οἷν < oda) 
j= i, j= 
- N-1 
also > | <2C > (Ἐ1)0-Ε1) = 2C[AN(N+DF, 
i,j=0 4,j=0 


N-1 ὦ N-—I fre) 
>. he ΟΣ G+) Σ G+Dy < N(N+1)C (1—y)~”. 
t= j= 


i=0 jJ=N 

N-1 ὦ N-1 a) ; . 
ΣΣ <a Sd G+ E G42! < NINF1)C 1-2). 
j=0 i=N j=90 41=N 


Combining these four inequalities, we obtain 
(18) | I (@, y)—l | 
<o+N(N+1)C[(—2)-+(1—y+3N N41) 1-2)? —y)"). 

Now choose ὃ so that 

NW+1) C8?(2+3N(N+1) 07] « σ, 
which is possible, since N is now fixed.* Then plainly 

N(N+1)C[((1—2+(1—y +4N (N+ 1) (1-2)? (1 —y)"] « σ, 

if 1—x « ὃ, 1—y <6; and so (18) leads to the result 


| f(a, y)—l | < 2c, 
if l—z « ὃ, 1—y « ὃ; that is, | 
(19) lim f(z, y) = 4, 
(x, y) 


which is the analogue of Frobenius’s theorem. | 
It is easy to prove, by a similar method, that, in case 3." does not 
approach a definite limit, but oscillates between a maximum limit and a 
minimum limit, then 
lim 50) < lim f(a, y) < lim f(@, y) < lim δι 
Gp” (2,9) @y GH” 
Before considering the case of repeated limits of the double series, we 
shall give an example of the result contained in equation (19). 


Seca ces ee te a a a a cee 
* One way of doing it is to take for 5 the smaller of the two values [o/4N (V+ 1) co}; 
[o/N?(N+1)?C }'; the smaller will usually be the first. 
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9. Lord Kelvin’s Serves. 


In Lord Kelvin’s discussion of the electrical force between two equal 
conducting spheres in contact,* he employs the double series given by 


ας,) = (—1)* Gy [4 -}} (4,7 = 1, 2, 8, ...), 
the scheme for which is 


: : : 4.1 
411 1 8.1 


@ τ tan -Sh t+. 
εὐ Ξ 8 8.8 - ΟΝ 


He shows thatt 2 ας) = Σ a,j; = ξ(ορ 2--3) =], 
(*)@) (ῶ 


say, the method employed being, essentially, the same as that used below. 
Before proceeding to the general discussion, we shall evaluate T(z, x); 


now here | aj;| <4, so that the series for F(z, y) is absolutely con- 
vergent. Thus, we may write 


oO ἢ,--} : 
f@,2)= > a(S Qi, i): 
n=2 4=1 


n—1 n—1 
But Σ αἰ, n—i = (—1)" Σ ἐ (n—)/n® = (—1)"2 (n—1)n), 


and thus 


f(@, 2) =  Σ (n—1/m) (—ay = ΕΣ (a—1/n)(—ay" 


= % [log (1+2)—2/(1+2)]. 


From this equation it is plain that 
lim f(x, x) = 3 (log 2—4) = l, 
t=] 


Ss 8 en 

* Phil. Mag., April and August, 1853 ; Reprint of Electrical Papers, No. v1., Art. 140. 

t It is of some interest to observe that it is the repeated summation which gives the correct 
expression for the force between the spheres. But this is nor the Sorce between the two sets of images ; 
in fact, the latter force can only be regarded as lim sy, where i, 7 approach infinity in such a way 
that 1/7 tends to the limit unity ; but, as will be seen below, lim 80 is then not determinate. 
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a result which has sometimes been used to evaluate the sum of Kelvin’s 
series.* 
Next, to find the general value of f(x, y), we write 


but 


η)--} 2 


Σ ας, nity" ὃ = (—1)” on = 5 L satis = (— ys sees 


z—Y 
a 1 gp py” geti_antt 
= συν [+n av eT ] 


It will be observed that this expression is identically zero for ἢ. ΞΞ 1, and so 
the summation may be extended to include n = 1; then we have 


@—yP fle, τ = Σ (--Ὡ" 5 [οἘ Ὁ ey @+y)—-2@"—y"")] 
ἘΣ (-y ἐς letye—y)—ne—perty] 
If we introduce the function ¢ (zx) = Σ on a™/n*, it is clear that 


φ' («) = Σ (1) 2"“Yn = = ~ log (1+2); 
and then = 
(a—y)*f(a, y) = @+y) [¢@—9¢y]-@—y L29' @+y¢' WI 
If we write, for the moment, 

E=4(c+y), n = ἐ (α -ὐ), 
it will be found (after some reductions which are tedious, but not difficult) 
ne fla, y) = -- ξξφ'" (Ὁ -- ἐφ" (8) - ἄρ 
where JR} <GlE|42|2pr<o 


\ being the greatest value of | ¢'”(¢)| when ¢ takes all values from 2 to y, 
inclusive. 


Thus lim f(e, y) = , lim [—3€p" (ξ)--ἀφ" (6) donk 
vy =41, = 
= ~$lim[¢""©+89" 6] 
= —$[(2 log 2-9) +3 G—log 2)] = ἡ (log 2-ῷ = ἐ; 
and it is clear that J is also the value of the two repeated limits 


lim f(z, y) and lim f(z, y). 
(x) (y) (y)@) 


* Forexample, by Prof. Tarleton, in his book on Attractions (Ex. 9, p. 279), where the result 
is obtained by processes which can hardly be justified. 
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Next we consider the value of Sm,n; and, to find this, use the theorem 


G+) = [ oD Ede 


so that Qi,j = (—1)* [ yet)" t dt, 
0 
Hence 
δ ΞΞ ᾿ eat| ἋΣ (—igere9e | = ᾿ φίην, t) d(n, ὃ 4“ "4 
m, ἢ , τ 38 = υ ᾽ ᾽ (1+e-*! ’ 
where p(m, ἢ = 1- {--1) 1 { (m+ Dem™ 4 me“ 4 
Now | 
” me~m+8)t 6 dt [ me ™*2)t4 de [ ποῖ 1 
Ge το τα, ες TL, μὲ — 1, 
\ (1+e74 o (1+e‘* = 0 as m 


and accordingly 


. [ποτ 1) | ae [ (m+1)e—™+# κα 
am), Gpey =O = km | Gay 


τς [Ὁ —(m+n+8)t 
Similarly tim \ Tree =v, 


and so on; and hence 


" [ ΚΤ ΟΝ 


᾿ (i+e-! = ¢(log 2A—3) = ὦ, 


lim s 

(n)(m) 
the value of the integral being obtained by direct integration.* In the 
same way, 


lim sm, = L. 
(m) (”) 


We have thus obtained an illustration of part of the theorem given in 
§ 5; for we have proved directly that 


Laj=lmf, Da;=lims 
(0) (x)(y) )Λὼ ῳ 


2 @ is not convergent, in spite of the fact 


However, the double series 
? (i,j) 


NS eG perenne 
* The indefinite integral is 


1f_@ _ _ e( + Be) a 
| ὝΕΣ (14 δὴν log (I +e ) : 


This is the method employed by Kelvin, doc. cit. 
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that lim f is perfectly determinate. For 
(x, y) 
Ὁ 2,—mt Ὁ —2 dz οΌ 
Ι; mie tdt γ. ea = Ἂς [ otede = 25" 
ΕΣ Ι (1+e- him : ({-ὁ 5): 16 ἢ 6 UAE 16 
from which it easily follows that 


: = . ἘΞ 1 
lim δι, m+1 = I—ze, [{π| Sum = ἐγ Ye- 


It is not difficult to prove that these are the general values of 


lim 8m,» and lim Sm, n- 
(m, 7) m, τὶ 
If m, » tend to infinity in such a way that lim (m|n) = 1, Sm,n oscillates 
between these values; if in such a way that lim(m/n) =Oor ©, Sm, 
tends to the determinate limit /. 
It will be seen that, in agreement with § 5, 
Σ a4,;<lmf< te 


(9) (x, y) G3) 


Next, if we form the arithmetic mean of Sm, xn, it will be found that 


Q) **tdt 
Sm, Ἢ “J, v(m, t) Win, t) Se (i+e (i+e-%! ’ 
(—)"- me~mtvt 9 e*-+(— γη- πὶ» 1} 
where v(m, ὃ = 1+ ae Tl ee 


This gives at once 


lim s 


(m, 7) 


ae =| 6. "εἰ _ 
m,n (ite \* — 


and, to verify the condition of finitude, we observe that, since [ψ (᾽ν, th|< 4, 


= lim f(z, y); 
(x, y) 


[so |< 16| e~*tdt for all values of m, n, 
0 


or baa <4, 


Thus the equation Lbs a lim f (, y) 
nm” 


is in complete agreement on the Pane proved in § 8. 
From the preceding work it is clear that there is no justification for 
assuming the equation 


Σ ai Σ a = lim (a, x) 
6a! oa”? 7, ὦ), 


* It is easy to see that the conditions given by Bromwich (/.¢., p. 201) for this inversion of 
limits are satisfied, 
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until we have proved (i.) that the repeated sums > i,j, Σ a; are con- 
(0) OT) 
vergent; and (ii.) that the double limit lim 4. 18 determinate, in addition 


(m, n) 


to verifying the condition of finitude. 

It follows that this method of evaluating the repeated sums is really 
far more complicated than Kelvin’s direct method of summation ; although, 
superficially, the former method appears to be the easier. 


10. Extension to Repeated (Two-fold) Series of the Theorems of Frobenius 
and Holder. 


Returning to the notation of § 4, suppose that the limit 
lim ὃς) 


does not exist; it may then happen that the arithmetic means of b: 5, 


namely, 1 2 


Σ b;, ny 


dQ) 
δι) “741 eo 


approach a limit df ; so that 


. } 
lim δ = 3”. 
j= 


roo) uJ 
Suppose further that the condition of finitude is satisfied in the form 
| ἣν |< C, for all values of z, 7; 


it follows that the two series 


; 1 
Σ δ) χ᾽, Σ δια! 
(ὃ (ὃ 


are absolutely convergent. The same is true of the series 


Σ ai, 5αἷ, 
ince ὃ.) = Af7o@_,], 17 = ΔΙδι κα]; 
sin J AL .7-Ἱ Qi, j me j-1] 
so that | b; | « 26 (7Π- 1), | αι} « 46 (7- 1). 
Now write 
ss Tes ee see é 

xX; = Hy RU τα = 2 bi, 5 

and x” = 5 (X,+X,+X+...+X). 
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Then plainly 
(20) x= > OO ai, 


J Uy J 


But, by the process adopted in proving the last equation of § 4, it follows 


that* 
lim Σ δι οἱ = 2 Ba 


j=o ὦ "2 
and so, from (20), we find 
(21) lim x= Σ ba. 


Now it has been proved that 
| Qi, j | < 406 (7- 1), 


and consequently 2a,,;2‘y is absolutely convergent, its terms being less 
numerically than those in the expansion of 4C(1—2)-!(l—y)~*.._ Thus 


f(a, y) = Ly Da, 52°. 
Oo ὦ 
Frobenius’s theorem can be applied to this series: and, in virtue of 
equation (21), it follows that 
lim f(x, y) = lim x = Σ δ) gi, 
(y) j=m (ὃ 


If now evther the series Σ δ" converges to a sum l, or of the arithmetic 
(ὃ 
mean process applied to δ." gives a definite limit l, then 


lim f(z, y) = lim - Oat = I, 
(x)(y) 


a result which follows at once from Abel’s (or Frobenius’s) theorem. 
Obviously a similar method can be used to find the limit 


lim f(z, y), 
te 9) 


the necessary modifications being made in the hypotheses. 
As an illustration, take the series given by 


a, 5 = (1), 


* In §4, the condition of finitude was stated in a slightly different form ; but a glance at 
the proof will show that |} δ) | < Cis sufficient for the truth of the conclusion. 
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which has the scheme 
+1, πὶ, +1, —1, ..., 
“1, <i, -, Fl, Sa, 
+1, --, +1, —1, ..., 


In this case 6,; = 0, ifj is odd; and ὅς; = (-- 1), if 7 is even. 


Hence ὃ; = lim bf} = 4(—1)4, and | 6 | <1 for all values of 4, j. Thus 
j=a 


lim f(z, y) = Σ 4(—1)' 2%. 
(y) (ὃ 


The series Σ ἀ(-' does not converge, but the arithmetic mean process 
leads to the limit 3; so that 


lim f(z, y) = i, 

ae y) 7 
which may be immediately verified, since 7, y = (142) (1+y)-. In 
this case, as a matter of fact, the theorem of § 8 can be applied ; for s; ;= 1, 
if both ὁ and 7 are even, while s;; = 0 in every other case. Thus 


lim δὲ.) — i, 
(i, j) 
and so lim f(z, y) = 3. 
(z, y) 


It is clear that the method used in this paragraph is capable of 
immediate extension to any case in which a finite number* of arithmetic 
means must be taken in order to obtain a limit from each column of the 
scheme. A corresponding change must be made in the condition of 
finitude. Then, if the limits so found from the columns either form a 
convergent series with the sum J, or lead to a limit J after a finite 
number of arithmetic means, the equation 

lim f(x, y) = 1 


. (x)(y) 
is true. 


A simple example which we do not pause to work out in detail is given 
by αι.) = (GEL G+) 
TC»? ”CC? ----τ--“- -------- -ὋἜἜἬ. ὁ ὖὃῸ6 ΄ ὁ“ὁ“ὦὋὦὋὦὁὁἝἪ͵͵͵αα͵ο Ἐς 


* This number may vary with i, so long as it has a finite maximum. This is clear, in con- 
sequence of a theorem proved in § 7, according to which, if a limit is obtained from an arithmetic 
mean of any order, the same limit will belong to all the subsequent arithmetic means. 
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or, more generally, 
ας; = +1? GI! exp {0θ-7) μ(-- 1}. 
11. Extension of Hélder’s Theorems to Double Serves : Double Limit. 


Continuing the notation of equation (12), let us write 


m,n” 


δηι, αὶ = Σ αι, }» 
i, j=0 
a) 1 m, ὦ 
ἘΝ πὰ ον 
ἂν (m+1)(n+1) ς.710 ”” 
(22) (2) 1 me ὦ 


sO) = —_—_———- 2 δὲ» 
m® ~ (m+1)(n+1) ςτὸ 7 

@ = 1 ἢν, Ν bow 

me (m+1) (n+) i,j=0 “7 


Suppose that the condition of finitude 
| [4 «Ὁ 

is verified for all values of 7, 7; then, by a process analogous to that 
used in (14) and (15), we deduce 

| ai,5| < 4°47? @4+1)' G+) 6, 
(28) Ι5.,͵ < 4 Ἐ1)}0-Ε 1)" 6, 

5, «- 4“ (-Ἐ 1 9-Ἐ 1 σ᾽ (ΞΞ 0,1, 2, ...,ὄ ἔτ). 
From (28) it is clear that each of the series | 

Lazy, ΣϑειαΐψΨ, Σ δἰ" αὐ yf (r ΞΕῚ, 2, ..., ἈΚ). 

is absolutely convergent; since their terms are numerically less than the 


corresponding terms in 4**+1(k!)? 6 ( --αὐτ τ (l—y)-@*. 
We prove next the following preliminary lemma :— 
_ Assuming the truth of the equation 
(24) lim (1—2)?t? (1 ΗΝ Σ φύ, 94) χἱ μή = I, 
(x, ν) i,j 


vd 


where φ ts a polynomial of the form — 


pi, 7) = τ ra + terms of lower degree, 
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then also 
(25) tim ayy Σ H(i, PSP Paty = 1, 


provided that aa as valid for all untegers p, q. 
To prove the lemma, we use the identity 

ee = a Ly 8 μα)» 

which gives 

(26) = φί, Dz ay = (1—2)(1—y) ΣΕ σ Ὁ 96, δε αὴν 
-σα--ῷῦ Σ G+) G+DAGG D]ija'y 
ya) Σ CHDGFTDA SG, N] οἷν 
+2y ro δ πα LA Φύ, 2] 44), αἱ ψ'. 


But the polynomials appearing in these series are of the forms 


@+1)9+1) 40,7) = (pt)D@¢t) --Ξ τ τ-- 


a+ 


a ΤΈΣΣ 
+.. 


-+ lower terms, 


jar} 
p! (g+1)! 
9 


. τ . = ae vi 
C+N)G+D)[AGGD) (e+)q arp ate 


G+1HG+1) [A $6, DI= ἡ 


) A ot, = ia y oe 
C+DGTDLA o6 2] PY ΤΊ oI + 
Thus, in virtue of (24), we find 
lim (1—ayP7(1— yt? ZC+VG+D GG ἢ sij2'y! = (PtVG+D1 


(x, y) 
lim a(L—zP (Ly? Σ GHDG+DIAGE 2) ) οἷν! = pqtii 
lim (1 --αὐρεῖψ (1— τὸ Σ C+D)G+D[AGE, 2)7:) οἷν! = (pt1)ql, 
(x, y) 


lim e(L—aptty (Ly "1 E + G+) [A 96,7) 40) χἱ yf = pal. 


pera the last four ΕΝ with equation (26), we see that — 


lim (—ayrt(— yy Σ φῶ, js; xy! 
(x, ν) 
= [((pt+)(9t)D—pqt)—(wt)Da¢tpg)l = I, 


and this is equation (25). Thus the lemma is proved. 
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It is now clear that, ὁ the equation 
(27) lim (1a) (1— yi"? Σ 9G, Day =1 


(x, ¥) 


is true for all integers p, q and for any particular integer k, then also the 


equation 

(28) lim a—aa—yer 2 Φ( ns, jz y = 1 
(x, y) 

as true. 


We shall now establish the truth of (27), on the hypothesis that 


lim si te πὶ ἡ; 
(ὦ, ἢ) 


Let us write for brevity 
ψύ,}) = [@+1)04+2)... +p) G+) G+2)... G+q)]/p! 4), 
so that lim (g/y) = 1. 
An integer N can now be found, corresponding to any assigned positive 
number oc, such that 


(gp) Ὁ. ἢ} <a, if ὦ}; Ν. 
Further, a number g can be found such that | 
[φΙΨ} « σ, for all values of ὁ, 7; 
and so, using the condition of finitude, 


[φ 509] <gCy, for all values of ὁ, 7, 


YyJ 
and [}|κ« Ὁ 
so that | ps —hb | < G+) Cy. 
Now Eps ely = Σ ἘΣ, SHE SHEE 


ti, j=0 ὑπὸ j=N j=0 i=N i,j=N 


N= (N+-p)?*? (N-+q)**? 
|<G+n0, 2, ὙΦ. σ Ὁ G+D! 


and 


»jJ=0 


= = )<o+ne = Σ ww <otne Coe dy, 
i=0 j=N : 


eR (N+q)"** —(p+1) 
EE |<otne = Σ = γα < G+) 0 SI ayo, 


Σ l<o Σ ψαίψι--σᾳ-- τοῦθ —y)-W+9, 
wn 


i,j=N 1, j= 
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Hence we deduce 


|a—ara—yer Σ (ps, —lyaty'| 


<otqtne [Sep ae aap ay 


and we can choose 6 so that the right-hand side of this inequality is less 
than 2c, provided that 1—z, 1—y are each less than 6. Hence 


lim (1—ay—yy? & (psij— Wh αἷν! = 0. 
τιν : (i, J) , 
But (l—a)Pt?(1—y)st! Σ Wiley’ = 1, 

(ἰ, ἢ) 


and equations (27), (28) follow at once. 
If we now take in (28) the special values* 
| p(t, 7) = 1, p=), q = 0, 
it will be seen that 7 
lim (l—z)(l—y) 2 δι) = 1, 
(x, y) (i, jy 


or, using equation (8), lim f(z, y) =. 
(x,y) 


Thus the following theorem has been established :— 
If, for all values of 2, 7, | 4.0} « C, and if 
lim 5 = J, 
wa 4 


then also lim f(x, y) = l. 


(x, ») 
This is the general extension of Hélder’s theorem to double series ; the 
method can be easily modified so as to include the possibility that Ἢ may 
oscillate ; the result is then 
lim 5.) < lim f(z, y) < lim f(a, y) < lim sf. 


12. The General Theorem. 


We proceed now to the proof of the general theorem stated in ὃ 2. It 
has been already pointed out that the argument of ὃ ὃ applies to the 
ae -- οὖς ee Ie ee A a πιε σου ως, ὅτ 


* This appears to be the only case of practical importance, but the introduction of this 
specialization earlier does not materially simplify the work. 
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general case when it is the convergence of the multiple series proper 
x= a 


(1, 2, ..., 2) 
which is given. To prove the theorem in its most general form it is con- 
venient to proceed by induction. We shall adopt the following contracted 
notation. We denote the groups of suffixes (ὦ,, ὦ, ..., tn) (lp dy. i2'ey bq) aes 
(tr41) +++) In) by (a), (8), ..., (u); so that the series summed in the manner 
explained at the top of p. 162 will be written as 


(29) > ae | 
(a) (8) ... Qu) 


F | 
Further, by = a, we denote the sum in which 7, ranges from 0 to J, % 
a=0 : : , 
from 0 to Is, ..., % from 0 to 10, and by 2 we denote z;' a,’ ... 2,’. 
Let us then assume (i.) that the condition of finitude is satisfied, (ii.) that 
the series (29) is convergent, and (iii.) that the theorem holds in its most 
general form for any number of indiees less than n. Let 


(80) S& = Σ @ 
(β)... (u) 
: mm 
Then, since 2: a Α Fe, ae es ee 
Β, ..., μεθ (α) } n 


it follows, from the condition of finitude, that 


(81) ls.| < PC 
and that 
(32) Σ 5. 2 

(a) 


is absolutely convergent. And, since | 


| Dis, ie, ..., th | = | a A Si, -1, wry ty | < QC, 


3. oceey 


the series 


(88) Σ ar 
() 


is also absolutely convergent. We shall prove further that 


(84) x Lar 
(B)...(u) (a) 


is convergent and equal to (82). 
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18. 
Our first step will be to prove that 


(35) > > ax 
(μ) (a) 
is convergent and equal to 
(36) Σ χ Sa, 
(α) () 
which is convergent for the same reasons as (32) and (88). 
Let 
Σ &@= bam 
μ-Ξ0 
and 


ἝἜ 
Ι be 


ὦ ΞΞ Ἰίγα ὅκα, αὶ = ὃ, * 
0 (m) 


(m of course being a group of suffixes). We have to prove that 
lim Σ (δα, n—6,)2 = 0. 
(m) (a) | 


Now 


(3 — Σ) ὦν, n—bd2" 


a=0 


Zug 1—(1—2;')(1—ay)...(1— a) ἘΠῚ ΌΤΙ 
(1—z,)(1—a,) ... (1—2,) (1~2))...1—2,)’ 


since | Be, m— ba | < 2°tC. 


We can choose I so that this is ““ σ. Then, J being fixed, we can choose 
M so that | b.,n—b.| <o/J,I,... 1, for all values of (m) > M, and all 
values of (a) < I; thus 


I-1 | 
= (b2,n—b,)2|<o and Σ (be, m— δὼ αἴ) < or. 
(a) (a) 

Hence (85) is convergent and equal to (36). 


14. 


This argument can now be repeated. Suppose that (A) is the group 
of suffixes immediately preceding (u). We have to show that 
(87) = > ae” 
@)) () ' 


* The existence of this limit is, of course, implied in our data. 
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is convergent and equal to 
(38) x2) Σ a, 

ἃ) Ow 
which is convergent for the same reasons as the series (80), (88), and (86). 
To prove this we have only to observe that (87) may (after § 18) be 
written in the form SY 1 Va 

(A) (@) (4) 


and that a repetition of the preceding argument with >a in place of a 
(#) 
proves that this is convergent and equal to (88). 


By repeating this line of argument as often as may be necessary we 
conclude finally that (84) is convergent and equal to (82). 


15. 
We are now in a position to prove the theorem. For 
lim f= Σ Σ ae 


(8)... ὦ (8)... (x) ὦ 
(since the theorem holds for any number of indices less than n) and 
therefore is equal to 22 Σ a (by §$ 18,14). Hence, by a further 
(2) (8) ... ὦ) ? 


application of the theorem for p indices, 


lm f=limd ὧὦ a= Zz a. 

(a) (8)... () (2) (a) (8) ... (i) (α)(β) ... ,) 
The theorem is therefore true for » indices if it is true for any number 
less than  ; and therefore it is true generally. 


16. Multyplication of Series. 


It is well known that from Abel’s theorem we can at once deduce 


that, 2f the three series 
> Ais Σ bi, Σ Cis 
where ¢= 2 axb, 
(k-+1=4) 

are convergent, the third series ts the product of the other two. We have 
in fact only to make the first two series absolutely convergent by intro- 
ducing a factor αὖ in each term, to multiply the resulting power series, 
and to proceed to the limit. 

By an exactly similar process we deduce from the theorem proved in 
ἢ 15 that, af the three serves 


2 αἱ, tay oes 4 Σ bi, ie, ore) tn? and | Σ Ci, tay aa] ty? 


n? 
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where Ci, te, ... ty = Σ Qk, soy ky bu, ood ly, ᾽ 

(ky +ly = i, ..., Kytl, = t,) 
satisfy the condition of finitude and are convergent when summed in the 
same way (¢.g., ὧν the way specified by Σ ), then the 
a ( 


1, 2, ....p)(p+l, ..., 4)... r+], ..., ἢ) 
third series ts the product of the first two. 
Of course similar theorems can be proved for the product of any 
number of series. 


17. Mean Value Theorems for the General Series. 


/ 


It is easy to prove by the method of § 11 that, if ss ς, 18 the k-th 


arithmetic mean of δὅ:,,. «., and |s |< C for all suffixes, and 


cee | ty 


lim 940) = sg, 


(1, 2, ..., ) 
then lim f=s. 
(1, 2, ..., 2) 


The form of the arithmetic mean theorem corresponding to the general 
theorem of §§ 11-15 is as follows :— 

Let 2’ denote that a series is ‘‘ summed” by taking any finite number 
of arithmetic means. Suppose that 


ΠΣ a 
(a) (8) () 


is determinate and equal tos, and that a number C can be assigned such 


that the various quantities which we pass through before we arrive at s 


are all less than C; then 


lim f=s. 
(a) (8) ... (x) 
CORRECTIONS 


p. 164, line 2 up. After ‘absolutely convergent’ add ‘for |z| < 1, |y| < 1’. 
p. 166, line 10 up. For ‘series’ read ‘power series’. 
p. 171, 1st footnote, line 2 up. At the end of the line, read Cass tal ycesdss 


—— 2nd footnote, line 2 up. After ‘proved that if’ add ‘ > 4, «" converges for 
0 <2 < 1 and’. 
mn 
p. 173, line 3. The first sum should be > . 
725 
p. 184, line 5 up. For s* read si). ὰ 
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COMMENTS 


The general result stated in § 2 (with the notation of § 1) is proved for double and 
repeated series in δὲ 3—4 and for multiple series in δὲ 12-15. The theorem shows that, 
in a multiple series, the grouping and order in which the coordinates of a rectangular 
partial sum tend to infinity, so as to obtain a limit, is imitated by the grouping and 
order in which the variables of the related multiple power series may tend along the 
principal radii so as to obtain an Abel limit. 

The remark at the end of § 6 and the example constructed in the footnote (stated to 
be due to Hardy) show the beginning of Hardy’s interest in the relations between the 
oscillation of the partial sum of an ordinary series and the oscillation of the sum of the 
related power series. In 1907, 5 and 1907, 6, he gives as further examples the ‘gap’ 
power series > (—1)"x™ (a = 2,3,...), whose sums oscillate as x > 1—. In 1910, 3, 


he gives the series >} (n+ 1)—1-4* (a real and ~ 0), and quotes from 1905, 6 (in Vol. IV), 


where other references are given, the result that 
> (n+1)--442" ~ T(—ai)(log1/z)* asx 1--. 

These examples have the common feature that the partial sum s, is bounded, 
and the mean (8,- ...+8,)/(n+ 1) does not tend to a limit. Littlewood, in his paper of 
1911 on the ‘converse of Abel’s theorem’,t stated a theorem which, when combined 
with Frobenius’s theorem, says that: 1} 8, = O(1), then f(x) > 8.1} and only tf 8, > 8 
(C, 1). This is a corollary of Hardy and Littlewood’s ‘positive’ Tauberian theorem, 
1914, 4; see D.S., p. 155. A short deduction of Littlewood’s statement from his O(1/n) 
Tauberian theorem (loc. cit.) is given in D.S., p. 162; see also 1931, 8. 

The method of summability used in the extension of Hélder’s theorem to double 
series is summability (H, k, k). It has been proved by Adamsf{ that summability 
(H,r,8) is equivalent to summability (C,r,s) for the class of series with bounded 
(C,r,s) (or (H,7r,s)) transforms. Nothing was known about the relation between 
(H,k) and (C,k) summability before 1907 (see the Comments on 1907, 6). 

In §§ 16-17 some further general results are indicated—in particular, an extensidn 
to multiple series of Abel’s multiplication theorem. For an addendum see 1906, 3. 


+ Proc. London Math. Soc. (2), 9 (1911), 484-48. 
t Trans. American Math. Soc. 34 (1932), 215-30. 


NOTE IN ADDITION TO A FORMER PAPER ON CONDITION- 
ALLY CONVERGENT MULTIPLE SERIES 


By G. H. Harpy. 


[Received March 23rd, 1904.—Read April 14th, 1904.] 


In a paper which appeared recently in these Proceedings* I proved 
the convergence of a general class of n-ple series, of which 
gin (101+ 420+... +40 On) 
(ὁ, Ay tg Ag+... +%n An)? 
is typical. Here a, dg, ..., Qn, p are all real and positive, and no one 
of 6,,..., 9, is a multiple of 27. In that paper I was concerned entirely 
with proper multiple serves; series of the type which, according to the 
notation developed by Prof. Bromwich and myself in the preceding paper, 
would be denoted by , Σ 


ον MY" 
I wish in this note to point out that all these series are convergent 


also when summed according to the type or 


Σ 
(1, 2,... )ίΡ-ΊΙ,.., 9)... r%], ..., 2) 


ἌΝ This follows at once from the following lemma, which is an 


obvious extension of a lemma proved by Pringsheim for double series. 


Lemma.—The quantity hm _ Si, a, ..., ὁ 
(i, 2, ον 7) ὰ 


as not ὑπογοαξβοά, and the quantity 


1 lim n) δὲ, tq, 4.93 tn 


as not decreased, by replacing the single bracket (1, 2,...,) by any 
system of brackets (a) (8)... (u). 


To prove this it is evidently enough to prove that 


lim s> _lim τὸ 5 
(1, 2, ..., %) (i, > Ὁ) (pi, ony n) 


say. Denote the quantity on the left by Z; then, however small be oa, 
we can determine J so that if 7>TJ then s « L+o. 


or > lim lim ς 
“ὦ ® ’ 


* ‘On the Convergence of Certain Multiple Series,’’ Proc. London Math. Soc., Ser. 2, Vol. 1, p. 124. 


1905, 3 Proceedings of the London Mathematical Society (2), 2, 190-1. 
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Making (8) tend to infinity, we deduce lima s<L+o for (a) > 1, 


and so liims< L. 
(2)(B) 
The lemma is therefore proved. 


Now let a, οἴ be two systems of quantities satisfying the conditions 
of § 4 of my former paper. I proved there that " Σ Ὁ is convergent, 


and the same argument shows that & au is convergent. Now 


> a= Σ a=S, 
(i, 2, ..., 2) (1, 2) ++) %) 


say. Hence, by the lemma, a au<S and also ὋΣ τ > 5. That 
) 


is to say, 2 au is convergent and = S. iiaiie: we can show (by 


repeating this argument a finite number of times) that, if we divide the 
indices into any number of groups (a) (8)... (u), the resulting series is 
convergent. The most interesting special case of this theorem is that 


the series cog 
sin (1, 6, +.. x On) 


(0, y+... tn An)? 


is convergent when the summations are carried out successively. 


1 1 1 


* I write a for what was a in the former paper. 


COMMENTS 


This note is an addendum to both 1904, 1 and 1905, 2. 
When all possible sums 2 u exist, where (a) denotes a subset (which may be the 


(a 
whole set) of the variables 7,,...,7,, and the («)-sums are taken in the Pringsheim sense, 
the series 
> eee > Uinin 
2} ‘in 


is said to be regularly (or completely) convergent. 
Regular convergence for double series is defined in 1917, 3, and means that the three 


sums Σ᾽ Uma; 2 Umn 2 Umn are convergent. The multiple form is given in Moore, 
(m,n) 


§ 1.20. Hardy shewa fiers that, in the theorem of 1904, 1, § 4, the convergence of the 
final series may be replaced by regular convergence. 

The general theorem stated in the Comments on 1904, 1 holds with regular con- 
vergence in the conclusion, in place of convergence or bounded convergence. Also, when 
condition (1)’ of the theorem holds, condition (ii)” is equivalent to 

(1i)” α > 0 regularly. 


41...08 

For double series, this version was given by Hardy (sufficiency), in 1917, 3, and Kojima 

(necessity), with some redundant conditions. Hamilton gave all three versions of the 

theorem for double series. For references, see the Comments on 1917, 3. 
Pringsheim{ proved, for a real double sequence wv», ,, that (I): 


lim < lim lim < lim lim < lim. 

mn “mn min m,n 
In the general lemma here, it is to be understood that there are bars over or under the 
(x), (B),.... A corollary} of (I) is (II): af lim exists, and lim exists for all m (or all large 


m), then mn = lim ca The result sequined in the δ δα ίδιε is (in the notation of 
Bromwich nd Hardy, 1905,2,§1):7f > > w+ D , and > exist for all 
(α,β.. "γ,δ)} (β,....γ.8 (ψ,δ) (δ) 
values of the remaining variables, then 


(α,β.....γ,δ) (α) (β) (y) (ὃ) 
A corollary is that: ἐῇ a multiple series is regularly convergent, then it converges (to the 
same sum) in every Bromwich—Hardy manner. 
In the last line of the first page, the phrase ‘we can determine J so that if i > I’ 
means ‘we can determine I = (f,...,J,) so that if 7, > Q,..., ὁ, > I,’. 


{ Pringsheim (1), Math. Annalen 53 (1900), 289-321. 

1 Stolz, Math. Annalen 24 (1884), 157-71; Pringsheim (1), and (2), Siz. d. K. Bayerischen 
Akad, d. Wiss. 27 (1897), 101-52. Stolz had defined the ‘Pringsheim’ sum of a double series 

in 1884 ; see ἀο με (3), Hncyk. Math. Wise. I, 1, A, 3, p. 98. 
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ON CERTAIN CONDITIONALLY CONVERGENT 
MULTIPLE SERIES CONNECTED WITH 
THE ELLIPTIC FUNCTIONS. 


By Ο. H. Hardy, Trinity College, Cambridge. 


81. In two earlier papera* I proved the convergence 
of a general class of multiple series of the form 


of which the most interesting special cases were those ob-. 
tained by taking 


D 
Un, Tay ...) Np — exp. ( Σ Gms); 
v= 


» 
v=l 


φ (wu) being a function of wu which has zero for its limit for u=0o | 
and continuous derivates ¢ (u), ¢” (u), ..., @” (uw) such that 
p (uv) <0, φ΄ (u)>0, φ΄΄ (u) «0, ...; and a,, a,, ..., a, being 
real and positive, and 6,, 9,,..., 9, real and no multiples of 
2x. ‘The limits of summation for each variable are 1 and oo. 
In particular, I proved that 


exp. (2 = 6,n,) 
ΠΕΣ (u + Sa,n,)? 


is convergent if wu is real and positive and @>0, and the 
summation is effected according to any typet 


(1, 2, seep ACME, ney Meee (T HI, oosy p) 


In a note attached to the first paper above mentioned, 1 
indicated that the restriction that 8, u, a, should be real was 
unnecessary. | | 

It is in fact possible to prove that if (i) the values of 
U, @,, ...) ὦ.) real or complex, are such that we can assign a 
constant 4, for which | 


|u+ Zan, |> H, 


a ee 


* vy. Proc. Lond. Math. Soc., New Series, Vol. 1., p. 124, and Vol. 11., p. 190. 


ἡ For an explanation of this notation see a paper by Prof. Bromwich and 
myself, Proce. Lond. Math, Soc. (2), v. 2, Ὁ. 161. 


118 1905, 14 Messenger of Mathematics, 34, 146-53. 
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and (li) that value of the denominator of the general term is 
chosen, for which : 


(ὦ + Za,n,)’ = exp. {8 log(u + Σ a,n,)} 


where —awok E log(u+ 2 wn) | <7, 
then the series (1) is convergent. 

I do not now propose to give a detailed proof of this, 
which must, from the nature of the case, be less concise than 
that which suffices in the case when )3, u, a, are all real and 
positive. The nature of the arguments which must be em- 
ployed will be made sufficiently clear by the discussion of a 
particular case which follows. This is a double series first 
studied by Kronecker and employed by him to obtain very 
beautiful results in the theory of elliptic functions.* Both 
Kronecker and Prof. Lerch, who has also considered the 
series, wrote about it before the appearance of Pringsheim’s 
memoirs on the general theory of conditionally convergent 
series; and their discussions of its convergence are therefore 
much less simple than one based on Pringsheim’s theory, and 
the generalisation of Abel’s lemma proved in my paper quoted 
above. My object in this paper is to consider its convergence 
from the latter point of view. I have also summed the series 
by a method practically identical with Kronecker’s, but so 
as obtain the sum directly in terms of the ordinary Weier- 
strassian elliptic functions. 


§2. The series in question is 
g(2mb+2nep)ri 
(2) Σ- 


where the limits of summation are —o and +00 for each 
variable, 9 and ¢ are real, positive, and less than unity, @, 
and ὦ, are any two complex quantities such that the imaginary 
part of t= ,/, is positive, and ἃ is any quantity such that 
a+mo,+nw, does not vanish for any values of m and n. 
The series is obviously not absolutely convergent. I shall 
prove first that the serves (2) ts a convergent double series in 
Pringsheim’s sense. 

Although the series (2) is not precisely of the type (1), 
ω, and w, being complex, and the limits different, the proof 


ee 
| * vide Kronecker, Sitzungsberichte d. k. P. Ak. (1890 and neighbouring years, 

passim, and especially 1890 (2), pp. 123 δἰ seg); also Lerch, Rozeprary Ceské Ak., 
1895 and neighbouring years, passim (unfortunately written in Bohemian). 


a+mo,+no,’ 
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of its convergence is very similar to that which I gave of the 
convergence of (1). I shall therefore present the proof in as 
short a form as possible. Let 


___(2mb+2np)xt 
Unn — 6 5 
1 
ΞΕ τ ST 
’ a+mMwo,+no, 
Then 
Mu, N, M N 
(3) (2 z-2 =) Un nnn 
0 O 0 0 


MN, MN MM, N 
=(2 = + 2 ΣῈ 3 Σ γι, a mn 
| ΟΝ M410 ΜῈ NHL Θ᾿ 
Now, by the extension of Abel’s lemma proved in the 
paper referred to, | 


M, Ν, M,-1 N,-1 m™ [ ,} 
Σ SU = = Δ, = = το 
M+1 N+1 ᾿ M+i ΝΗ p=M41 g=N+1 τ 
M,-1 Mm N, N,-1 M, nr M, N, 


Nut "MH Nat ᾿ 


where A=%y vo Om nN, Um, Ny 
An = lun "Me 
and Qin aT Un, n Umetn "" Vm, nt 5 Onan 
The modulus of this is less than a constant multiple of 
M, N, M,-1 
(4) >> = |4,,/+ = [Δ 
M+1 N+1 M+1 
since there is a constant A such that 


N,-1 
am, Pel 2 | A, (+ ] Al, 
N+1 


for all values of m,, n,, m,, ”,. 
Now it is easy to see that 


wo, {a+ (2m+1)@, + (2n +1) w,} 


A εν- 
mn (m,n) (m+1,n)(m,n+1) (m+, n+ 1)? 


where (m,n) =a+mo,+no,, 
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and therefore that, unless m =n = 0, 


Ἄς ee eee 
| ane | mw, + nw, |e 
where & is independent of m,n, anda. But the right-hand 
side is the general term of a series known, by Hisenstein’s 
theorem, to be absolutely convergent. It follows that given o 
we can choose J/,, N,, so that 


uM, Δ, 
= 2 [Δ,,|-σ, 
M+1 N+1 
for all values of M, M@, N, Ν᾽, such that M>M2=M, 


N,> N2N,. 

Similar arguments may be applied to each of the other 
terms on the right of (4). 

It follows that given o we can choose YU, and Ν᾽, so that 


Mm MM 
| 2 Fuw  [ «σ, 
M41 vei mano m,n 


for all values of MUM, M, N, N,, such that M > M2 UM, 
N, > N2N,, and moreover that Mf, and N, are independent 
of a. | 
A similar line of argument may be applied to the two 
other terms which occur on the right-hand side of (3). We 
conclude then that the double series 
Σ Suv, 
0 0 


m,n m, 


is convergent. Exactly the same process proves that 


wo —l -—1, 1 -1 
=>, =z 2B 
Q —2 —o 0 -οο © 


are convergent. Therefore (2) is convergent, when summed 
as a double series; that is to say 

My. oitmbting)at 
= = act mo, + πω, 
tends to ἃ finite limit when M, N, Μ΄, Ν' are made to tend 
simultaneously and independently to oo ; and moreover, that 
this convergence is uniform for all values of α which lie in 
any continuous domain which does not include any point, 
such that 

at+mo,+no, = 0, 


for any values of m and n. 
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It follows by a theorem of Pringsheim’s that ¢f the series 
is convergent when summed as a repeated series, either by 
rows or by columns, its sum according to that method of 
summation is equal to its sum as a double series. Propositions 
substantially equivalent to these are proved by Kronecker 
with the aid of certain definite integrals. That the series is 
so convergent as a repeated series is easily proved, either by 
general considerations or by direct summation. The sum- 
mation which follows is, as I stated above, practically the 
same as Kronecker’s except in notation. 


Summation of the serves. 


a+ mo 
§3. If w= — 
ἀξ 
ὡς εὐ" Φφπὶ 1 « Pa αὶ Dart Ζιυφπὶ 
Σ ΞΡ Ἐν Ὁ Ζωπὶ Ν 
πε ὦ τ΄ MO, τ Nw, MO,» W—- Nn ω, 1 


First suppose γξξ ἡ 06. Then 


co «= e(2mb+2np) ri Ont by 
-----.---ἔΞ - --- 3 saat” «exp. (1-2) = , 
naw & + MW, + No, wo, 1-9 : 
aia 
where q=e"", zen, 


On the other hand, if m is negative, and —m=yp > 0, 
oo — e(2MO-+2np) wi πὶ ie 
"Ἐπ τς = ——. pa areas ge exp. (1 pare 24) “τὰ : 
new Ot πω, πώ w, Ll-gee @, 
Thus the terms of (2) for which m 2 0 contribute 


πὶ Tia) ὦ gris ght a 


eal {(- 29) = = aor 7 al 


* Kronecker, Vorlesungen ueber Integrale, p. 105. 
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Again, the terms for which m = 0 contribute 


ς ( "τ: 96) 
2 εὐ φπὶ Ξ Qari exp. |— ΠΝ 
ὦ &+ NO, of ae (- =m) .1 
I 


Thus in all we obtain 


a exp. [κι — 24) =I | a > (es ok 55:3} 


ιλὲῶεσ-- οὐ. ΤᾺΙ --φῖρολ Lge 
But* 
o,(utv) -™™ wil 1 of gi tz ghia 
a,(v)o(uy ae -3 (oe - ope) 
ine inv 
wheref ze=e%, t=e1, 


Thus the sum of our series is 


6) exp. ζα τ τῳ 58} Slee) gee 


@,) o,(u+) 

where u=a, v= 0,6 -- ὦ, (φ -- 4). 
- σί(ω ἐ δωρ ny 
Now σ᾽ (υ) = ~o (ga,) 6. ἐπ: ’ 


so that (5) reduces to 


σ (a+ w,6 — w,9) 


et(nep—n,6) —A ao 
σ (a) o (w,0 — ὠ,4) 


Thus we arrive at the result 


2mO4+2ng) wt = 
(6) 2 Read Ai = 6α(η)Φ--η}θ) Ras oda Mies (a + w 9 o>) 
at Mw, + nw, σ (α) σ (@,6 — wo) 


the periods of the elliptic functions being ,, o,. 


§4. From this result a variety of other interesting formule 
may be deduced. In the first place we observe that the series 
ee δ ee τ στρ τ 

* Halphen, Fonctions Elliptiques, i., p. 422. 
ΤΊ write w,, ὡς for Halphen’s 2w,, 2w,. 
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is uniformly convergent for values of a lying in any domain 
which does not include any of the points —mw,—nw,. Now 
it is easy to see that if we remove the term for which m=n=0, 
the resultant series is uniformly convergent for a region of 
values of a including a=0. Hence 


2m6+2 ἘΞ 
pe ἘΠ eet ora | 
MoO, +NW, a=0 a σ (a) σ (ω;θ — a.) 


= € (w,0 — ὠ,φ) — 7,9 + 0,9, 


the dash over the sign of summation implying that the pair 
of values m=n=0 are excluded. 


§5. Again it is easy to justify differentiating (6) any 
number of times with respect toa. In fact it is to be observed 
that the general theorems: 


(i) A series is continuous for values of a parameter within 
a certain domain, if uniformly convergent throughout that 
domain; 


(ii) The series may be integrated term by term along any 
path within the domain: and 


(iii) The corresponding theorems for differentiation 

are just as true for (proper) double series as for simple 
series; and the uniform convergence of the various derived 
series may be proved in this case just as in § 3. 


ὃ : 1 
Differentiate (6) once, subtract the term —-—,, and proceed 
to the limit fora=0. We obtain ag 


; e(2mb+2np)at = : 2) 
(8) (ma, + nw,)” =} {p(u) —& (}} + νξ (ὦ) -- de’, 
where u=0,0—0,9, v= 17,9 -- 7,9. 


Again, we may differentiate (6) twice, obtaining 
e(2mb+2np) πὸ -- ( ὃ ) ferout-n (a+ ωὦθ — 0,6) 
(at+mo,+no,)> *\da σ (a) σ (ω,θ — w,¢) 


The series on the left is absolutely and uniformly con- 
vergent for all real values of θ and ¢. Making 6=¢=0, we 
obtain 


: 1 ἘΠ aw _ 30! (a) σ' (a) | 20" (a) 


(a+ mo, + πω“ ἰσ (a) σ᾽ (a) σ᾽ (a) 


= — dp (a), 
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which agrees with the definition from which the theory of the 
Weierstrassian functions usually starts. 


§6. The series 


e(2m0+2ng) ri 


5 (ac~—b’>0) 


am’ + 2bmn + cn 


and other series considered by Kronecker and M. Lerch, may 
be treated in the same manner. 


CORRECTIONS 


Ῥ » 
p. 146, ine 6. For Σ᾽ θ, η, τοβὰ ὁ > θ᾽, ην. 
» v=1 


lune 3 up. For a read ay. 
p. 147, line 4. For a’ read a,,. 
end of § 1, 3-2 lines up. For ‘so as’ read ‘so as to’. 


N Ni 
p. 148, line 8. In the last sum, for > read > . 
ΝΞ N+1 


p. 150, line 1 of ὃ 3. For w read ὠς. 
line 2 of § 3. In the last denominator, for w read w. 


COMMENTS 


The method of proof in § 2 anticipates that for Theorem 11 in 1917 ‘ 
3, of which it is a corollary. 7 

In the conditions for convergence of the series (1) with complex 
parameters, stated in § 1, the real part of 8 should be positive; see 
1917, 3 (after Theorem 11). The example answers questions raised 
at the end of 1904, 1. 
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SOME THEOREMS CONNECTED WITH ABEL'S THEOREM ON 
THE CONTINUITY OF POWER SERIES 


By G. H. Harpy. 


{Received March 31st, 1906.—Read April 26th, 1906.—Received in revised form May 6th, 1906.] 


1. It will probably make the object of this paper more easily 
intelligible if, at the risk of repeating a certain number of well known 
facts, I preface it with a brief historical réswme. 

In his famous memoir on the Binomial Series Abel proved that, of a 
series Dd, is convergent, the series Xa,z" is convergent for all positive 
values of x less than unity, and represents a function f (x) which ws con- 
tinuous for all such values of x, unity wncluded.* 

An alternative proof of Abel’s theorem was given later by Dirichlet. t 

Stated in the language of the modern theory of functions, Abel’s 
theorem runs: “ If a power series in x converges to the sum s at a point P 
on its cirele of convergence, and f(z) is the function represented by the 
series within the circle, then f(z) tends to the limit s when ὦ tends to ἢ 
along a radius vector from the origin.” 

This theorem has proved the starting point for a considerable number 
of later researches. Stolz was the first to prove that the result still 
holds if z tends to P along any path which lies entirely within the circle 
of convergence. Ata later date Pringsheim returned to the subject in 
a very instructive memoir,§$ in which he shows that Abel's proof suffices 
to prove not only the continuity of f(x), but also the unzform convergence 
of the series Da, x” throughout the interval (0, 1). Of this the continuity 
of f(x) for «= 1 is acorollary; but Abel had really proved more than 
mere continuity, and Pringsheim justly remarks that Dirichlet’s proof is 
inferior to Abel’s in that it obscures this fundamental point. | 

This is not the only direction in which Abel’s theorem has been 
generalised. Tae property of the special function 2", upon which Abel’s 


See ΟΞ ἘΞ es, 


* Crelle, Bd. τ. ; Guvres, Τ᾿. 1., p. 223. 

+ Liouville, Sér. 2, T. vir. ; Werke, Bd. u., p. 305. 

t Zeitschr. f. Math., Bd. xx., p. 370, and Bd. xxix., p. 127. This statement is somewhat 
loose ; see § 4. 

§ Mtinchener Sitzungsberichte, 1897, p. 343. 


1907, 2 Proceedings of the London Mathematical Society (2), 4, 247-65. 
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proof was based, was simply that expressed by the inequality 
gn > grt (0 < x < 1), 


and it was at once suggested that similar theorems must hold for more 
general classes of series of the type Lanf,(x). And, in fact, Dirichlet 
and Dedekind* arrived at the following results, which for the sake of 
brevity I state on the hypothesis that the functions Fu(x) are real functions 
of x defined for the interval 0 <2 <1. 


(a) If βωξ ΣΟ Ὁ «αἱ « 1), 


and 2a, is convergent, then Xa, J,(z) is convergent and, if every /; is 
continuous, the sum of the series is a continuous function of z. 


(ὁ) If 2a, oscillates between finite limits of indetermination, 
Fu(&) > ει), and lim /f, = 0, 


then 2a,fn(x) is convergent; and, if every f, is continuous, the sum of 
the series is a continuous function of zx. 

Dirichlet and Dedekind were concerned mainly with applications of 
these theorems to Dirichlet’s series, and pass somewhat lightly over the 
general properties of series which are involved in them. Their exposition 
is also obscured to some extent by the fact that they do not utilize the 
notion of wneform convergence. I have therefore discussed the question 
further in § 2, and have stated a few theorems which summarize the 
conclusions which can be drawn from the discussion. I cannot claim any 
particular originality for these theorems, but, so far as I know, they have 
not, in the form in which I state them, been included in any published 
work. They would naturally suggest themselves to any one who under- 
took a careful analysis of the various theorems stated in this section, and 
Prof. Bromwich informs me that he has himself included Theorem I. a@ in 
a tract on the theory of series which will ultimately form one of the 
Cambridge Tracts in Mathematics and Mathematical Physics. 

I have also included in δὲ 8, 4 some applications of these theorems 
which do not appear to have been noticed hitherto, and in ὃ ὅ I have 
discussed a passage in Kronecker’s Vorlesungen iiber Integrale which is 
concerned with the subject, but appears to contain serious errors. 

There is yet another form of generalisation of Abel’s theorem which 
has occupied the attention of mathematicians. It may happen that the 
series 2 a,x" is divergent at a point on the circle of convergence, but is 
capable of “summation” by one or other of the methods furnished by 


* Porlesungen iiber Zahlentheorie, §§ 100 and 143-4. 
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the theory of divergent series, Cesaro’s method of mean values, or Borel’s 
method of exponential summation, or one of the various generalisations 
of either method. And it results from the combined researches of a 
number of writers that, if Dan has the sum s when summed according to 
any of these methods, then f(x) tends to the limit s when x tends to the 
point in question on the circle of convergence by any path subject to 
certain restrictions. In the latter part of the paper I have occupied my- 
self with series summable by Cesaro’s method. The theorem for such 
series which corresponds to Abel’s original theorem was first proved by 
Frobenius,* and states that, if 


Sq = ἀρ tat... Fan, 
and lim 


then lim f(z) = 8. 


I have attempted to prove a general theorem which shall stand to this 
theorem in the same relation as Theorem I. to Abel’s theorem. This 
theorem (Theorem II.) is the principal result of the paper: it will be 
found in § 6. | 

Finally, I have illustrated some of the most obvious applications of 
this general theorem, and I have indicated some further questions which 
are naturally suggested, but which I cannot profess to have completely 
solved. 

I may remark that I was led to this investigation by considering 
various problems concerning the limits approached by the q-series of 
elliptic functions, when 4 tends to a point on the unit circle, and a 
number of my illustrations are furnished by q-series. But I have not in 
this paper attempted to treat any such particular class of problems 
systematically. 


2. Toxorem I.a.—If fo(z), fia), fo@), ... ws a series of real finite 
positive functionst such that 


(1) Fn (@) > fn+1 (2) O<z<)l), 


* Crelle, Bd. Lxxx1x., p. 262. 

+ A finite function (fonction bornée) is a function whose absolute value is, throughout the 
interval of variation of the independent variable, less than a constant Κ΄. It would obviously be 
enough to assert that | fp | < FA. 
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and Xa, is any convergent series, then the series An fn(x) ts uniformly 
convergent throughout the interval (0, 1). 


For 
n n—1 
(1) i, αν f, ΞΞ =, (Qn +Qmzit... +a,) (A—frs D+ m+ Omait ον Ἔα.) Tas 


Choose m, so that, for ν >> m > Mp) 


| An+Amszi+... $a, | <e. 


Then 2 ay fy |< efm < eM, 


where M is the maximum of f,(z) in the range (0,1). The theorem is 
therefore proved. 


CoroLLary.—If the functions f, (x) are continuous, the series Σ ας f(z) 
represents a function of x continuous throughout the interval 0 <a <1. 


ΤΉΒΟΒΕΝ I. α 1.—TIf the restriction that fy is real and positive is re- 
moved, and the condition (1) is replaced by the condition that 


(1a) Στ 


ἣν 


where K is a constant, then the series Xa, fr is still uniformly convergent.* 


We first observe that the existence of such a constant K involves that 
of a constant L, such that | f,(z)| < L, for all values of z and ». For 


n—1 
lf@|<lfA@|+ 2 |f@—fui@|<M+K. 


Hence 


«εἰς ΔΌΜΑ +1 fal | < eM +20), 


n 
2 ay fy 


aud the result follows as before. 


Corotuary.—If the functions f, are continuous, the sum of the series is 
continuous. 


An obvious generalisation is— 


ΤΉΒΟΒΕΝ I.a2.— The conclusions of the preceding theorems and 
corollaries still hold if the terms of the series Sdn are functions of x, 
provided the series is uniformly convergent, and (in the corollaries) the 
functions a, are continuous. 


* We may suppose either that f, is a complex function of a real variable, or a function of a 
complex variable ; in the latter case the interval (0, 1) must be replaced by a region. 
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These theorems all arise from the Theorem (a) of Dirichlet-Dedekind. 
It is with this rather than with Theorem (6) that I am concerned in this 
paper ; but the latter also raises interesting questions. 


Turorem I. b.—If the functions f, (x) satisfy, in addition to the con- 
ditions of I., the condition lim μα) = 0, and tf La, oscillates between 


finite limits of indetermination,* then the sertes 2Anfn ts uniformly con- 
vergent. 


In the first place there is a number K such that 
| ἄμ, αι. “se +a, | « K 


for all values of mandy. In the second place ζω (x) is a function of x 
which never increases as 7 increases, and whose limit zero is a continuous 
function of z. The convergence of f,(z) to its limit is therefore wniform,t 
and we can choose m, so that, for m > m), and for all values of Ζ, 


| fm (a) | <e. 


The theorem now follows immediately from (1). 


Corotuary.—If the functions f, are continuous, the sum of the serves 
Σ Anfn(z) is a continuous function of x. 


THeorem I. ὃ 1.—If the restriction that the functions f, (x) are real and 
positive is removed, and the conditions to which they are subject are 
replaced by the condition that the series =| fn(t)—fn+i(@)| ts convergent, 
the sertes Lan fn 18 convergent. 


TueorEM I. b2.—If in addition the functions f, are continuous and 
either of the equivalent conditions (i.) that the series Z| fu—fn4ilts uniformly 
convergent, or (ii.) that its sum represents a continuous function of x, 4s 
satisfied, the series La, f, will be uniformly convergent and continuous. 


Turorem I. b 8.—The preceding conclusions are not affected if the αν 
are functions of x, provided a constant K exists such that 


| | ag ta,t+...tar.|<K 
for all values of n and x, and (if the continuity of the series ts asserted) 
the functions dn are continuous. 


These theorems follow at once by trifling modifications of the preceding 
arguments. It will be seen that the series of theorems I. ὁ, δ 1, 6 2, δ 8 
runs almost, though not exactly, parallel to the series I. a, a1, ὦ 2. 


* Toe., | aot at+...+4,| « ΑΚ. 
+ Dini, Grundlagen, pp. 148, 149. The corollary is substantially Dedekind’s theorem : his 
proof is less simple, owing to the fact that he does not employ the notion of uniform convergence. 
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3. Of the preceding theorems those of which the applications are 
most interesting are I. a and its extension I. @ 1. 

Since fn > frsi, fa tends to a limit for n = © for all values of 7; but 
in general it will not tend uniformly to this limit, and the limit will not 
be a continuous function of x. In the most important applications such 
a non-uniformity or discontinuity occurs at one or other end of the 
interval (0, 1), and the interest of the theorem lies in its application to 
establish the continuity of the series 2a, f, at this end. Thus 


ai.) If Fu(z) = 2", fn > Saas 
limf,=O0O0<qz2<1), limf,=1(@= 1), 


and we obtain Pringsheim’s form of Abel’s theorem. 


(ii.) If Jn (@) = τὸ fn ει 
limf, =0 (0 < xz < 1), lim f, = 1 (# = 0), 
and we deduce that the Dirichlet’s series 
a a i δὰ 
1” 97 53: 
is uniformly convergent throughout (0, 1), and so continuous for z= 0, which is one of the 
Dirichlet- Dedekind theorems. 


r 


(ili.) If (denoting the independent variable now i 4) we take 
FulQ) = 


ἜΝ : qr’ 
= φ" (1 -- φῚ 
so that ἤιει Ξ- (l+q"(1 +9"! Zz 0, 
and lim fx=0(¢< 1), => (9 -- ἢ), 
ΞΟ 
and we deduce that, if =a, is convergent, 
ang” = | 
a = i +g 43an, 


numerous applications of this result [and the similar results for ¥a,9"/(1 +92), ...] may be made 
in the theory of elliptic functions. For instance, from 


logk = log 4/q+4z (—9" « 
og og tv gt n(l+9") 
we deduce au tog Ries We 2 4 $-14+1-—...) = 0, 
as may be verified ‘sspeudeadiy: 
(iv.) Let us next consider the series 
= 724n9" (1-9) _ Nang” : 
Ι -α φ" l+q+q?+...+q%-! 
H ne 
ere Jn (Q) = rr a Sip το 
-- 4φ}2 9" 
2“ (9)-- αι) = ~- Howe (n—l—g—...—g"-!) > 0. 


(1=9r\(1—gn*h) 
SSeS 
* Jacobi, Fundamenta Nova, p. 108. 
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We deduce that lim (l—g) 3 3 nt = Suny 

— gq" 
provided only the latter serics is convergent. This result has been proved (by a special method 
depending upon integrals) by Franel.* Similar results may, of course, be proved for such series 


as n 3.4} 
» 2 Gnd = ἰδ +1) an q 


1 --- φϑ"" L—gint2 < 
ro) 2n+1 
For instance, from low hl =o 8 ee a τ τ 0} 
: ; One da gery" 
sa 
we deduce = pan ee ος 
log ὦ δ α- ἢ) 
dw gen εἰ 
and from τ /(Qu—e3) = cosec = + 425 - μη | (25 + iy; εἶα “1 
vis Ἢ - 3": 1 


ὃ sin je +1) Pa 
we deduce ΞΞ ~ 3) ~ ts = aS, 
᾿ πον 2... age 2n+ 1: ay 


according to the value of «. In the last equation we must suppose that w is constant and that 
w’ varies in such a way that q¢ tends to 1 along the real axis. 

In an interesting note recently published in the Messenger of Mathematies,§ Prof. Bromwich 
establishes the asymptotic equality 
(—\y-! jog 2 
sinh 0. 9θ 


f(@) -- 5 
1 


for @=0. This result follows immediately from what precedes if we write Φ for @. I shall 
refer later on to Prof. Bromwich’s further results. 


4. I shall now consider some examples of the use of Theorem 1. α 1. 


(i.) Suppose that ἐμ (α) = αἴ, and that the 
region of variation of x is a triangle formed by 
joining Ὁ and 1 to any point inside the unit 
circle. 

It is easily verified that a constant A (de- 
pending only on the triangle) can be found such 
that for all _ within or on the boundary of 


the triangle = - 


Ἐπὶ 


Hence, if [2] ΞΞ 7, 


ΣΙ Δωρ ΞΕ Σ γἼ τα «ΚΣ γ"α--ὸ <K, 


* Math. Annalen, Bd. τα. 

+ Fundamenta Nova, l.c. 

+ Halphen, Fonctions Elliptiques, t. 1., p. 431. 

ἢ “ἐβοσηθ Contributions to the Theory of Two Electrified Spheres,’’ Messenger, Vol. xxxv., p. 1. 
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and the conditions of the theorem are satisfied. We thus obtain 
Pringsheim’s generalisation of Abel’s theorem.* 


(11.) The theorem may be applied to g-series such as those previously considered when ὦ 
moves (let us say) along a radius vector to a rational point on the unit circle, ἐ.6., a point ert, 
where a and ὁ are integers. Take, ¢.g., the series for log considered above,+ and suppose that 
q = rev’'2, where ὁ is even and « odd, and that 5" tends to unity along the radius vector (0, 1). 
Then none of the terms of the series become infinite in the limit: also 


ο ( —q)* a “ ( —g)ynet 8 a δ, Γ 
———- = = Σ - τ’ = α (—)5 psesxibja ot 

Σ n(1 +9") vel Beg (ma + 8)(7 + gers) Σ( ))γ56 ε( ) 

where (9) = 3 EOE (a!) γος - ς 
F, (p) Σ (ma + s)(1 + pu tsia eswibja) 
This last series satisfies the criteria of I. a1 fer uniform convergence throughout the interval (0, 1) 
of values of p. For, if a, = (—)"/(ma+s), Sam ia convergent. Also, if 
_ ρ᾽" 
Sm (p) _ l + pmtsa esntbja’ 


: = τὰ p” (1 a p) 
Sin (p) Sime) (p) (1+ ἀρ" τε) 4 Apne lsay’ 
where 4 = τα. Now 
} 1+ Ap™tse | =/{1 +p? ("8.9 + 2pm*54 cos (srb/a)}. 
If cos (srb/a) > 0, this is greater than unity; if cos (srd/z) < 0, it has a minimum when 
8 a 
pm*+s/e = —cos (swb/a), this minimum being | sin(swd/a) |. And in any case 


ΕΑ (ρ) λει (p) | < Kp (l—p), 


from which it follows at once that the conditions of I. α 1 are satisfied. 
Hence the original series for log converges uniformly when ῷ Ξε γετῖδια, QS rc. For 
γ = 1 it assumes the form 


; ω --ἾΝ . ‘ 
log 24 τευ (Sask (1 +itan*) = wi) oS) tan "πὸ 
2a 1 ἢ a a 1 2 a 


and this is therefore the value to which logs tends as r approaches unity. The series on the 
right may be summed in finite terms.t 


5. In a passage in his Vorlesungen iiber Integrale, which has doubt- 
less puzzled many readers besides myself, Kronecker apparently essays to 
prove a theorem designed to be a generalisation of Abel’s theorem some- 
what on the lines of Theorem I. a, except that there is no mention of 
uniform convergence. The whole passage is obscure: but the suggested 


sa a ee ee Cs ον 
* Munchener Sitzungsberichte, l.c. 
+ §3, ili. 
1 See H. J. S. Smith, ‘‘ On some Discontinuous Series considered by Riemann’”’ (Messenger, 
Vol. xI., pp. 1-11; Collected Math, Papers, Vol. 11., p. 312); Dedekind’s Note in Riemann’s 


Werke, pp. 427-447; G. H. Hardy, ‘‘Note on the Limiting Values of the Elliptic Modular 
Functions,’’ Quarterly Journal, Vol. xxxIv., pp. 76-86. 
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theorem seems to be as follows :—* “ If 
(i.) Sa, is a convergent series, 


(ii.) the functions f,(z) are positive and continuous throughout 
(a, A), 


(111.) Tn (x) > fn+i(2), 
(iv.) lim f(z) = lim f, (a), for all values of m and n, 
x=A e=A 
then La, ζι(α) will be convergent and continuous for ὦ = A.” 


My criticisms on the passage are in brief (1.) that the conditions are 
redundant, the fourth of them being quite unnecessary and having nothing 
to do with the essence of the matter; and (ii.) that the proof is altogether 
unsound. The unsoundness of the proof appears to have arisen from a 
mistaken idea of the importance of condition (iv.). Kronecker argues as 
follows. Starting from Abel’s partial summation lemma, the origin of all 
these theorems, viz., 


ἜΣ (ον ποῦν ὐ fo-1 — Σ Cy pa W+Cn fins 


and putting ὃν. = —(avtavsit...), 


he deduces 


Ξ ἢ Σ αν ἘΣ ἄν--1,ν--ἰ ΞΞ τ’ Σ (f ΠΩΣ e—fn Σ Oe 


=——- (fo—fn) Mrn—fn 2 Qs 


where M,, lies between the least .nd greatest of the values of 


=Ms8 


a, (v=I1,2,..., 2). 


Making n tend to infinity, and observing that 2 dy-; f,-1 i8 convergent, we 
obtain 


-ὐ Σ Ay+ 2 Ay-ify-1 —— (fo—lim fr) M, 


where M lies between the least and greatest of all the values of 2 Ag 
He then makes x tend to A, and (unless his meaning has been entirely 
obscured by misprints), argues that, because 
ea ay 
ara 
* I have altered Kronecker’s notation so as to agree with my own (Kronecker, /.¢., pp. 88, 89). 
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for all values of 7, therefore 
lim (fo>—lim f,) = 0; 

and therefore lim Σ tify = lim Io x= Ay. 

But it is obvious that all that he is justified in asserting is that 
limp fo = lim, dim fo. 

and not lim fo = lim (lim γὼ), 


the two repeated limits only being equal in exceptional circumstances. 
And, in fact, in the very simplest case, when ζι (ὦ) = x” and A = 1, 


lim lim «ἢ = 1, lim lim 2” =0; 


N=0 r=] Y¥=1 1υ Ξε: 


so that his argument does not even suffice to prove Abel’s theorem itself. 
And a careful examination of the passage will, I think, lead any reader to 
the conclusion that the flaw in it is fundamental and not to be repaired by 
any alterations merely of detail. 


6. I shall now consider the case in which the series Da, is divergent 
but summable by Cesaro’s method of mean values. I use the following 
notation and terminology. We shall say that Da, is swmmable if 


80 81 ids + Sn 
n+1 


where Sy = Ay +a, +... Ἔα, 


tends to a finite limit for » = ©; and, if the terms a, are functions of a 
variable z, and the convergence of this mean value to its limit is uniform 
throughout a certain interval or region, we shall say that Da, is uniformly 
summable. It is evident that the sum of a uniformly summable series of 
continuous terms is a continuous function of z. 


ΤΉΒΟΒΕΝ 2.—If the functions f, are finite, real, and positive, and 
Jn—fnsi and fr—Qfnsitfnse, their first and second differences, are positive 
for O<x<1 and for all values of n, and if the series Da, is sum- 
mable, then the sertes Lan fr is uniformly summable throughout (0, 1). 


CorouuaRy.—If the functions f, are continuous, the sum of the series 
Ldn fn is a continuous function of x. 


The proof of this theorem presents somewhat greater difficulties than 
those of the simpler theorems of ὃ 2. We shall find it a necessary pre- 
liminary to establish a series of lemmas. 
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Lemma 1.—If s, tends uniformly to a limit 8, the series Yan is um- 
formly summable and has the swm s. 


If we omit ‘‘ uniformly,” this is a well known theorem* asserting the 
consistency of the new definition with the old. The insertion of “ uni- 
formly ” in no way affects the proof. 


Lemma 2.—If lim SPSS ΞΞ: Ὁ, 


we can determine a series of positive quantities e, εὰ, ..., whose lumit ts 


zero, such that 
4 Sy Sp+1 eee Sp+r < 
— τ : Ep 


ptrt+l 


for all values of r. 
For we may write so+s,+...+5n, = (+1) m, 
where lim y, = 0. And then 
SptSp4it e+e FSp4r -- (p+r+ 1) No+r—PNp-1s 
from which the lemma follows ; for we can choose p so that, for ν > p—l1, 


᾿ην] « ε, however small be ε, and then 


SpA Sptit..- tSp+r 
ἘΞ ΗΠ ae < 2e 


for all values of γ. In particular, as is well known, 
lim s,/(p-+1) = 0. 


Lemma 3.—If f, is finite, real, and positive and fn Dfnsi for all 
values of n and x, and 
Sots... +Sn =, 
m+1 : 
fot aft. tint» — 9 
n+] 


lim 


then lim 


uniformly for all values of x. 


For 
sofort bSn fn = Σ, (0... FSM ff + Cot +5) fa 


r—1 n—-1 
= (E+E) Gt Ἐφ fad ot. +50 fr 


.-᾿’.-..-.- ς-ς-ς-..-.-.-. -.....----- ee θ6ὺ65Ὁττττττττ,.ὖἅ Σὲ 


* See, ¢.g., Bromwich and Hardy, Proceedings, Vol. 11., p. 172. 
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where Mo,,-1 lies between the least and greatest of 


80» 80-Γ 81» oeng Sots t+... Ἔ 8,..., 


and M,,,, between the least and greatest of 
Sots +... +57, «ον. Sots +... F Sy. 


Let ε be an assigned positive small quantity. We can choose 7. so that for 


od Sostst+... +8, ae 
y+1 ; 

ee Sots t...+s, 
and, a fortiori, eee tea <e 


for ἢ >v >r; and therefore we can choose r so that 


Μ, ἡ 


n+1 | ἜΣ 
for all values of ἡ 5 γ. But when 7 is fixed we can obviously choose n 
so that 1) My ps 

nm+1 


When 7 and » are thus chosen 


Sofotsfit---t5n fn 


n+l1 


« Με, 


where M is the maximum οὗ /,(z). The lemma is therefore proved. 


Lremma-4.—If the conditions of 8 are satisfied except that 


linn Sot Sit... +Sn _ s(# 0), 


N= n+1 
then lim ἈΠ nd a = slim fy; 


but the convergence to this limit will in general not-be uniform. 


For let 80 = s+, 81 = s+, .... Then 
totait...tt 9. 
n+1 


lim 


n—o 


and therefore ἔς fothhAt---ttrfn 
n+1 
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converges uniformly to zero. Also 


lim 8 oh - + fn) ΞΞ 5 lim Te 


but the convergence to this limit will not in general be uniform unless /, 
converges to its limit uniformly, which will not generally be the case. 


Lemma 5.—If lim Peete = 0, 


and the f,’s satisfy the further condition 
Safari => ἤκμασεν 
for all values of n and x in question, then the serves 


Σ Sn fu—In+1) 


is uniformly convergent. 


In the first place 
fo—fa = fpf + FSn-1 Sn) & ἡ Pa fd 
Hence a constant Καὶ can be assigned so that for all values of # and ἡ 
fr—i—fa << Κη. 
Now Sp (fp—fp+ +8p+1 Sori—S p42) +++ F89-1 Fa-1 τῷ 
= 5, (fy— frst tfp+a) + (Sp + 8ρευ (ρει τ Borat fos) 

A (Spt Sprite. 8.) (fg-2— Bar tf) 
+ (Sp +Sp4it-..+8q—1)(fa-1— fa) 


the modulus of which is less than 


€p {(p+1)(fp—2fo41t+Sp+2) + (p+ 2)(fp+i— 2fp+2+So+3) ere 
τ (4 --Ἰ) Aft tio + (fy-1—fa) | 
= €p 1p fo—fprv +ho—Sa} <e, | K+2M}, 


where M is the maximum of f,(z). The lemma is therefore proved. 
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Lemma 6.—If the f,’s satisfy the conditions of 5, but 


ἵμ SE TE = aE 


the series Sn (fn—fn40) 
0 


as convergent (but, in general, not uniformly convergent). 
Let Sx ΞΞ 8+ ty: 


then, by 8, the series Yt, (f/,—fn+1) is uniformly convergent. On the 
other hand, the series 2s (f,—fn41) is convergent, but not uniformly con- 
vergent, unless /, tends to its limit uniformly. 


7. Proof of Theorem 2.—Let s be the sum of the divergent series Dan, 
and let 


f 4 ? , é ᾽ 
Qo = ἄρ---8, ὧι = Ay, ας = Ag, ..., Sy = A tayt+...-an = 8,--- 8} 
then 2a, is summable, and its sum is zero; 7.¢., 


Ἔν 
n+1 ; 


Sofotsi fat... +sn fa 
n+1 


tends uniformly to 0 for » = ©; and, by Lemma 5, the series 


Σ Sn (fn —fn+1) 


is uniformly convergent. Hence, if 


n 
n— Σ ὅν (,-- v+)s 


lim 


By Lemma 8, 


S, tends uniformly to a limit for n = οὐ, and so, by Lemma 1, 


Sot Sit... +S, 
n+1 


does the same. 
Now af, = (,—-S-)f, = 5... τ- δ -αὐοιιτε ας τοῦ. 


Hence, if on = A fota, fit..-tanfny or = Afotafhit..-banStn, 
on a Sn fut 8ν--Ἰ (f, = 7J,) = Sn Jn +Sn-1, 


cotoit...ton _ Sofot...+3nfn nm \ SotSit...+Sn-1 
_ n+1 > nm+1 a (+ i) n 
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and therefore tends uniformly to a limit for n= ©. But 
n+1 fot n+1 
and therefore also tends uniformly to a limit for n= 0. Hence the 


serves Lay fn is uniformly summable, and, if the functions f, are continuous, 
ats sum is a continuous function of n. \The theorem is therefore proved. 


8. In order to show more precisely the relations of the preceding lemmas and theorem I 
take a very simple example. 


Let a = Ls 4 =—2, 67 = 2, ag = —2, “93 
80 that So, = 1, $an41 = —1, 
and lim 707 417 +» Fn CQ. 
n+1 


and suppose /, (2) = χη. Then 


(i.) δι ἦι = (— je x", 
pA παι ες εθεῦι 1 (Ξ λ φητ 
n+1 (n+1)(1+2)’ 


which converges uniformly to 0 for 2 = ο (Lemina 8). 


Gi.) Again 354.4 (ff) = Σ (— he! αι -τα) = (-- {14 (=p ta} (+2), 


which tends wniformly to (1—2x)/(1+x) for n = 0 (Lemma 5). For, although x* does not tend 
uniformly to its limit, 


Gham λεῖος (χε τὶ — gn +2) ne x (1 ---) > 0, 


and L—artl = (1 - 2) + (ὦ —a2)+...4 (x? ~—a"+!) BS (πα +1)(2"—a" +), 
so that x'(l—z) < Ξς 


εἰ 
and therefore does tend uniformly to zero. 


wes A 1-- αὶ gurl 

.) Finall: n= Ll 24+ Qr27 =... + (2a = 2 (—) 

(11}.) Finally, σ L+ LX (=) l+z .-: 1.» 
and Got ayt+...+On 1--ὰ 2 11... (--}ὸ 558} 
n+] b+ (nt+1)\(L+a)? ᾿ 


which tends uniformly to (1 -- "(1 +) for = οο (Theorem 2). 


If the conditions were altered by changing ay into 1+a(a 0), we should have 


Si Jn = {at (— 1"; a”, 


and 8/0 +58, fi +... + SaTn 2 φ ἧι L+(—)" aT 
n+1 (2 + 1)(1 + 2) 
1 --- χη τὶ 
h = — a 1 
Pee φ n+1 1-ὦ (5 ἘΠῚ); 
φ--α (c = 1), 


and the convergence of ¢ to its limit is not uniform (Lemma 4). Similarly 3,1 (f,-1—-f,) is in- 
creased by the addition of the non-uniformly convergent series Σ α (x"-1—a") (Lemma 6); but it is 
easily verified that the uniformity of convergence which is prescribed by Theorem 2 is not 
affected, the two non-uniformities (so to say) cancelling one another. 
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9. Applications of Theorem 2.—(i.) If fn (x) = 2", 
TSn— μα τἘ = x" (l—z)? = 0 


for 0 < az « 1 and all values of m. Hence, if Da, is summable, Σ ἀμ αἶ is 
uniformly summable for 0 < ὦ <1; and its sum is a continuous function 
of x for x = 1, which is Frobenius’s theorem cited in § 1. 


(11.) If fu (v7) = n-*(n D1, x D> 0), it is easy to see that the first and second differences of 
Jn are positive (or zero). Hence we obtain the theorem that, if Σ ad, is summable, ΚΝ is 
1 


uniformly summable for all positive values of 2, including zero, and its sum is a continuous 
function of x for x = 0. That is to say 


if kid Ors re ay, ere Nad Rae 
ee os ge ΞΕ n+1 
z=0 ] 2 8 =D 


3 


if the latter limit exists. For example, 


=0 \ 17 2% 937 
(1) Tf fu (9) = eer (0<¢ « 1), 


1 —p\2 [= +1) 
—Wesithay = οὐ ἘΠΞ Φ)} {1 ΞΡ δ τες ἢ 


Hence, if =a, is summable, = 4,,9"/(1 +9") is uniformly summable for 0 < 4 < 1, and represents 
a continuous function of ¢g, in particular for g = 1. 


For instance, from the formula 


ΩΡ ΦΙ͂Ν 1 42 45 498 * 
π l+g 1158 1+45 
we deduce that lim 5. ας 1—4 (2-34...) Ξ 1--4.} =0.4 
4Ξ|}ὶ 5 
(1ν.) Consider the series is A δ "9 
1~g? 1-g* 1-—¢§ 
whose sum is easily foundt{ to be ΕΞ (E-k?K), 
τ 
We may write this in the form : 3 Σα, ἢ (4), 
—@ 
where ty, = (— 1)» and ι (4) ᾿Ξ; (η + 1) g” 


14 3 -« ee gv 


and it is easy to verify that the first and second differences of Jn are positive. Hence 2a,/f, is 
uniformly summable. For g = 1 it takes the form 


T—14+1—.., = ἃ, 
a ee eee 
* Fundamenta Nova, § 40, (6). 
+ Strictly speaking, the divergent series should be written 
$+0~-4-—0434+0—3-.... 


1 L.g., by making x = im in formula (1) of § 41 of the Fundamenta Nova. 
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We deduce that K (B—k"?K) ~ 
for ῳ = 1. 


πΞ 
2(1 -- 4φ) 


10. It would be easy to multiply instances of interesting applications 
of Theorem 2. Those which I have given are fair examples of some of 
the simplest types which naturally occur, and the length of this paper 
forbids that I should attempt to treat them in a more systematic manner. 
I shall conclude by indicating briefly certain actual or possible further 
generalisations. 

In the first place we may at once enunciate 


TuEoREM 2.a1.—The conclusions of Theorem 2 (and the lemmas pre- 
liminary to it) are still valid if the functions f, (x) are not restricted to be 
real and positive, and the condition that the first and second differences of 
the functions are not negative is replaced by the conditions 


2 [,3.- ει | «- Κ, Σ (v-+ 1) lA —Araithee | <K, 


for all values of m, n, and x. 


The course of the proof is unaffected save for slight modifications in 
the case of Lemmas 8 and 5. 


Consider, for example, the series 


&,(% 7) = 14+2 Σ (—)" g®* cos 2πΡ. 
1 


Taking a, = 2(—)"cos 2nrv (n>0) and f, = 9", we may verify without difficulty that the con- 
ditions of the theorem are satisfied. Since the series 


1—2 cos 2πν + 2 cos 4πῦ --... 
has the sum zero when summed by Cesaro’s method, we deduce that 


lim 34(v, 4) = 0.* 
q=1 


ΤΉΒΟΒΕΝ 2a2.—The preceding conclusions are not affected wf the 
terms of the series Day are functions of x, provided the series be uniformly 
summable. 


A much more interesting and more difficult question is that of the 
extension of Theorem II. to cases in which the summation of 2a, requires 


* See Borel, Legons sur les Séries dwergentes, p.7; L. Fejér, Math. Annalen, Bd. ivut., 
p. 66; Hardy, ‘‘ Note on Divergent Fourier Series,’’ Messenger, Vol. xxxut., p. 144. I refer 
later to Herr Fejér’s investigations. 
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one of the extended forms of the mean value process, 6.9., when, if 


gl) Sotsy +... +8n 
τ m+1 


1 . 
s, oscillates for n = ao, but 


ey = step... +50 
᾿ n+1 
has a limit. 
The following more general theorem is naturally suggested, and I have 
no doubt that it is true. We define ‘“‘summable”’ to mean ‘“‘summable 
by & repetitions of the mean value process.’ Then, 


If the first, second, ..., (k+1)-th differences of the functions fy (x) 
are positive (or zero) for all values of x and n in question, and the 
serves Σά, ws summable, then the series Lanfn(x) 1s uniformly 
summable, and therefore tts sum ts a continuous function of x 


—with corollaries and generalisations in every way analogous to those of 
Theorems I.a and II. Such a theorem would be related to Holder’s 
extensions of Frobenius’s theorem asis II. to Frobenius’s and I. a to Abel’s 
theorem. But I have not up to the present succeeded in overcoming the 
algebraical difficulties attendant upon a complete and rigorous proof. 

In the most interesting cases Theorem II. is generally sufficient. But 
the latter theorem does not cover such cases as those in which Xa, is a 
series like 1—2+3—4-+... or 1??—2?+3°— 47+ .... 


An example in which a result more general than that of II. is needed may be found in the 
theory of two electrified spheres. In the paper already referred to, Prof. Bromwich, seeking a 
rigorous proof of Lord Kelvin’s theorem that the force acting between two spheres in contact and 
at potential V is 1 V? (log 2 --- 2), requires to show that, for small values of 9, 


(—)"-} log 2 1 
= —sLO+.... 
sinh 20 θ ae 


F(0) == 
The first approximation was established in §3 (iv.). ‘To obtain the second we must prove that 
im + Σ(--}»-} ( ee ) ἘΠΕ 
ΡΥ ΤΣ θ ΣῈ) né@ sinh 210 sit 
The limiting form of the series is 2(1—-24+3—4+4...), 


which is summable by ¢wo repetitions of the mean value process, and has the sum ὠς. Here we 
could take a, = (—)"-!” and f,,(6) = a Ce ate , and so obtain the result desired. 
n@\nd sinh ηθ 
Although I have not succeeded in proving the suggested general theorem, I have, starting 
from a theorem of Herr Fejér’s, succeeded in proving a number of theorems of a more special 
character which do enable us to deal effectively with cases such as these: e¢.g., to assign the 
limit of 
q _ 29° 345 
--- + 
l+q 1τ 1+4% 
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for 4 -- 1. I confine myself at present to stating one of these theorems. Herr Fejér’s theorem 
(modified so as to correspond to Theorem 2*) runs as follows :—If 


(i.) Sa, is summable (to the sum s), 
(ii.) the functions f,, (x) and their first and second differences are posttive (or zero), 
(111.) fp (x) ts convergent for x> 0, Pm 
(iv.) lim fn (z) = 1 for all values of n, 
then Za, hh (x) is absolutely convergent for x >0, and its limit for x = 0 is 8. 


The more general theorem is that the same conclusion holds when ὦ repetitions of the mean 
value process are necessary in order to sum the series 3a,, and ᾿Ν 


(ii.)’ the first, second, ..., (4+1)-th differences of the functions /, (x) are positive 
(or zero), 


~ 


(iii.)’ Sn*f,, (x) is absolutely convergent. 


The proof is not difficult. The other theorems relate to cases in which condition (ii.) or 
(ii.)’ is not satisfied. I have included proofs of these theorems in a paper which will be pub- 
lished in the Muthematische Annalen. 


* The conditions actually stated by Herr Fejér differ from the above in the restriction of 
fn (x) to be of the form φ (nx), and the substitution for (ii.) and (iii.) of the conditions 


K ᾿ K 
lel «τῷ». le" «τῷ» 


where p>0. The proof of the theorem as I state it may be made a good deal simpler than 
Herr Fejér’s proof. 


CORRECTIONS 
p. 249, line 16, and elsewhere. For Theorem IT read Theorem 2. 
p. 250, line 4. For (1) read (1)’. 
p. 251, lines 4-5. For ‘conditions of I’ read ‘conditions of I.a’. 
p. 252, line 6 up. After 2log2 read ~ 4(4. 


p. 260, line 11. For a, = a, read αἱ = ay. 


lines 4 and 8 up. For s, read 8;. 
—— last line. For s, and S,_, read s, and S;,_4. 


COMMENTS 


In his revised edition of Dirichlet’s Vorlesungen tiber Zahlentheorie,t Dedekind 
included two results more general than (a) and (δ) of § 1. 


(A) If Da, converges, then 

(i) DY anf, converges when > | Af,| < 00; 

(1) Σ᾿ aa fn(x) 18 continuous when f,(x) is continuous and > |Af,(x)| < K. 
(B) If >a, has bounded partial sums, then 

(i) SY anfyn converges when > |Af,|< οὐ and fy > 0; 


(1) DS an fn(x) 1s continuous when f,(x) and > |Af,(x)| are continuous and 
Fr(x) > 0 as n > oc. 


Cahent proved: 


(C) If Sa, has bounded partial sums, then Sa, f,(x) converges uniformly when 
> |Afn(x)| converges uniformly and f,(x) > 0 as n > oo. 

Hardy’s Corollary to I.a 1 is Dedekind’s (A) (ii); I.b 1 is (B) (i); version (ii) of 
I.b 2 (with ‘uniformly convergent’ omitted) is (B) (ii); version (i) of I.b 2 (with 
‘continuous’ omitted) is Cahen’s (C). 

In I.a 1 it is to be understood that | f,(x)| < K (asin I.a); this is not needed in I.b. 
In I.b 1 and I.b 2 it is to be understood that f,, > 0 as n > oo (as in the statement 
of I.b). 

In 1. it is necessary that f,(7) + 0 uniformly. But if this property is not assumed, 
and is deduced by means of Dini’s theorem, it must be assumed that f,,(x) is continuous. 

Arguments of Hadamard§ (for fixed x) and Hahnl| (for variable x) show that, in 
Dedekind’s and Cahen’s theorems, the conditions on f, are necessary and sufficient for 
the series > a, f, to have the relevant property for all series > a,, of the class considered. 

If (A) (ii) is restated with continuity at a single point (as established by Dedekind’s 
proof), it may be recognized as the first general formulation of the conditions for 
@ series-to-function method of summability to be convergence-preserving. These 
conditions were shown to be necessary and sufficient by Hahn (loc. cit.); for other 
references see Agnewtt and D.S., p. 91. 

Theorems 2 and 2.a 1 are an important introduction to 1908, 1. In particular, they 
give correct versions, 7 in the case k = 1, of Theorems A and B of 1908, 1, which meet 
the criticisms made by Bohr in the general case; see 1910, 1, § 2. The unpublished paper 
mentioned at the end is 1907, 6. 


+ 2nd edn. (1871) Suppl. TX, § 143, pp. 376-9; see the Comments on 1904, 1. 
t Ann. de lEcole norm. sup. (3), 11 (1894), 78-164 (79). 
§ Acta Math. 27 (1903), 177-84. 
|| Monatsh. fir Math. u. Phys. 32 (1922), 3-88. 
Tt American Math. Monthly 53 (1946), 251-9. 
tt It is to be understood that | f,(x)| « K. 
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ON CERTAIN OSCILLATING SERIES. 


By G. H. Harpy, Trinity College, Cambridge. 


§1. ΤΕ 
Sf (@) Ξ 24,2" 


be a power series whose radius of convergence is unity. 
Abel’s theorem states that, if Sa, is convergent, Κ (2) tends to 
a limit, equal to the sum of the series, as αὐ approaches the 
point «=1 along the real axis; and this theorem has led to 
a whole series of more general theorems, differing widely in 
their details, but resembling one another in their general aim. 
They assume that the characteristics of the sequence (a,) are 
known, and their aim is to state in terms of these characteristics 
conditions sufficient to ensure that 2 (2) shall tend to a limit 
when αὐ, in one way or another, approaches the point ὦ ΞΞ ]. 

A number of these theorems, for example, are of the 
following nature. It is supposed that the series 2a,, although 
divergent, is ‘summable’ by one or other of the various 
methods which have been given for the summation of divergent 
series, such as Césaro’s method of mean values, or Borel’s 
exponential method. It is then proved that Κ (2) tends to the 
limit s, s being the ‘sum’ of the series. 

In this paper I propose to start from one of these methods 
of summation, indeed the simplest—Césaro’s original method 
of mean values. ‘Che fundamental theorem dealing with this 
method of summation was first proved ὃν Frobenius. A well 
known generalisation of Frobenius’ theorem was given by 
Holder. But I shall be concerned not with Hélder’s theorems 
but with some generalisations of a somewhat different kind 
indicated more recently by Mr. L. Fejér. These generalisa- 
tions are of particular interest because, when we attempt to 
discover how far they may”be pushed, we find that after a 
certain point further generalisation is impossible and the results 
of such generalisation demonstrably false. We are in fact led 
to consider sequences (a,) summable ‘by one method or another) 
to the sum s, but such that, the associated function f (6), instead 
of tending to the limit s as ὦ approaches 1, oscillates between 
finite or infinite limits of indetermination. The results are 
thus in a sense negative, whereas the results of all the theorems 
to which I have referred are positive. 


1907, 5 Quarterly Journal of Mathematics, 38, 269-88. 
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§2. A series 2a, may be said to be summable by Césaro’s 
method of mean values if 


§,= 4, + a, +.---4+4,, 


8. + 8: ... 58. 


and sO = 
᾿ n+l 


tends to a finite limit s form =0oo. The simplest example of 
such a summable series is Leibniz’ series 


ey ey ces Το 
whose sum is ἃ. “ Since 
a, = 8,.-- 8, ,= (n+ 1) 8 — 2ns™ + (n—-1) 8 
it is easy to see that 
lima, /n = 0. 


The class of series which are summable in this sense is 
therefore a comparatively restricted one. 

Frobenius, generalising Abel’s well known theorem, proved 
that if Sa, is summable to the sum s, Sax" ts convergent for 
|x| <1, and tts sum Ε΄ 2) tends to the limit s when x tends to 1 
along the real axis. As was stated above, a generalisation of 
this theorem was given by Holder: and other more general 
theorems have been proved which adopt more general hypo- 
theses as to the way in which αὐ approaches its limiting value. 
With these theorems we shall not be directly concerned at 
present. 


3. In a recent paper in the Mathematische Annalen 
Mr. L. Fejér has proved a theorem which shows, as a 
particular case, that a theorem similar to that of Frobenius 
holds for series of the type 


n? nk 
Zac” or Lax”, 


where & is an integer greater than 2: e.g. that ¢f Sa, ὦ 
summable to sum 8 Ἶ 

lim Σὰ, ἢ = 8, 

z=1 

This, it should be observed, is not obviously a mere 

corollary of Frobenius’ theorem. We may of course regard 
Σα απ as an ordinary power series lacking a number of terms: 
but what Frobenius’ theorem asserts 18 that if 


(1) a,+a,+0+0+4,+04+0+04+0+4,+... 
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is summable, then lim Za,v7"*=s and not that this is so if 
a,+a,+ a,+a,+... 15 summable; and the two hypotheses are 
prima facie quite distinct. It is @ priord quite probable that 
there are summable series Sa, such that (1) is not summable, 
or summable series (1) such that Sa, is not summable. 

On the other hand it seems a prior? about equally likely 
that the summability of one series involves tlrat of the other 
and the equality of the two sums. If this should prove to be 
the case Herr Fejér’s theorem will prove to be a corollary of 
that of Frobenius. ; 

It seems worth while, before we proceed, further, to settle 
this point. The attempt to do so leads to a general theorem 
of some interest in the abstract theory of divergent series. 


84, THeorem. Jf 06,4+-6,4+0,4..., 
Cyt C+ Cy Ἔσ.. 
are two divergent series of positive terms, the equation 
lim by8 + 6,8, +++ 8, _ ᾿ 
n O,+0,+...+86, 
involves the equation ᾿ 


ΓΝ 60,3. 618... CS, " 


8 
r] 
nN Cot C, Ἔ...1 ΡΝ 


of either (a) 3 > jo for all values of n, or (Ὁ) ᾿ « a forall 
values of n, and ἢ oe 
b+ ced δ᾽ eK c, + Steet C, 


Sor all values of n.* ΝΣ 
Before proceeding to the proof of this I note that it is 
sufficient to postulate the divergence of Xe, only. 


‘ ~~ 
* T am indebted to Prof. Bromwich, to whom I had communicated this theorem, 
for the following information. 


᾿ τὸν ἰδῆς oe d ; 
Césaro gave the theorem for the case in which > < ;*** (Case (a) above) in the 


ν + 
Bulletin des Sc. Math , Sév. 2, t. 18, p. 51, and refers to “it elsewhere, particularly 
with reference to the case in which 8,=1. ‘The second part of the theorem, which 
is what is wanted for our present purposes, appears to be new. ; 

Prof. Bromwich has constructed a simpler proof, which I do not give here, 
as it depends upon a generalisation of ‘Abel’s lemma’ which would have to be 
established first. I may refer the reader to 88 153-155 of Prof. Bromwich’s 
forthcoming book on the ‘Lheory of Infinite Series (Macmillan). 
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εἰ νι, Opel ὁ th eee 
For (a) if 2> 1 or 1s +! it is obvious that the 
b, νει by Cy 


series 2b, diverges more rapidly than the series 2c,. If (0) 


ὃν (Ct ὦ C : ae 
ge ope < 551) the series of b’s is less divergent: but 
b, bys b, Cy 

it must divergetif the conditions of the theorem are satisfied. 
For if Sc, is divergent, so (as is well known) is 


Cy 
> — 5 
C+ 6, Ἔν. ΞῈ Cy 
and so therefore 1s 
b, 
> 


b+ re 


and this last series would converge if 0, converged 
I proceed now to prove the theorem. 


Let By=b, +0, +04 Oy 
Cie, + δ, tenet Cry 


p= (6.5.8... 6,81); 


1 
v= CG (¢,8,+ ‘(ear C,8,). 


Then b,s,= B,B,— By-1 Bv-1, 
and so 
1. τὺ 
ΞΡ -- B, »- B,- ν--ἹἸ }e 
oe Ἢ τὶ b, ( 3 18 1) 
Now B,=aste, (lime,=9), 
and so 


1S 26; 1 N-l n Rak 
ὟΝ On 7 Σ -- (Byey— y—1€v-1) = σαί = + 2)= as 91 SAY. 
/nv=0 ν n v= pri 


ie Cnn CP: Aap 
First, let us suppose > > ve. Then 


by butt 
R : 3 ὦ Bye i€ πο - pf Bren 
ae ate aia ΠΟ, by ᾿ ᾿ 
πὶ μον νεῖ C 
ig oo Bs,t 
+ 27, fons Bete Ὁ Pa 
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Choose NV so that | ¢,|<e for y> N—-1. 


ΠῚ Οὐνς τον ) 
en Σ ( "ἢ Β,6ν- 3. ia "Be. 
"-1 ἘΞ) 
πῆι. es ag B, zB 
= rs (F a) 7 . 


| =e] By+ 3 Σ ΠΝ 
' ποῦ, 
ΟΝ i 
=€ (= By + CN+1 + CN42 +...+ c,) 
N 
Cy 
N 


and hence | £, | «Ὁ 7. ΖΒ. + ΔΝ) +e. 


When JN is fixed we can certainly determine n, so that 
(1) | B,|<2e (nZn,). 


But we can also ee n, so that 


|B, - = is "(8Β,», — By-1€-1) <é, 
for n=n,: and so if n is τ less than the greater of n, and n, 
| Va δ | < ὅς, 
ΟΥ̓ limy, ΞΞ 8. 


ΞΞΟΟ 


The theorem is therefore established under condition (a). 
Secondly, let us suppose the conditions (0) satisfied. Then 


if V is chosen as before 


CN m1 fey Cyt 
πὸ Di ieee - MB fan) Bel 


by N- 
«ε fe Byit = 3 (54 - 58) 
ν by+1 ὃν 
σι Βα 
=€E be — CN — CN+1 eo cna} 
cB cB 


τὰς τῶν Ὁ 
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and so 
οες δ | 
| Rh, | < τ 2Ke, 


by the second of conditions (6). The proof of the theorem is 
then completed as before. 


§5. The most interesting applications of this theorem are 
obtained by supposing either the 0s or the e’s all to be equal 
to l. 


(1) Let 6,=4. Then we deduce that ὦ Sa, 7s summable 
to sum 8 by Césaro’s method, then 
Him Coot C8 tet OS, ον 
πὸ OO Fie, . 
af either (a) Σο, ts divergent and c,,,<c, or (b) 


Cote, +...+¢¢. 
: > Kn. 


nm 


>c, and 


Cast 


As examples, suppose 


(1) “= (— 1)’, Sco 1, Somti 0, 


and condition (a) satisfied. We deduce that if Sc, is any 
divergent series of decreasing positive terms 
| C+ C,-+...+ Com _ 
RL—8 Cy £¢,+ ¢, Feet Coys 
. OC +0,+..0+6 
or lim OH Cy Pees F Coma _ 1, 
m=o Cyt Cyt.--t C,,, 


a result which is in any case obvious. 


(1) Suppose 


—t} 
= ὃ. 


Ο, ΞΞ 2n+ 1, 
C,+¢,+...+¢,= (n+ 1)%, 


and conditions (4) are satisfied. 
Thus if Sa, is summable 


lim 20 3s, + 5s, -ἘΣ..-Ὲ (2n +1) s, 
n= (n + 1)? 
(iii) Suppose 


= δ. 


c= 2", 
σ + C+. C= ig Fe I, 


and conditions (4) are not satisfied. It is easy to see that in 
this case the result of the theorem is not true. In fact if we 
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start from the series -- 1+1-—.., as in example (i) 
CS +C,8, 112: ot. 8 
Co +...+ C, 142 4274+...4 2" 


_ ot 
= ΞΩΡΙΞΗ (n Buen) 
1 4-27? τ 
but = ΒΕ 


ἘΞ σὺ ἀεί ΜΌΝ 
PbO διε. ot 9 (2 odd), 


and the limits of these two expressions for n=2 are %, } 
respectively. r 
(2) Taking the c’s all equal to unity we find that 7 

Ι; ὁ.8.Ὁ ὁ.8..Ὁ...1 6,8, _ : 

n—oo b,+ b,+...46, ; 


zh), being a divergent series such that either (a) b,,,>6, or 
ὦ) Oar < Bq ane 
ee one Kn, 


then the sertes Xa, is summable. In particular if 

ΝΣ adidas aad a 

n= (n + 1) 
the series is summable, which is the converse of ihe result 
proved under (1). 


§6. Now if o, denote the sum of n +1 terms of the series 
(1) a,ta,+0+0+a,4+04+04+0+0+4,+..., 


O,=8, 9,=$8,=97,=9, 


Hence 
Aine eae Mae τυ 


ν᾿ ν᾽ 
and, if Sa, has the sum s, the limit of this for ν ξξ οὐ is s, and 
conversely, by the results of §3. Also if0Sq<2v+1, 
σι σι ...- Orig _ ν ΄σ, Ἔ σ᾽, -Ἐ...-Ὲ “Ξὴ 
γΈῈΈΦ9ΦΈΤῚ1Ι: Ξ τ πὶ γ᾽ 
συ: + Oy?41 tet y+ 
aga 
_ v’ (ft σ᾽ Ἐ τεσ (φ - 1) 8ν 


ΝΣ γ᾽ γ᾽ Ἐ4π1 
v2 


3 
5 


210 Mr. Hardy, On certain oscillating series. 


And, since lim = 0, the limit of this forvy=o iss. Hence 
ν 


the summability of (1) to sum s involves that of Σὰ,» and 
conversely. 

We can therefore deduce the equation 
5 lim Σὰ, αὖ τε 8 
x=1 
directly from Frobenius’ theorem. The same is true for Sa,2””. 
On the other hand, it follows from ὃ 8 that this line of proof 
would fail for * 


on 
ma we", 


and generally for Sa,x72", where a is any integer> 1. 


§7. Let us consider more generally the function 
F (xv) = Σὰ 


where Sa, is a summable series, and ψ (η) is a function of x 
which is integral for all integral values of », and tends to oo 
with n steadily and according to some simple and regular law. 
The most obvious forms of ψ (7) are 


MW Nae 2 8 το rece Le (ae ων ϑν 
DB nce OM use Oo eas 
We have seen that for y (2) =, n", n°, «0 
lim F (x)= 8, 
#=1 


while our proof fails for ~ (x) =2". It is suggested by this 
and by other considerations* that this result may no longer be 
true when the increase of ᾧ (5) is rapid, and that the form of 
w~(n) (among those written above) whose increase is least 
rapid, and for which (22) does not tend to 8 for «=1, may 
be 2". 1 propose to show that this conjecture is correct— 
incidentally I shall be led to some formule connected with 
the function 


Fife) =e πω n0—..., 


* It can be shown directly that if the increase of y(n) is sufficiently rapid the 
function 
Ψ () (1) ΨΩ). 


oscillates between finite limits of indeterminations forz+1. See Bromwich and 
Hardy, Prec. L.W.S., er. 2, Vol. 2, p. 171, and the last paragraph of this paper. 
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where a is an integer 22, which seem to me to be of some 
interest. 


§8. In the first place I snall give a very simple proof, 


suggested to me by Mr. J. H. Maclagan Wedderburn, that 


F («) oscillates between finite limits of incgtermination for 


ὦ ΞΕ 1. 


It is clear that F(x) satisfies the equation 
(1) Τὶ (α) + F(x") =a. 


Also we can determine a function of the real variable z, 
which satisfies this equation and is regular atw@=1. Sucha 


function is (as is easily verified) the function 
ΘΟ tlog (1 /a)}" 


ΚῚ 


The function 
6,(«) = Τ᾽, () -- Φ, (@) 
satisfies the equation 
4,(c) + 0, (0") 20. 

Moreover it is obvious that 0, (x) cannot be identically zero.* 

Now 0 (x) = -- 8, (a) = 8 (a) = 6, (a) 
for all positive integral values of a: or if 

θ, (α) = O, {log log (1/a)}, 
0, {log log (1 /«)} = ©, {log log (1/a) + 2p log a}. 

Hence @, (x) ts a periodic function of loglog(1/x), with a 
period 2 loga. | 

But as x tends to unity loglog(1/z) tends to - 0. Hence 
0 (x) oscillates for x=1. 

Thus f,(x) is the sum of two functions, one of which tends 


for z=1 to the limit 3, while the second oscillates; and 
therefore f, (a) itself oscillates. 


§9. There is another method of an even more elementary 
character by which we may attempt to establish this result. 
It does not indeed succeed completely, but is interesting in 
that it leads to numerical results. 


ἘΦ, (a) is an integral function of log(1/x), with an essential singularity for 
x=0; Fa(x) is regular at «—0, and has the unit circle as a line of essential 
singularities, 
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Since 
(2) + F(z") =a, 
it is evident that ¢f F(a) tends toa limit for e«=1 that limit 


must be 4. Hence if we can prove that for an infinite series 
of values of x, whose limit is 1, 


F,(2)>44+8 (8>0). 
it will follow that J, (x) oscillates for v=1. Now 


F(x) = 3 (a -- 20") = Σ u,(a), 
yv—0 y—0 


say. All the terms ὧν (22) are positive. Also u, (x), considered 
as a function of x, is a maximum when 


anna” ar’ gat! ae 0, 
a” = (1 /a)'/(a-1), | 
u,(%)=(1/a)ie-t) — (1/a)a/@-) = (1 fa)'e-1) (4 — 1 fa). 


If this is greater than 2 the question is immediately settled. 
Now, if a=5, 


(2)* (1-3) > 4 x66 >°52. 


Hence the series oscillates when a =5, and it is easy to see 
that the same conclusion holds for any larger value of a. 
The limits of oscillation for a=5 extend at any rate beyond 
‘48 and °52. For a=6 they extend at any rate beyond "42 
and ‘58. When a is large | ) 


(1 fa) Mat) = 1 208% (3 | 


a—l a 


(the square bracket denoting the order of the omitted terms). 
Hence, when a is large the range of oscillation is very nearly 
the whole interval (0, 1). 

When a=2, 3, 4, 


(1/a)'/(@-1) (1 -- 1 [α) «3, 


and this proof fails. In the cases of α -Ξ- 8, 4 it may (as Mr. 
Wedderburn has shown) be reestablished by taking account 
of the values of the terms adjacent to τὸν (x), when 2 has the 
value which makes τν (ὦ) a maximum. And, of course, for 
x= 5, 6, ... the limits of the range of oscillation given above 
may be extended by taking account of these terms. When 
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m= 2 it does not seem possible (at any rate without laborious 
numerical calculations) to complete the result in this way. 


810. The actual form of the function 6, (x) of §8 may be 
found as follows. Take the contour integral 


[ree Yaa 
round the rectangle 
—x+tH, —~«-tH, N+1+tH, N+14+i94, 
where YU, N are large positive integers and 


-- (2M + δὴπ 
~ Ἰορα 


and « 18 positive. 

First make Mtend tow. If w=&-+7, and | 7| tends to 
co, while || remains between fixed limits, [Γ΄ (u)| tends to 
zero like 

ο΄ ἐπίῃ), 
Moreover, if 7 = pe'®, and y” has its principal value, 
| y" | = ef logp—np 
and 80, if 
-ὐπτεςφ (ὁπ--ε; 
ΓΓ (—u)y"|<eeinl. 
Finally, if u=& + 11, 
a*=1a', 
and so |1+a“|>1, as & varies from —« to N+4; and 
similarly if «=¢—7H. Hence, when M tends to infinity, the 
contributions of the sides of the rectangle parallel to the real 
axis tend to zero; and hence 


K+100 N+}+t0 ᾿ . 
(-| i ) I'(- wv) aie -du=2ridR, 
—K—100 N+4—t0 l+a 


where R denotes a residue of the subject of integration at a 
pole within the strip bounded by the two lines of integration. 
Again, 


Γ(-Ν- ὁ -ὴὴξ 


vis 
~ sin {(N+4+42n) ἘΠ) 0 (N+8 4m) 
Osa 
~ 1(N+34+%%) coshyw’ 
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from which it follows immediately ‘that the limit of the recti- 
linear integral along the distant side of the contour vanishes 
for N=oo. 

Hence in the limit 


—K+i00 
(1) - TC ra τὸ ἄπ τε ὩπύΣ ὶ, 
the summation being now extended to all poles whose real 


part >—«. 
There are two series of poles. The poles u=n, where x 
is a positive integer, contribute 


eer 
The poles of 1/(1+a%) are given by 
_ (2k+1) at 
~ Ιορα 
where ἢ is any integer; and these poles contribute 


: Sr |- Oa y{(2k+1) ni} /log a, 
loga aa log a 


where 
(2k + 1) men 


yl 2k+1) mi} /loga -- exp ἘΠῚ 


logy having its principal value. 
Hence 


@ -[ γος 


1 Σ r [- Ὁ yeep /oga | . 


~ Jog aw loga 


Ydu=2ni|— 5 3 (-)" 5 
Ὁ nl 1-Ἐ αἱ 


πους du=— Y,+ ¥,~Y,+..4(-"¥, ἘΠ 


—K—710 
—K-+100 ᾿ 
where γι:  TCu)y"a™du, 
J --κ--ἴοο 
a Raye pe wy a 
an w= ( ) τ πὸ J 1+a“ ᾿ 
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Since | a 
it is easy to see that lim 1, Ξε 0. 


The integral Y, may be evaluated by the method used 
earlier in this section. We find that 


τε πὶ Σ [-ς μα" }" 
ΠΟ ἜΝ (ψα") 


= πιο να" 


Hence finally, ὑ -—7/2+e< am y<m/2—e, we have 
proved the relation 


2 ee (-)* y" 
~y — a —ya ἘΞ 
(8) e~Y¥ —e- Ye + ey +... x ar ae 
4 1 $ r{- ae y{(2k+1) qi) flog a, 
log a —. log a 


§11. In this equation we put 
e’=x, y=log(1/2). 


Then R(y)>0, if |w|<1. The positive half of the y- 
plane corresponds to the interior of the unit circle in the «- 
plane, taken however infinitely many times over. 


We suppose 
x=re®, log (1/x) =log(1/r) — ἐθ, 
where —-7<O0<7m, 
and make the logarithm one-valued by a cut along the negative 
real axis. Within the region thus defined 


τ ον. 


o πὶ 1- α" 
;ς Cr+ os 2k+1)mi} /loga 

sayy τῷ ' eee} How (4/2) 2b tes, 
where {log (1/a)}"= exp (n log log 1/x) 
and {log ( [“) [δ )πῷ poeemoxp| 0" log log (1/ 4) : 
and log log (1/a) = log {log (1/7) — 16} 

=log [flog (1/r)}? + 67] -—¢tan™ [0/ {log (1/7)}] 
where -- ἀπ <tan[9/ {log (1/1r)}] « ἐπ. 
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The series F(a) has the unit circle as a coupure. The 
series ΣΟ {log (1/ar)}" U/a)} 
ni 1+a 
tion of log (1/a). It is interesting to notice that these two 
functions may be directly transformed into one another (of 
course by a purely formal process) as follows. In fact 


is on the other hand an integral func- 


> > (-—)""" ¥y a εἰ (-)" e-ya", 


(n)(m) m | 
mtn y die se #21 ψ ‘ 
= ΝΣ (-- =a = ee 
a ) γε ἫΝ ) mi({1+a") 
The doudle series 
- s (-y"™" a, ie 
(m, 2) mM ! 


is of course divergent. 


§12. It is interesting to notice the corresponding formule 
connected with the function 
WV, (e)=x+u%4+ eV 4+..., 
which evidently tends to +o as ὦ tends to unity. The 
functional equation is in this case 
ψ,(α)-- (a) =m. 
Now the function 


ΝΕ Ne flog (1 /a)}" log log (1 [x) 
Xa(®)= 2 — Ty gay ~~ Joga 


is also a solution of the equation, and 


θ, (Ω) = ψ, () --χ, (ὦ) 
satisfies θ. (ω) Ξ- 9. (α5). We deduce, as before, that θ. (a) is 
a periodic function of loglog(1/a), in this case with a period 
log a. 
Hence 
e+ w+ a0 4, — OBOE A/2) | 4 Cy 
loga 

where A(x) is a function of a which oscillates between finite 
limits of indetermination as x tends to unity. 


That 
H+ t+ ge? μι Blog ( [x) log {1/(1-a)} 
loga loga 
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for 2=1, 1s easily deduced from known theorems. For let 
a" s vSa"™", Thesum of the first ν coefficients of e+ 7% +a +... 
is 2n+1 and <n+2. That of the first v coefficients of 
log {1/(1—- x)} 18 

1+3+4...41/v=logv+y+e,, 
where lime,=0. The ratio of these two sums lies between 

(n +1) (n + 2) 
log(@™) +746,’ log) ++,’ 

where ¢, and e, are small when 7 is large. Hence the limit 
of the ratio is 1/loga; and therefore 
τ log {1/(1—2)} 


e+ 0% + χα +... 
loga 


§13. The explicit formula corresponding to that of §11 
may be deduced from the integral 


[row δ du, 


αὖ -- 


The argument is exactly the same, except that the residue 
for u=0 requires especial calculation. We find that 


arias ας es God ee 
τ τὸ I (— u) ty te πὶ ἘΞ CEST 
] 
ει renarey δος » 
loga εὖ 2 loga+y) 
1 Φζπῖλ οχπὶ ; 
ὥς το ΟὟ ἘΞ πὶ [Ἰορα 
loga ἘΠ ( ieee J ᾿ 


the dash denoting summation with respect to all values of & 
but k= 0. 
Hence we deduce 


2(-)"*{log(i/x)j" 1 


x + xt + αἱ +2 ni (a"—1) er he ὧν 
ως οὐ τὺ (- ἐπὶ 1 /e)} 2keri /log a. 
+2 log a ΤΩ ὴ loga τ τὰ 


814, The considerations of §§ 6--10 are capable of gencrali- 
sation.* 


* The substance of this section was pointed out to me by Mr. Wedderburn. 
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Let us consider the difference equation 
4) I (&) +f (ax) = (2). 
A solution is given by 
(2) f(@)=2(-Y'9 @2), 


if this series is convergent. 
Let us suppose this condition satisfied at any rate for real 
positive values of 2 And let us suppose that 


g («) = Bac" 


is a function of a expansible in a Taylor’s series. 
It is evident that 


(3) F(a) = 3" 


is also a solution of (1). In the particular case hitherto 
considered we had 


g(z)=6", f(@)=3(-Yews, 


—)" n 
F(x) =% τ τα τα 5 


The functions f(~), 2 (2) may be formally transformed 
into one another as follows: 


J(@)=3(-Yg (ae) = Σ (Yaar 


=2 > (--δ" μα αμν 
(μ) (ν) 


O00" 
ε΄ 


but, as the particular case shows, they will not be really the 
same function in general, the double series being divergent 
and the two repeated series not equivalent. 


1 : 
§15. If, 4... 9 (@) area our two solutions are 


1 1 + 1 
l+az il+tax l1l+ae """ 


161 


162 


Mr. Hardy, On certain oscillating serves. 285 


and 
x x" 
4 iin ba 

The two functions are obviously not identical: the first 

has poles for 
e=-1, —1/a, —1/a’, 

and therefore has the origin for an essential singularity: the 
second is regular at the origin. 

Arguing as in ὃ 6 we arrive at the conclusion that the 86) 768 

1 1 τ 1 
1+a 1l+axn 1-:αΐὰ 


9994 


ese 


oscillates as x tends to zero along the positive real axis. It ts 
equal to the sum of a function which tends to ᾧ for x=0, and 
a pertodic function of log x. 

The explicit expression of this function may be obtained 
much as in §8. We use the contour integral 


hy 
lane oe du, 
Βιη πο l+a 
and we find 
1 1 1 eo a 
Ια; 1l+axn1l+ame""" ? Ilya 1+ 
Qn osin{{(2k + 1) logz}/loga] 
loga ‘yt sinh[{(2k+1)a}/loga] ᾿ 
The series on the left furnishes another simple example of 
a series which does not tend for a limiting value of ὦ toa 
limit equal to the sum of the divergent series 1-1+1..., 
which is its limiting form. 
We can obtain more general results concerning the series 
αἱ — λοίαρα + Χ2ρδιαρραῦ —,,., 
1 rere 22a 
ite 1+ae 1+am% ~” 


where A and a are real, by considering the contour integrals 


a aS - 8 ἢ 
[τι 0 1+Ae"a" ἕω ΕΞ 1-λο αὐ" ὡ 
The behaviour of these seriés as ἃ tends to 1 (or 0) may 
also be discussed by the elementary methods of §§ 8, 12, 14. 
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§ 16. The series Ξ- Οὐ ν which occurs in §8, may 
: o n! (1 + a”) ' : 
be transformed as follows :---- 
2 (-)"y" 2 Εν: 


> = _\m-1 πῆι 
οπὶ( Ὁ α") δ ἘΣ n! a) ἡ 


= 3 + 3 ΟΣ (— x ) 
m=1 n=l Ns 


πὸ ἘΣ (ΟΣ (9-1) 


m=1 
=} - (1 - e-y/*) + (1 — e-9/2") Tones 


This transformation is legitimate, since the double series 


is convergent. 


This transformation may also be deduced from the contour 
integral of §10 by supposing « <0 (which cuts out the zeroes 
of 1+”) and expanding 1/(1 +a‘) in descending, instead of 


ascending, powers of a”. 
Similarly 
Σ ΟΝ ἊΝ = (1 -- e-9/4) + (1 -- τ υ]α) + (1 + 6 νυ] +... 
yni(a®—1) 
§17. I return now to the series 
= (—)"abim 


considered in §7. The case next in interest is that in which 


v(m) =n!. Let then 


F (a) =a — ol! 4 2! — bt 4... 


00 ὃ 00. 
y=0 v=0 


say. The maximum of τὸν is given by 
οἷν! πε ῶν + 1)-1/2v, 
Then οἷν! = e—log (2v+1)/2» is nearly equal to unity, while 
ge2v+l! — (2 ν 1 γῶνεη ιν 


is small and of order 1/v, αΡῈΣ is small of order y-», and so on. 
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We deduce that 


Uy + Ut +...=1—j1/r]. 
On the other hand, 


1 
2v—1! — Bo ee δος: 
x exp | mas er +1) 


ΠΕ: |. 
» ᾿ 


logy} 
arti —| 3 ], 


and so on. Hence we easily deduce that 


] 
uot u, ον. Ἢ {{ν--1 >= | “5 "| ° 


Thus, for ὦ; = (2v + 1)-1/@v.2v)), 


fe) =1- (1/0) 


It is equally easy to show that, for ὦ = (2v +2)-T/(@v41)Qv41)8, 


J (x) = [1/v].. 


Hence f (x) oscillates for ὦ =1, the limits of oscallation being 
precisely 0 and 1. 

The same conclusion obviously holds for all the forms of 
y(n), included in our table of ὃ ὅ, whose increase is greater 
than that of n! 

Thus our general view of the behaviour of series of the type 


αΨΟ) — el) + ον (2) —... 
for ὦ Ξ 1, y(n) being an increasing function of x of a regular. 
and simple type, such as 
ἢ, nt, ms oo, 2%) 8%) ..0.0 nt, (nt). 
is this :— 
If the increase of y(n) is not too rapid, the series tends for 
2 =1 to the limit 4, the sum of the divergent series 


t—-1l+1—.... 


When the increase of Ψ (n) passes a certain limit indicated 
by the vertical bar the series oscillates fora=1. The swing 
of the oscillations is greater the greater the increase of Ψ (n). 
If the increase of y(n) is greater than or equal to that of πὶ 
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the swing covers the whole interval (0, 1). Beyond these 
limits it obviously cannot go. 

I may remark in conclusion that it was shown that in a 
footnote to a paper, by Prof. Bromwich and myself, which 
appeared in 1904 in the Proc. Lond. Math. Soc.,* that functions 
of this kind could be constructed directly. It is easy to show 
by the method there outlined that 


LPo— LP1 + LP2—... 
oscillates for ὦ =1, if 


(1) Por > pv’ (Ε 1). 


This condition, however, postulates a very rapid increase 
for the indices. It is satisfied, e.g. by the series 
atx τα ἫΝ re + a eee 
It is interesting to see how far one may limit the increase 
of the p,’s without impairing the validity of the conclusion. 
The most that I have been able to do in this direction is to 
replace the condition (1) by a condition of the type 


(1) ρνῃ» Kvp, log p,. 
This is satisfied if 


p= (»}}. 


But the results proved in this paper show that the series 
do begin to oscillate for «=1 for values of p, considerably 
less than this. 

I have in the preceding pages (except for the general 
theorem of §4) considered only particularly simple functions 
of quite special forms. It would be easy to generalise the 
results: but the points of real interest seem to me to be quite 
adequately illustrated by these special cases. 


* Series 2, Vol. 11, p. 171, 
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CORRECTIONS 


p. 271, footnote, line 3. For < read >. 

p. 273, line 4. For B,,, read B,_}. 

p. 275, line 6 up. For o,_, read σ᾿»... 

line 5 wp. For ‘has the sum s’ read ‘is summable to sum s’. 
line 4 up. For § 3 read § 5. 

p. 277, lines 7 and 5 up. For f,(x) read F(x). 

footnote, line 1. For ®,(a) read D, (ἡ). 

p. 278, line 2 up. For x = 5,6,... read a = 5, 6,.... 

p. 279, line 1. For n = 2 read a = 2. 


». 287, line 3 up. The ‘vertical bar’ should be between n3,... and 2”, 
in line 9 up. 


p. 288, line 3. For ‘shown that in’ read ‘shown in’. 


COMMENTS 


The paper of Fejér, referred to in §§ 1 and 3, isin Math. Annalen, 58 
(1904), 51-69. Fejér gave sufficient conditions for a series > a, p(nt) 


_to converge and its sum tend to 8, whenever Σ᾽ dy, is summable (C, 1) 


to 8. The present paper is concerned with the cases ¢(nt) = e~™ or 
ee 

Hardy extends Fejér’s theorem in 1907, 6. A further extension 
was made by Bromwich, and the final necessary and sufficient 
conditions were obtained by Kojima and Hurwitz; see the Com- 
ments on 1907, 6. 

In D.S., pp. 58-9, Hardy proves the theorem of ὃ 4 by applying 
Toeplitz’s theorem of 1911 to the transformation 

= LS" B, A(cq/b,) Be +o β 
Yn σι 5 Tr ΤΙ ΤΥ Cc. δ, nh? 

where Au, = Un—Uyi1- The analysis shows that, ifb, > 0,c, > 0, 

C, = © and c,/b, is monotonic, then y, > 8 whenever B, > 8 
if and only if (H): By/by, < HC,/c,; when c,/b, decreases condition 
(H) is always satisfied. Compare Garabedian and Randels,t who 
gave necessary and sufficient conditions in the case where ¢,/b, is 
not assumed to be monotonic. In the footnote to the theorem, 
Hardy attributes case (a) to Cesaro.{ In 1910, 3 (δ 8, footnote) he 
attributes case (δ) also to Cesaro.§ Hardy, however, proves rather 
more than Cesaro. 


+ Duke Math. J. 4 (1938), 529-33. 

t Cesaro (1), Bull. des sci. math. (2), 13 (1889), 51-4, 

§ Cesaro (2), Atti d. Reale Accad. d. Lincet Rend. (4), 4 (1888), 452-7; | 
see also Cesaro (3), ibid., 133-8, where he gave an earlier proof of case (a), 
deducing it from the theorem in Cesaro (2). 


Cesaro (in papers (1) and (2)) proceeded from the formulal| 


W, 1 5 
Yn = Ba G" Bn, 2 w/B,), 


where w, = B, A(c,/b,). He observed (in paper (2)) that if ὃ, > 0, 
Cn > 0, X Cy = ©, C,/b, is monotonic and (i) > w, diverges, (11) 
W,,/C, = O(1), then B, -> s implies y,, > 8. 

Condition (ii) may be written: 

Br/Onga < KCy/eni- . 
This implies (H) if c,/b, increases, but there are sequences for 
which (ΕΠ) holds while (1) does not, e.g. 
b= 2", 6, = 2"; 
thus (ii) is not a necessary condition. When c,/b, decreases (11) 
always holds. 

Cesaro proved (in papers (1) and (3)) that (1) holds whenever 
c,/b, decreases to the limit zero. But condition (i) may be omitted. 
For if > w, converges, then W,/C, = 0(1) and the conclusion still 
holds. 

Cesaro gave as an example (in paper (2)) the result that the mean 
with weights 1*, 2*,..., where k > —1, is equivalent to the arith- 
metic mean. 

The example in ὃ 5, showing that the mean with weights 1, 3, 5,... 
is equivalent to the arithmetic mean, anticipates the result that 
the Riesz means (Rf, n?, 1) and (R,n, 1) are equivalent; see 1916, 5. 

Maclagan Wedderburn’s proof tf that > (— 1)™x oscillates as 
x -Σ 1 (δ 8) holds for all real a > 1, if non-integral indices are 
admitted; see D.S., p. 77. The remarks about oscillating gap series, 
in § 17, arise out of a construction in 1905, 2 (§ 6, footnote), by 
Bromwich and Hardy. The culminating result is the ‘high indices’ 
theorem, proved by Hardy and Littlewood in 1926, 5, which may 
be expressed in the form: if py) > 0, Pa4i/Pn > 8 > lforn > 0, and 
the series > a, x?n converges for Ὁ < x < 1, then tts sum oscillates 
as x > 1, 1} and only tf > a, 18 divergent. 


|| The notation is that of Cesaro (1). 
Tf Also given in 1907, 6. 
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Some theorems concerning infinite series. 
By 
G. H. Harpy of Cambridge, England. 


1. In the course of his most interesting memoir ,,Untersuchungen 
tiber Fouriersche Reihen“*) Mr. L. Fejér proves the following theorem: 

If Xa, is a divergent series swummable by Cesiaro’s method of mean 
values — i. €., if 


‘ So Sy ΤΡ ΞΡ δὴ 
na ntl ’ 
where §, Ξε αρ τ αὐ -Έ "τ. - α,,, 7s a determinate and finite quantity s; and 
if p(t) is a continuous function of t such that p(0)=1 and 
M d? yp M 
φί(ῇ «Ὁ; ae < BH? 


where M and 0 are positive constants, for all values of t>1: then the series 
Xa, φ (nt) 
as convergent for all positive values of t, and if F(t) denote its sum, 
lim £'(¢) = s. 
t=0 


The following pages are the result of an attempt to generalise this 
theorem in two directions, (1) by considering the case in which the 
series Xa, is summable only by repeated applications of the mean value 
method of summation, (2) by replacing φίλ) by a function of the more 
general form g,(¢). I have thus been led to a number of results which 
seem to me to be interesting, and which I have found useful in applica- 
tions, more especially in the theory of elliptic functions. 

2. I shall suppose throughout that, for all positive integral values 
of n, o,(t) is a function of ¢ continuous throughout a certain interval 
which we may suppose to be (0, 1). And I shall use the notation 


Δφ, = Pn — Putt) A? Pn = Pn -- 2 Png T Pages 
----------- ----... A’ gp, = Pn 7 SDn4t + 3 Paso ome Pn +43) 8 6 
*) Math. Annalen, Bd. 58, pp. 51—69. 


1907, 6 Mathematische Annalen, θά, 77-94. 
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for the successive differences of the functions m,. Further, | shall say 
that Xa, is ‘summable (k), if the first of the quantities 


δὲ --- ὦ +4,+:°:-+4,, 


ay 1 : : : 

δὴ — nti (Sp + 5, ἘΠ ----+8,), 
1 

n+1 


1 1 (1 
(oe) aay) he panes ee 


ΓΝ 


which tends to a determinate limit for Ἢ = oo, is s“). The series, when 
convergent, is summable (0): this simple case is included in all the results 
which follow, by taking 4 = 0. 

The first theorem which I shall prove relates to the case in which 
φ,, Δφ,, A’g,, ---, At'g, >O for all values of » and ¢ in question. 
The simplest example is given by 

g(t) =e" =a" (w= e~') 

in which case we obtain the well known results of Frobenius and 
Hoélder for power series. 


) 


3. Theorem 1. Jf (1) Xa, is swmmable (k) to a sum 8, 


(I) 9, 29, Ap, =9,---, Abttg, 20 
for all values of n and t in question, 

(IIT) Xn y,, 

15 convergent for t > 0, 

(IV) lim φ, ({) = 1 


tor every n; then the serves 
PG) = 2a,9,(¢) 
15 convergent for ὁ» Ὁ and 
lim F(t) = 8. 
t=0 


It will be most convenient to prove this first in the case when ἦν = 1. 
Since*) 
a, = (n+1)s? — 2ns?, + (n—1)s%, 
and lim 507) = s, it is clear that lim “2 -- Ὁ. Also 


oc 


F(t) = >'4,9,0 = > { (70 + 1) 5 -- ons”, + (n— 1) 51} 2} y,, (t) 
n=0 


a= 
= >)(n4+ 1)s0? A’ φ,; 
n=O 


Δ) In this equation 5.1}. s'?, must be interpreted as being equal to zero. 
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the rearrangement of the series being legitimate in virtue of the con- 
dition (III). We now put 


= 6s (lim ε, = 0) 
and deduce 


ΤῸ = sgt) + > @+1e,A°9, 


ἀξ 


Ν--1 oo 
= ϑφρ(ἢ) +> ahi >= spy(t) + fy + fi, 
0 Ν 


say. 
Choose N so that |«,|< εἰ ἢ WN). Then since A?m, > 0 
| By} < > (n+ 1) Δέφ, = (N+ 1 gy — Now}. 
AV 
But 


N 
(N+1) (py — Hy +1) <> ,— 941) < Po < M, 
0 


and gy+1< φῦ < M, where M is the maximum of qgp. 
Hence | 
|R,|<2Ms. 
But when WN is once fixed 
lim sg, = 8; hm &, = 0. 
ἐξ f=) 


Hence lim F(t) = S, and the theorem is proved in the case of k = 1. 
t=0 


4. In order to prove the theorem in the general case we shall 
require two Lemmas. 
Lemma A. Ζῇ 9, >0, Ag, >0,---,A*t1@, = 0, then 
(I) Xn'A't*q@,, is convergent for 4=0,1,---,h, 
(HT) n*ttAttig, < K, where K is a constant, for 4=0,1,---,k—1 
and for all values of n and t. 
(10 lim 2*+1A‘+! gy, = 0 for A=0,1,---,h —1 and any particular 
value of t. 
We have already proved the truth of (1) and (Il) for 4=0. To 
prove (III) we observe that since 2Ag, is convergent we can choose N 
so that for N’ > N 


τ 
(N’—N)Agu <> δφι « ε. 


N+1 


Taking N’ = 2N we see that NAgoy « ε, and so hm NAgy = 0. 
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Now assume that the conclusions of the Nemma have been established 
for 2=0,1,---,;u—1(u<k). Then 


0 


Δ Ν 
> nt Aut 1D, => { nM -.. (ι — 1)« } AY Pn — N« AY ΠΥ 
1 


The last term has the limit zero for Ν᾿ -ῷῷοο, Also, since 
nm — (η,ὄ- 1} « Κη 15) 
the series Σ {215 — (n—1)"}A“g, is convergent. Hence ΣΉ A“t'g, is 
convergent: moreover 


Dn" AY + 1, < ΚΣ, - TAY φ,.- 
Again 


N N 
At&t ‘oy > att ἘΞ 2s ni A“ + 1p, < K 
0 0 


and therefore 
Nett aut py <K. 

Finally, when ¢ has any fixed value we can choose N so that for 

ΜΝ 


N’ 
De bitty, < ε. 
ΔΙΈῚΙ 


Taking Δ΄ - 2N we deduce 


2N 
A" +1 Q0 y > ,1! < E 
N+1 
and therefore 
lim N“t+taAtttoy = 0 


N=0 
for any particular value of ¢. 

Hence if the conclusions of the lemma are valid for 4=0, 1,---,u4—1 
they are valid for 4 ww. The lemma is therefore .proved.**) I will 
only observe that, as the convergence to a limit postulated by (III) is 
generally not uniform for all values of ἐ, (II) is not a mere corollary of (IIT). 

ὅ. Lemma B. If p<q<k+1, and f,(m) is a polynomial of 
degree p in n, the series Xf,(n)A%p, 18. convergent, and 


a p 
Dp arg, -- SAY At (Wa gy. 
N v=0 


? 


*) I use A in the manner introduced by Borel, viz., to denote a quantity not 
necessarily the same in all inequalities, but always lying between certain fixed 


aks 1 
limits, e. g., 1000 and 1000. 


**) All three conclusions of the lemma hold up to 4=k—1. The first may 
be extended as above to the case4 =k. ~ 
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The convergence of the series follows immediately from Lemma A. Also 
N’ 
> fmdry, oa ΑΝ) A "pw ala f,(N) At "Py'+1 
N 


+>) (fp 41) -- fy(n)} A pags 


and therefore, using the results of Lemma A, we have, in the limit 
for N’= oo 


> folma'y, = fy( NAM py — δ᾽ AF (WA, ει 
N N 


Repeating this transformation p times, and observing that A? + ‘f, (1) =9, 
we obtain the result of the lemma. 

6. We may now proceed with the proof of Theorem I. If lim 50) =s 
if is easy to see that 


ΠΝ 1) (k— 2) 


. 8 
-- Ὁ, lim 


0 ime lim —" = 
eg. es im | = ’ 1 πε = : 


lim - 
7} γὲ 


Hence the series 
Σα, φ,» Σ 5. Ὁ,» ans) y,,, : ee an's® yp, 
are absolutely convergent for ¢>0. Also 


co 


a c= Soros A? 9, 


-> (n+1)'s—n(n+1)3? 1} Δ’φ, Ὁ 


-> ((n+1)* sf ) ay? lA’ yp, —> nso, A’ gn 
1 


οο 


-Σ (n-+1) sa? Pr -> ῃ 52 A φα. 


ι 


By a repetition of this transformation, applied to each of the above 
series, we find 


[5.0] 


> an Pull) ΞΣ (n+1)° sp Δ΄ φ, -- δ᾽ Bn? Ἐπ) δι δ᾽φ, 
0 1 


ἸΣο- {γον A? pn; 


*) Here again 8.3) must be interpreted as being zero. 
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and by repeated application of the transformation we find that 


() FW) -3)0.9.09 -S- ve. (12) 3 pA? * gy, 


where fx. .(”) is a polgnomia in m of degree ἢ --- yw, whose leading 
coefficient is positive; and in particular 


fi? (n) = (n+1)*. 
The only point which requires proof is that the first coefficient in 


“ὦ μ( 01) is positive. Let us suppose that this has been proved for all 
values of ἡ up to a certain value. When we transform 


k (1) ἌΡ 
5 1 Sn— ud “Qn 


as above we obtain 


oo 


> Ίω-- με ΚΣ w() Sn --- (ἱ -- μὴ) ἢ ἢ (my sera} API p 


μ 


= DM et DAH EP — APA DEAE 


>> (n—p) {On Οὐ — FO. (n—1)} SPP δότστας, 


ΜΈῚΙ 


-Σ (MBDA (Δ) 8. 1 ΔΕ τ τ φ, 


ΤΡ (ι-- μ) (Ὁ, () — fee μ0ι---1}} Spree" gy. 


etl 


Similarly 


Dy: eee) Lares aa 2.— Do—of ps AA ἔα, 


ert ΜΙ 
-> (n—w—1){ oe 1 (n) — a τ uni r—1)} ea AK . 
fe+2 


Combining the two terms in these expressions which contain 


k+1 k+1— 
8. ἈΠῈ ae φ, 
we see that 


ΔΤ Οὐ = (n—p) { (O(n) — fe (m—-1D) + fe u-i(n)}, 
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an expression in which the leading coefficient is obviously positive. It 
is therefore established by induction that for all values of k and uw the 
first coefficient of fi-,.(”) is positive. Now when & is once fixed we 
have only to deal with a limited number of fonctions of this kind, and 
a value of n can therefore be assigned from and after which all the functions 
are positive. 
7. We return now to the equation (1) and suppose that s® tends 
for Ἢ = oo to a finite limit s, so that 
s) = s+ &, (lim «, = 0). 
If we substitute s for s® throughout (1) we obtain what would have 
been the value of F(¢) if we had 
Aj=S, a,=9 Gz>0). 
Hence 


ἀ-- 1 a) 
(2) F(t) = φρ + S(-1)! SR u@a_ A" g, 
μ-Ξ0 μ 


ἀ--1 N-1 ου 
= 90+ ΣΟΙ 5+ >) 
μΞ0 \n= N 
= ϑφρ() τ ὦ + fh, 
say. We suppose N so chosen that for »>N (I) all of f{2,(n) are 


positive, (II) |e,_,|<¢. Then, since the differences A‘t+1-“g, are all 


positive (or zero) 


k-1 o@ 
Pel <a) SR a(n A" g,. 
ξὸ N 


We have now only to prove that for u=0,1,---,4k—1, for all 
values of N, and for O<t<l 


Dee Οὐ At", <K. 
Ν 


For then 
1} « εἴ 


and as lim sg,(¢) =, and, when W is once fixed, lim R, = 0, we shall 
t=0 


have proved that 
lim F(¢) = 5. 
t=0 


8. But by Lemma B 


k— te 


> fal) δ᾽ “τῆ, => (-1)a" bou( NA" prey. 
Ny. ai 
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Also 

A’ fe) (Δ) < KN” 
and by Lemma A 

ΝΕ ΞΥΔΙ Ξε νῶν « K 
for k —wu—v=0,1,2,---,k. Hence 

A’ fe u(N) Apna <K 
for 
vy=0,1,---,k-—u; w=0,1,---,k—1. 


οο 


Dek ‘Dn «ΚΑ 


N 


Hence 


and the theorem follows as was indicated in the preceding paragraph. 

9. Applications: limitations of the theorem m practice. The preceding 
theorem is simple, and interesting on account of the apparently natural 
character of the conditions which restrict its application. In practice, 
however, these conditions prove unduly narrow, and exclude a number 
of very interesting cases for which the result is true: and in order to 
deal with these cases we shall find it necessary to prove some supple- 
mentary theorems. 

1). (ὃ) 1ὖ' g@=e" (or = 2", if ᾧ τὸϑι ετῦ 

Δίφ, = χ"( ---αὐὐ 5 0. 
and Xn’, is convergent for ¢>0 (2 « 1) for any value of Δ. We thus 
obtain the known results of Frobenius*) and Holder**). 

(II) In general, if ,(¢) = m(nt), and for u>0 

p(w) > 0, φ' (ὦ) «0, p(w) >0,--: 
all the differences of the functions m, are positive. We can apply this 
to the functions 


1 a 
GP“ =Giy b>), φί) -- 6" O<a<)). 
In the first case it is obvious that the conditions are satisfied; in 
the second case we observe that 


— κα 


a 
Dare ee ; 


” «(1 — a? Je 
ow) = {Siow + ana} 
and generally m®(a) is of the form 


(—1fe" S' (a, >0, 4,>0). 


uv 


*) Crelles J., Bd. 89, p. 262. 
**) Math. Annalen, Bd. 20, p. 535. 
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The theorem may therefore be applied if m(u) has either of these two 
forms; but in the first case we must suppose also that s>k+1, so as 
to ensure the convergence of Xn‘p,. Hence if La, is summable (k) 
the series 


ay Ae τ 
ἄρ +- a+ δ᾽ + + 26) ἝἜ as -(s>hk+ L) 
and 


ἀρ aye ™ + age (50 4... (0 «ἃ « 1) 


are convergent for t>0; and the lint of each for t τε is the sum of the 
series L'G,. 

2). (1) In the case of Dirichlet’s Series the theorem fails to give us 
any information. This, however, is not due to the special conditions 
which we have chosen, but is inherent in the nature of the case. 
Suppose, for example 


φ,() = (w+ 1} 


Then all the differences are positive, so that the characteristic con- 
dition of the theorem is satisfied. The theorem however fails because 
a,9,(¢) is not necessarily convergent for ὁ» 0, Take 6. g., the case 
of k =1. The series 


Vi-V3+V3—-. 
is summable (1), but the series 


t 


Z(—)*- '(n+1)2 


is obviously divergent for ¢< = And in fact Dirichlet’s Series must 


be dealt with by theorems of a more general character, which permit 
the series to be divergent but summable throughout the whole range of 
values of ¢ and not merely at one end. Such a theorem I have proved, 
in the case of k= 1, in a recent paper*) in the Proc. Lond. Math. Soc., 
where I have shown that “f φ,, Ag,, A’g, >0 and Xa, is swmmable (1), 
then La,Q, 1s uniformly summable (1), and tts sum is, therefore, a continuous 
function of t. 1 do not doubt that the obvious generalisation of this 
theorem to the case in which ᾧ >1 and &£+ 1 sets of differences are 
positive, is true: but I have not up to the present been able to prove 
it to be so im all cases. 

(II) There are however cases in which the result stated by the 
theorem is in fact true, although the conditions are violated owing to 
the fact that the differences are not all positive. 


*) Proc. Lond. Math. Soc., Series 2, Vol. II, pp. 247—265. 
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If 
ΠΝ 
φ,() = Foes eg 
(where g = e~‘) 
A α΄ (1 — q) > 0, 
Pe Ga Matt) = 
ὃ Ν φῖ(ι ag get) 


te DS cA 


“Gear ate =” 


but the third differences are not essentially positive. Thus the theorem 
shows that 


; 2q 29° 2q° a Υ] 
lim (745 aye tape poi-itin-= 


but not that 


ΟΝ Ale RPS OO gees ἘΠ ΕΠ: 
lim (5 - 11 αὐ 11’ τ εν... 4 
as the last divergent series is only summable (2). Similar remarks apply 
to the series 
2n+1 2n+1L 


α͵, α΄ eee a4 


which occur in the theory of elliptic functions. On the other hand if 
gy, (t) = log (1+e-”‘) = log (1+ 9”) the third differences also are essentially 
positive, but not the fourth; and the theorem applies to the .cases 
ἢ =0,1,2 only. Again if 


Pe ag . gese’) 
the second differences are not all positive: so that in this case the theorem 
does not give us as much information as Mr. Fejér’s theorem. 

10. The preceding examples make it clear that it is worth while 
to return to the proof of Theorem 1 and to see whether, when the 
condition concerning the differences is not satisfied, other sufficient con- 
ditions cannot be found to take its place. The particular case considered 
by Mr. Fejér, in which φ, (¢) = g(nt), is of such especial importance that 
it deserves special treatment. 

The following theorem is a very easy generalisation of Mr. Fejér’s 
theorem: 

Theorem Il. Jf (1) 2a, 15 summable (k), 

(1) 2n*g(nt) is absolutely convergent for t > 0, 
k+l—ug(y 
(II) ae <a (o> 0) 


U 
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for τ 1 and w=0,1,---,k—-1, 


(IV) φ(θ) = 1, 
then F(t) = La,y(nt) is absolutely convergent for t >0 and 
lim F(t) = s. 
t=0 


The proof proceeds in its early stages as before, until we find that 
it depends upon showing that 


> | feu (®) Arty | <K. 
N 


Now for every » and ¢ 
AF tt“ (nt) ἘΞ: (--ὐῦτττα fet+l—u gt be 
where ni « ἕ < (n+k+1—p)'. Choose N’ so that 


| (N’—1)t<1< N'%t. 
Then for n > N’ 


TO (Matt t—“@, | < Knk-#feti-e | git 1-- ἡ (€) | re Kt-en-'-8, 


and so 


) Sie. oare- "p, |< Κι: >> ἀτεκνΓ. ΠΡ 
N' 


On the other hand 


N'-1 
Sie. (n) Att 1-H |< K#+1- mM Dh, (n) 


(where M is the maximum of g@*+!~"(&) for O< § < 1) 
N'-1 
(2) < Kittt-« Sake < K(N tH SK, 
τ 
From (1) and (2) the desired conclusion follows. 
Theorem 2 may at once be applied to the cases mentioned in 9. (2), 
in which ,(¢) is of the form g(nt) and Theorem 1 fails, such as 


—nt 
p=, (E>; =H, b>1) 


— log (1-+e-"!) ΟΣ 2); 


but it fails when ,(¢) is not of this form, as when 


ne”! ἥ ἵν 
ρῶν τς ek 
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Thus, for example, neither Theorem 1 nor Theorem 2 enables us to assign 
the limit of 


k ὃ 


3*q° 
gee fag po ΤΕΞΩ 


for g=1. This and similar questions occur in the problem of determining 
the behaviour of the modular functions of g as g approaches a point on 
the unit circle, and also (as Professor Bromwich has shown*)) in that 
of determining the repulsion between two electrified spheres in contact. 

Cases such as these present somewhat greater difficulties; but the 
following theorem will be found effective in dealing with a great many 
of them. 

11. Theorem ὃ. If 

(ἢ) Xa, 1s summable (k) to a sum 8, 

(II) φ,( is real and continuous, 

(IIT) Xn'—,(t) is absolutely convergent for t> 0, 

(IV) for any value of t>0 the at differences A’p,(OS1<k+4+1) 
can be divided into r, groups of successive terms, the terms of 
each group having the same sign, but the sign alternating from 
group to group, while r, depends (possibly) upon t, but remains 
less than a constant as t tends to zero, 

(V) |n*A‘g,| «Καὶ for 1=0,1,---,k and all values of n and ¢, 

(VI) φ,(Ο) = 1 for every n; 
then F(t) = Xa,9,(t) is absolutely convergent for t>0, and 
lim F(t) = 8. 
i=0 

To show the meaning of condition (IV) let us suppose @,(t)=e7”*. 
All the first differences are positive, so that 7, -ξ 1. On the other hand 
A?g, 25 ee] — De (ante 4 e~ ἀπε 4)e) = 6 PF] - μοῦ + μ36- 4) 
where u=e-?”"", This expression vanishes if 


τι (14VG—e™), 


Ont? = — 84} — log {1+ γᾷ -- 6: 52), 
which gives one positive value of 7, viz., 


or 


1 3 
Thus for OS n< Ε: -- a the second differences are negative, while 


for larger values of n they are positive. And 7, = 2. 


*) Messenger of Mathematics, Vol. XXXYV, p. 1. 
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In the general case we can, in virtue of condition (IV), form a certain 

finite number of groups of terms 

Aitt~ Hq, ’ Aitt-Hg, πο; Ἄνω ΟὙΒῚ 

Ἄν Ὁ Δ ΟΣ χὰ δ δ᾽, DEED, 24 

Aétin« Dn.» ‘ . *, 
Aitimug, , ΄) 
the last group extending to infinity, and the sign of every term in any 
one group being the same. The number of groups may depend upon 
the value of ¢, and the numbers »,, ,,---,, will depend upon ¢ and 
in general tend to oo as ¢ tends to zero. But the number of groups is 
less than a constant XK. 


= 
k-1 
Fit) -Σ- Slo Ai **-He, = syo(t) Pe γι. ἘΔ), 
say, Eee 


k _ 
Sy = > fi Οὐ En uO a “Qn 


B= >) fala) τα ἈΠ δι: 


We choose WN so fan for n > N 
(I) fi2.(n) > 0, (1) [|εκ--μ| « ε; 


and everything depends on our being able to prove that 


Rf, < Ke. 
Now 
[Ἀχ--Τ| Ny —1 n—l οο *) 
“N = 7 
ic S4|S +4) 5 41> 
Also ᾿ a 
RA 
> fa atta, = 0, — Φ, 
where ᾿ 
k— kt 
Φ, => ): Af; t μ (x) Ae "@x Ἐν 
γ:0 
and so 


*) Should nm, be <N (or 2,, ”,,°:-,”,<N) a certain number of these terme 
may be omitted. 
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Γ᾿} < Ze} |x + >'|®,,1 | 


s=1 
But from condition (V) it follows as in § 8 that 
|,| < K; 
and hence 
ΤῊ « Κε. 
The theorem is therefore proved. 
12. Theorem 3 may be applied to such series as 


24,9", ag. + 
but these series have already been disposed of more simply under 
Theorem 2. I shall therefore illustrate 3 by applying it to some cases 
in which »,(¢) is not of (and cannot be reduced to) the form g (n/é). 
(I) Suppose 
φ,(ἢ -- y-nt — e7 ntlogn 


Agn(t) = — φῃ μο() 
where 0<6< 1, the dash denoting differentiation with respect to ἡ. 
Now 


Then 


| pn(t) | = n-"4¢(1 + log ἢ). 
Keeping ἢ fixed, let us choose ¢ so that this is a maximum. We find 


= ——., n"' =e, and 
nlogn 


, 1+1 
len) = “Sion 
from which it follows at once that |nAg,|< K for all values of ἢ) and ¢. 
Also 


Δφ, (ἢ -- [Ἐπ [ὁ (1 + log Ε)}"-- Ὁ}] (n<é<n+2), 


t 
ΕΞ 
Hence the conclusions of the theorem are satisfied for ἃ =1. Thus 
if La, is summable (1), to a sum s, then 


and #(1 + log £)? — 


changes sign once only as δ increases from 0 to oo. 


a, ας α 
rd ag ee a 
It may be verified without difficulty that the conditions of the 
theorem are satisfied for any value of k; so that this conclusion still holds 
when La, is summable (k). 
(II) As a second example I take 
ie, 


φ (ἢ = "SS 


-- ἢ ͵ 
e é 
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I leave it to the reader to verify that the conditions of Theorem 3 are 
satisfied. 

Writing q for e~’ we obtain the following theorem: af La, 18 
summable (k) to sum 8 


lim (1 —q) a =¢ 
= 1 
For example 
ise —1 s+iion 
Ϊ 1 ον ἀκα, μδ΄ ΞΘ ΒΞ ΒΕ τ 
im ( ΩΝ τος + 


since the divergent series on the right is summable by mean values for 
any value of s. 
If s is an even positive integer 


1*— 2» + 3 ἐς ᾿ = Ὁ, 
while if s is an odd positive integer 2¢+4 1 
π΄ 
1’ τ 29. ἤτον εες oan πα Pest ) 


If s is not integral the sum of the series is 


sdb 5) 
where €(s) is the Riemann ¢-function. 
(III) As a final example I shall consider the series 
F(x) = 74) gx OY 4 gx) —... 

where 7(”) is a function of n, positive and integral for all positive 
integral values of n, and tending to infinity with ἢ. The simplest and 
most interesting series of this kind (after the ordinary geometrical 
series) are 


1—x4+ 2+ — 2 free ft (am +e 
(1) 1- χ»- α8-- αὐ -...- (--ῶῖ π τ... 

All the series of this type may however be dealt with under Theorem 2, 
which shows that each of them tends for x =1 to the limit The 
cases next in interest ar those of ; 

e— e+ gt — χϑ fees ft (Hart... 


(2) %— 98 + a9 Sot ee $ (Sta +e. 


I shall therefore examine the series 
sore" 


*) Cambridge Philosophical Transactions, Vol. XIX, p. 306. 
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from the point of view of Theorem 3. The argument may be applied, 
mutatis mutandis, to other and less simple series; but some of the steps 
present difficulties which are greater in such cases. 
In the first place it is easy to verify that condition (IV) is satisfied. 
For we can show without difficulty that A’p, = 2?” — 2a%"*? 4 g2"*? 
when « has any value between 0 and 1, vanishes for one value of », 
which tends to oo as « tends to 1. It is positive for larger and negative 
for smaller values of m. Hence condition (IV) is satisfied. 
On the other hand condition (V), which requires 
nag, <K 
is not satisfied. For if 
x" = B (O<B<1), 
Ag, = B(1 Ν β); 
τῳ, > Kn. 


The conditions of the theorem are therefore not satisfied. And it is 
evident that condition (V) will not be satisfied for any of the series (2). 
On the other hand all the conditions may be shown to be satisfied by 
any of the series (1), so that these series may be dealt with either 
under 2 or under 3. 

13. It is interesting to observe that the failure of our proof in the 
case of the series (2) is not due to any imadequacy in the theorem, but 
to the fact that it is no longer true that the series tend to the limit τ. 
In fact the series 

F(a) =x—at+u"—--., 
where a 18. a positive integer greater than 1, oscillates between finite limits 
of indetermination for x = 1. 

To prove this we observe in the first place that if F(x) tends to a 

limit for = 1, that limit can only be > since 


(1) F(x) + (5) = x. 

In the second place we can find a solution of the equation (1) which 
is regular about the point x= 1 and tends to τ as ἃ approaches 1 
along the real axis. Such a solution is 


=, [ee (5}}} 


PY) Ξ ni(1+a”) ἢ 


=, {te (z)}" 


(2) + O(2*) = D' — = 
0 


since 
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Now the function 


X (x2) = F(x) — D(x) 
is a solution of the equation 
(2) f(x) + flat) =0 
which cannot be identically equal to zero, since the function 12) has 
the unit circle as a line of essential singularities while D(x7) is an 


integral function of log (=). 
But 
X (1) = — X(t) = χοῦ) = Xo") 
for all positive integral values of wu. 
Or if 
X(x) = O (log log τ) ᾿ 


Θ (log log —) = 0 (log log = + 2u log a) : 


Hence X(x) is a periodic function of log log =; uith a period 
2 log a, 
and 
x—“* 4+ 40 -α ... 
is the sum of (1) an integral function of log ( , which tends to = 
for «=1, and (2) a periodic function of log log (:), which oscillates 


for ὦ - 1, since log log : tends to -- σὺ as x tends to 1. Therefore 
the series «—a%* - χα —..-.- oscillates for x =1 between finite limits of 
ondetermination.*) 
14. After the series (2) the most interesting case of 8 12, (III) is 
probably that of the series 
f(a) =a -- αἱ ta%®— a +..., 
and it may easily be shown that this series also oscillates for x = 1 


between finite limits of indetermination, viz. Ὁ and 1. 
Thus the general view which we have obtained of the behaviour of 


series of the type 
(0)  χχ() 4 yx) —... 
for x = 1, y(n) being an increasing function of ἢ of a regular and simple 
type, such as 
n, n*, n>, +--+, 2", 3", --+, ml, (mt), --- 
is this: 


*) The simple proof given above was shown me by Mr. J. H. Maclagan- Wedderburn. 
I had originally obtained the result by means of a contour integral. 
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If the increase (croissance) of 7(n) is not too rapid the series tends 


for x =1 to the hmit = the sum of the divergent series 
1—1+1-.--. 

When the increase of χίῃ) passes a certain limit the series oscillates 

for «=1. The swing of the oscillations is greater the greater the 

increase of y(). If the increase of y(n) is greater than or equal to 

that of »! the swing covers the whole interval (0,1). Beyond these 

limits it obviously cannot go. 

15. The theorems proved in this paper are no doubt capable of 
further generalisation. I have allowed my investigations to come to an 
end at this point because it seemed to me that the results which I had 
obtained were sufficient to enable us to deal effectively with such simple 
and interesting cases as present themselves naturally in analysis, and 
because it seems that when the conditions of no one of the three theorems 
are satisfied it is generally best to attempt to establish the inequality 
[1.1 «- Ke of 8 12 (on which the required proof really hangs) ab énitio 
in each particular case.*) 


*) I hope at some future date to work out more systematically some of the 
applications of these theorems to the elliptic and elliptic modular functions, the 
nature of which has been indicated in a general way in some of my illustrations. 
Considerations of space prevent my attempting this in the present paper. I may 
however refer to Riemann’s fragment ,Uber die Grenzfille der elliptischen Modul- 
functionen’ (Werke, p. 427) and Dedekind’s notes (ibid. p. 438), and to papers by 
H. J. 5. Smith (‘On some discontinuous series considered by Riemann, Messenger, 
Vol. XI, p. 1) and by the present writer (‘Note on the limiting values of the Elliptic 
Modular Functions’, Quarterly Journal, vol. XXXIV, p. 76). Independently of me, 
Prof. Bromwich had proved a number of theorems of which the following is an 
example: if g,. Ag,, A’, >9, a φ, (ὃ = 1, then 

Ξ- - 
lim py --- 1 -Ἐ)φ, + ἜΣ ἘΠ Pg = OTP), 
t=0 
This theorem is of course a special case of Theorem I of this paper: but it can be 
proved independently in a very simple and elementary manner, and it enables us at 
once to assign the limits of a number of interesting series. 
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CORRECTIONS 


p. 85, footnote. For Vol. III read Vol. IV. The reference is to 1907, 2. 
pp. 90-2. Throughout § 12, for Theorem 2 read Theorem II. 
p. 94, line 16. For § 12 read § 11. 


COMMENTS 


Theorems I, II, and 3 were extended by Bromwich,+ who replaced conditions (II) 
and (111) of Theorem I by 
(II)’ Sn*|A*41¢,(t)| < Καὶ, (III)’ n*d¢,,(t) > 0 as n > oo. 


He also gave the corresponding result with Cesaro’s definition of summability in 


_ place of Hélder’s. Bromwich (loc. cit.) proved the equivalence of (C, 2) and (ἢ, 2) 


summability, but only learnt during the course of his investigations that Knopp{ had 
proved that (H,k) summability implies (C, k) summability. The equivalence of (4, k) 
and (C,k) summability was established by Schnee.§ 

Kojima}| and Hurwitz}t}t completed Bromwich’s theorem in the form: the conditions 
(II)’, (III)”: n*|b,,(¢)| < M(t), and (IV) are necessary and sufficient for F(t) = Σ᾽ an dn(t) 
to be convergent and F(t) > 8 as t > 0, whenever δ᾽ a, is summable (C,k) to 8. 

Chapmantt{ extended Bromwich’s version to non-integral orders of summability. 
The corresponding extension of the Kojima~Hurwitz theorem (due to Hurwitz) 15 
given in Moore, p. 45. | 

In example (1) of ὃ 12, it is stated that (H,k) summability implies Lindeléf sum- 
mability;see D.S., Ὁ. 77. Since it is now known that (ΗΠ, k)is equivalent to (R,nlogn, k), 
the result may be obtained from Riesz’s theorem stated in 1913, 3, § 2; see H.R., 
Theorem 28. Example (II) states that (H, k) summability implies Lambert sum- 
mability; details are given in 1914, 5, and also in D.S., pp. 372-3, where the result is 
deduced from Bromwich’s theorem. The value of the (H, Κ) sum of 18 -- 28+ 38—... is 
quoted from the Borel sum in 1904, 3, p. 306; the value is correct since the methods 
are consistent; see D.S., Theorem 147. . 

The results in §§ 13-14 are also given in 1907, 5. 


+ Math. Annalen 65 (1908), 350-69. 
t Grenzwerte von Rethen bei der Anndherung an die Konvergenzgrenze, Inaugural Disserta- 
tion, Berlin (1907). 
§ Math. Annalen 67 (1909), 110-25. 
|| Tohoku Math. J. 12 (1917), 291-326. 
tt See Moore, pp. 45-6; Hurwitz’s contribution was not published. 
tt Proc. London Math. Soc. (2), 9 (1911), 369-409. 


GENERALISATION OF A THEOREM IN THE THEORY OF 
DIVERGENT SERIES 


By G. H. Harpy. 


[Received July 23rd, 1907.—Read November 14th, 1907.] 


1. In a paper recently printed in these Proceedings* I proved the 
following theoremt :—If 


(1) 2a, ts a series summable by Césaro’s method of mean values, 
ad (5+5,+...+5)/ (+0), 
where Sn = Ag tat... +n, 
tends to a finite limit as n tends to infinity ; 


(2) f, 1s @ function of n which, together with its first and second 
differenc 
Gere ia στα, Fam Bnsitfases 


ws positive for all values of n; 

then the series Lanfn 18 also summable. 

Further, uf fi, ts also a function of a variable x, and the condi- 
tion (2) is satisfied throughout a certain interval of values of x, say (0, 1), 
and fy has a finite upper limit throughout this interval,t then the series 
LAnfn ts uniformly swmmable throughout the interval: and if every fy is 
a continuous function of x, the sum of the series is also a continuous 
function of x. 


I also stated (/.c., p. 267) that I had no doubt of the truth of an 
obvious generalisation of this theorem. Suppose that the first of the 


uantities 
1 Στς Sots... +n 
: n+1 ΐ 
43 -- sotsit...sn 
Ἐ n+1 : 


* Proc. London Math. Soc., Ser. 2, Vol. 4, p. 247. 
{ L.c., p. 256. 
; 1t is obvious that the same is true of f,. 


1908, 1 Proceedings of the London Mathematical Society (2), 6, 255-64. 
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which tends to a limit as 7) tends to infinity, is s’. Then the series Σ ὧν 
may be said to be summable (Hk).* | 

Then it is natural to suppose that the theorem may be generalised by 
supposing Da, to be summable (H&), and the k+1 sets of differences 


Afny A°fny very AY fay 


to be positive. But when I wrote my former paper I had not been able 
to overcome the considerable algebraical difficulties which appeared to be 
involved in the proof of this theorem. 

On the other hand, the theorem which I had proved was not sufficient 
to deal with all the interesting particular cases which actually arise when 
we try to make applications of it (v. p. 264 of my former paper). I was 
therefore led to consider in greater detail the most interesting particular 
case, viz., that in which the f,’s are such that Dan fn is convergent for all 
points of (0, 1) except ὦ = 0, and 


lim f, = 1, 


for all values of 2; and I obtained three theoremst which were sufficiently 
general for the purposes of the applications which I had in view. Mr. 
Bromwich then proved a more general theorem which included all these 
theorems and also some very similar theorems arrived at independently, 
for the case of k = 1, by Dr. C. N. Moore.j 

It is mainly owing to suggestions derived from these latter investiga- 
tions that I have since been able to prove a theorem which, so far as I 
know, includes all the theorems which have been referred to. This 
theorem stands to the generalisation contemplated in my former paper in 
the same relation which Mr. Bromwich’s theorem bears to the first of the 
theorems which I proved in the Math. Annalen : that is to say, the con- 
dition 

des Bf fag a ae fa 


is replaced by the more general condition that 


ynk | Ἄς | 


* This extension of Césaro’s method is due (implicitly) to Hélder, Math. Annalen, Bd. xx., 
p. 535. 

+ ‘*‘Some Theorems concerning Infinite Series,’’ Math. Annalen, Bd. Lxtv., p. 77. 

t Moore, Trans. Amer. Math. Soc., Vol. vit., p. 299; Bromwich, Math, Annalen, 
Bd. LXxv., pp. 359 and 362. 
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is convergent, or (when f, is a function of x) that 


> pert? Ὶ < K 


for all values of z and n. 


2. There are two alternative definitions of the sum of a divergent series 
on mean value lines when Césaro’s original definition fails. One is 
Holder’s definition stated above, which defines summability (Hk). But 
Césaro himself gave a somewhat similar definition.* Let 


Ae = MAD N+2)... +H 
‘i k! 


—which we may, in the ordinary continental notation, write in the form 
k 
Ak = es ), 
k 
—and let Ss = Akay+At_1.0,-+...4-At ay. 


And suppose that, as ” tends to infinity, 
Si] An 
tends to a limit. Then we shall say that Da, is summable (Ch). 


For k = 1 Holder’s and Césaro’s definitions are identical. That this 
is so for k = 2 has been proved by Mr. Bromwich.+ In all ordinary cases 
(as applied, e.g., to the series 1°—~2°+8'—...) the two definitions lead to 
the same result: and it has been proved by K. Knopp! that Césaro’s 
definition includes Holder’s—.e., that af a series is summable (H&A) it is 
also summable (Ck), and the sums agree. It is not unlikely that Césaro’s 
definition is more general: it is conceivable that the two always cover the 
same ground. But Césaro’s definition should certainly be adopted as the 
standard one; for it is at least equally general, and is far more easy to 
work with in practice, owing to the fact that the expression of a, in terms 
of the sums δὲ is as simple as the reverse equation, whereas the ex- 
pression of a, in terms of s* is complicated and clumsy. The contrast 
appears very clearly when Mr. Bromwich’s work, with Césaro’s definition, 
is contrasted with his own, or mine, with Hélder’s. 


nn ne ὖϑΘ ΚΦ«6ἘΣς... ,. ... 


* Bromwich, Infinite Series, pp. 811 δὲ seq. 
Τ᾿ See pp. 363-5 of his paper in the Math. Annalen already quoted. 
1 Grenzwerte von Rethen wu. s. w., Inaugural Dissertation, Berlin, 1907, p. 19. 
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8. The first part of the theorem is as follows :— 
THEeorEM A.—If Yay is summable (Ck) and 
Sank | Aes, | 
is convergent, then Xan fn 18 summable (Ck). Further, vts sum is equal to 
that of the series Sk AMIS, 


which is absolutely convergent. 


We note as a matter of minor detail that, if Sa, is summable (Hh), it 
is also summable (Ck), and so 2a, ζω 18 summable (Ck): but we cannot 
affirm that the latter series is summable (ΕΚ), except for & = 1, 2. 

That >S* A‘) f, is absolutely convergent follows at once from the fact 
that S*/n* tends to a limit as n>. 


Some Algebraical Preluminaries. 
4. We denote the sum 
Ak ayfyptAn-r1Ufit---+Abanfn 
formed from Σ ἀμ ζω, a8 Sk is formed from Yap, by Τὰ : and we proceed to 


express Τὰ in terms of sk st ..., St, 

and the differences of the functions f,. We have 

a) α, = 81-- {1 get (PE) stm FO St 
Thus 

2) ee ee a (adi ae 


This expression, as it stands, involves a certain number of terms S} with 
negative suffixes 7: these must be considered to be defined as being equal 


to zero. In this formula for τ the coefficient of S; 18 


Soran 


k+ > k 1 
oe Σ (=) ("EY ἄπ fits 
* It is easy to see (Bromwich, Infinite Series, l.c.) that 


= Skan = (1—2)-&+) sa, 2", 


and =O, 0" = (l—a)*+! Σ Ska, 


1907. GENERALISATION OF A THEOREM IN THE THEORY OF DIVERGENT SERIES. 259 


If this expression contains any terms for which j-+72>n, they may 
simply be omitted. Thus, with this proviso, (2) may be written in the form 


n k+1 ν k+1 " n ᾿ 
(3) T, Ξ Σ 8; 2 ὑπ} ζ An_j-ifiss ai i 45 δ] 
say. 

5. Now 
k+1 : 
(4) a; = Σ, (—)* Biri fires 
where By5 = eae Ἀνὰ 
From this it follows that 
Καὶ | 

(5) | y= Σ (yd firs 


where 


(6) vivi = Busi eae Biri τ Ἵ Bjzi-2—.e. 


= Br (OA) an 


To verify this result substitute for y;,; in the expression (5), and pick out 
the coefficient of 8;,,. We find this coefficient to be (—1) times 


oe AR-AHI A Ὲ Ga A®* Feng 


k—rA+-1)\ ,, k+l -λ 


and it is easy to see that this reduces to fj:,.* Thus 


‘aes i) y Lane 


(8) Viti = 2, (—)” 


* The simplest proof is probably by means of symbolical operators. Let EH denote the 
operation which, when performed on f,, changes it into Ja+i. The expression above, on 
writing ὁ =A+ y, becomes 


k+1-2 k 1--λ kel~2x 
Σ ( δ: ) aban Beg, = (14+) A*tI-2 f= (A+ H)Ftl-ap 
But (A+ ἢ fn = fa- n+lt fas) = fu, 


whence the result. 


»=0 


19] 
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But this expression may be simplified considerably. For 


ove i " Ak 


t— 4 
ν 4—v ey 


τ (k—-i+1+»)! (k-+1)! | (n—j—ttv+h)! 
~ (k—-i+1)!v! G—yv! (k—t+1-+ )! k! (n—j—i+y)! 


= (POC Tr) 


and so 
_ (k+1\ 2 —y (4 a eee) 
9) eal ΣΟΥ : | 
But Σ (—) ( Ce 
v=0 V k 
is the coefficient of ¢* in 
> (—)” (Patani tett, 
or (1+ 2)"-J-7#* {7 -(1+ 6} "Ὁ, 
or (3 τ ema 
and is therefore equal to (—)’ aoe ") 
if 0<i<k, and to zeroifti=k+1. Thus 
(10) ys iay (Τὴ Cees), 
--ἰ 
Hence 
kK /k+l1 —F7—O+k\ pyar 
ma SPEC ami, 
and 
ic 2 ahs C) ae) k+l-if ΝΝ 
(12) Ti= 3S 2". ee 


with the proviso, we may repeat, that if 7-++-7 > πὶ we must write Ὁ for fi+i- 
This formula is the end of our algebraical transformations.* 


* It has been suggested to me that these transformations should be capable of being 
simplified, and I do not doubt that this is so; but I have not been able to effect any appre- 
ciable simplification. 
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6. Suppose, e.g., that k= 1. Then (12) becomes 
(12,) T= Σ 8} [0ι--7-} VAY +Wyiaa}, 
which is easily verified. If &k = 2, (12) becomes 
(12) 7) = Σ 8) {STEROL 04480 —Jt DAY ert BAfae} 


and so on. 


7. We can now proceed to the proof of our theorem. We suppose that 
nF eae oe 


is convergent. If this is so the same is true, as has been shown by 
Mr. Bromwich,” of all the series 


Dnt | AF+I-AF | (A = 0, 1, ..., ἢ). 


We have to show that in these circumstances 


nh 


hay (At) > SoA : 
0 


8. We consider first the terms in ΤῊΣ for which i= θ. These give 
—~ [M—IFK pat 
ΞΕ Σ 1 gay 


Now ae aay —A* = = [{0ι--}-Ε 1)0ι--7}- 9}... 0ι--}-Ἐ 1) 
—(n+1)(n+2)... (n+h)}, 


which is negative and numerically less than 


Kn}, 
where K is a constant. Thus 


Te τ ἱ 
: ᾿ a Si fit By 
; | aan es ee 
where |Ro|<— Σ | Af] ; 
NM j=0 

and so 

ols — wm Qk AKHI 
ve Jia (Gi) = 3, tas, 


* Math. Annalen, l.c., p. 361. 
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9. Next we consider 
rk — gy) . aw k Ak+l-i¢ | 
t= ( Σ 1 λιν. ἤτοι δ. ΔΤ hist 
Since 


(PIETY τὸ nF} M—GH2) 0. MJD ὦττῶι < Kol 


Pd Ue n , 
it follows that ri < ἘΞ Σ Pease Area 
and therefore 
ἢ ΤῸ 
“= lim [π|) = ©. 


From (18) and (14) it follows that 
(15) lim (ΤᾺ 4) = Σ 5. A f, 


which establishes the theorem. 


10. Tueorem B.—If, in addition, 
Σ ν} ΚΝ < K* 
for all values of n and x, then the series 


KAk 
| DSF AM 
is uniformly convergent. 


Let S be the sum (Ck) of the series Za,: and let Ya, be the series 
for which 


/ 


αὐ == S,. Ge Says SO); 


so that S'’=0. Then 
2, si Akt) ἢ —g Σ Akt ft > Sit AFt} f, = ¢,+0,, 
say. Choose m so that for 7 > m, 


| 5° A; | «- ε. 


* Mr. Bromwich (1.6., p. 361) has proved that the same is then true of 


Σ peo | ἌΡ aay i | (A = Oy de τὰς k), 
0 
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Then 

(16) | συ |< 2εΚ. 

Also 

(17) Σ Att el < ESS je | Akt ἢ <5, 


and from (16) and (17) the theorem follows. 


CoroLuaRies.—(a) If every f, is continuous, the sum of the series San 7. 
18 continuous. 


(8) If all the differences 
Ti Olin ok Fy, 
are positive, the condition Σ ne ANE < Καὶ 


as certainly satisfied, and the conclusions of the theorem apply. 


The proof of this will be found in Lemma A of my paper in the Math. 
Annalen quoted above. 


11. Applications.—I have already stated that the very general 
theorems proved by Messrs. Fejér, Moore, and Bromwich, and myself, 
with especial reference to a particular case, enable us to deal effectively 
enough with the majority of interesting special applications which occur 
naturally in analysis. It would therefore be futile to give any consider- 
able number of illustrations here. In the paper cited above* I pointed out 
the kind of case in which a more general theorem of the kind here proved. 
is necessary. A simple example is given by supposing 


| 
Fr ---- (a+-nz)* (s => 0). 


If the series 2a, is summable (Ck) it follows that 


Qn 
(a-+nx)° 
is uniformly summable (Ck) in any interval (0, €). Thus, e.g., 


(Sr 


(a+nz)s’ 


ἘΠ1,.6., p. 85. 
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where 0 « ἐ « k, is uniformly summable (Ck) and is a continuous func- 
tion of ὦ for x= +0. In order to deal with this by my former theorems 
it was necessary to suppose s> +1, while Mr. Bromwich’s theorem 
required s > k—the series being then convergent except for s = 0. 

Even in the theorem here proved, however, it must be observed that 
» 18 what Dr. Moore has called a convergence factor: its introduction into 
the series 2a, makes that series, if not convergent, at any rate more 
summable. The series 

ἫΣ (--.-}" κἱ (atnz)s (s > 0), 


in which f, is a divergence factor, and 2a, f, less summable than 2a,, 
falls outside the scope of any theorem hitherto proved, though, of course, 
it may be dealt with easily enough by special devices. 

The Theorems A, B, however, seem to me interesting less on account 
of any of their applications than as a contribution to the abstract theory 
of divergent series, and as marking something like the limit of what may 
reasonably be expected to be proved concerning the introduction of con- 
vergence factors into series summable by the method of mean values. 


COMMENTS 


In Theorem A an extra condition fn > 9 should be inserted. In 1910, 1 (addendum 
at the foot of pp. 279-81) Hardy explains that he had intended to assume this through- 
out the paper, as is implied by calling /, a‘ convergence factor’ in § 11. The first part 
of the statement of Theorem A still holds if the extra hypothesis is any of the conditions 
n = O(1), fy > lim, or > |Af,| < 00, which are equivalent when the stated hypothesis 
holds. The case k = 1 (with the last alternative) is included in Theorem 2.@ 1 of 
1907, 2. The case k = 0 (where the extra condition is not required) is Dedekind’s 
refinement of Abel’s test for convergence (see the Comments on 1907, 2). Iflimf, + 0, 
the sum in the second part of the statement of Theorem A must be increased by 
Slim f,, where S is the (C,k)-sum of > a,. 
A companion theorem, in which > @, is bounded (C,k) and limf, = 0, was obtained 
independently by Bohr.+} The theorems are known jointly as the Bohr—Hardy theorem. 
Some criticisms of Theorem A were made by Bohr in his Dissertation, t and Hardy 
gives a corrected version in 1910, 1; see also D.S., Theorem 71. One of these criticisms 
was that, in order to account for the error in omitting certain of the f,, it is necessary 
to use the condition f,, > 0. However, it may be remarked that the error due to these 
terms is in fact zero. For formula (3) may be written 


n nt n 
ΤΣ — > AR G5, τος > SE AK+(AE_, f,) = Σ α SK, 
r=0 j=0 j=0 
where Af is defined, for n > 0, by the formal expansion 
© 
(1--α᾽  . πὶ = > Akan, 
0 


and Ak = 0 forn < 0. In this formula, the values of the J; withj > ἢ are irrelevant, 
since they are absent from the first sum and occur with zero coefficients in the second. 
This agrees with Hardy’s remark that ‘they may simply be omitted’. The passage 
from (3) to (11) may be presented briefly in the form 

k+1 k+l 

ay = AMAR, f;) = > ( Σ ἾΔιάξ., AN fis 

i=0 

+1 


δ: 


— 


(1 ἢ gen g ner—ip, 
4=0 
k+1 ᾿ ; 

= > (—1)*y544 API; 5. 


The value of the last sum must also be independent of the values of the J; with7 > ἢ. 
Hardy’s proviso after (12) that ‘if7+7 > n we must write 0 for Ji44 is Just a reminder 
that this has already been done. Since there is no error if the J; are now replaced, the 
condition f,, -> 0 need not be used in this part of the proof. The quotation from Brom- 
wich§ requires only the existence of lim fn. The full force of the condition f, > 0 is 
needed in the final limit, at the point where Slim Jn would enter. 

There is one qualification to these remarks. In Hardy’s evaluation of Yj4i4 It is 
enough to assume (in view of the proviso) that 7+7 < n. But if the Jj withj > nare 
replaced, it is necessary to observe that, for 7 = n, ὦ = k+1, we obtain 


(—1)*y544 = (—1)¥Y ype = A,? = 1, 


Τ᾿ Comptes rendus 148 (1909), 75-80; Bidrag ..., pp. 61-8, English translation, pp. 53-8; 
see the list of abbreviated titles. 

{ Bidrag .. ., pp. 68-70, English translation, pp. 59-60. 

§ Math. Annalen 65 (1908), 350-69. 
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so that a term S* f,,,;,,, must be added to the right-hand side of (12). This is confirmed 
by (12), and (12),, where simplification shows that there are redundant terms — Si, fn42 
and —S?2f,,,; respectively. This extra term is easily overlooked, in view of the fact 


that the equation ᾿ ἢ a (" 1) 
a i Coe ὰ 


which holds forn, k = 0, 1,..., breaks down when n = 0,4 = —1;cf. D.S., Theorems 
72 and 73, where the same oversight occurs. | 
Fekete|| completed Hardy’s theorem in the form: necessary and sufficient conditions 
for > anf, to be summable (C,k), whenever > a, is summable (C,k), are 
YnklAkttf,| <o and ΣΙ Δί] < oo. 


Schurtt stated a general theorem which, in particular, completes Bohr’s theorem in 
the form: necessary and sufficient conditions for Sa, f, to be summable (C,k), when- 
ever > an is bounded (C,k), are 

Snkl|Atttf,| <0 and f,>0. 


Hardy’s Theorem B, ὃ 10, also needs correction. The extra hypothesis ἔμ > 0 18 
again intended, and in the conclusion, S* should be replaced by Sj* = S?—SA}, 
where S is the (C,k)-sum of }a,. The proof is discussed and corrected in 1910, I, 
where Hardy proves the Corollary (x), ὃ 10, that: if, in addition, f,(x) ts continuous, 
then the (C,k)-sum of > anf, 18 continuous. 


Bohrtt proved independently that: if 5 "| Ak+1f,,| converges uniformly, |fin(X)| « Kn 
for each n and all x, and fn, > 0, and if > ay 18 bounded (C,k), then ¥ ay fy, 18 untformly 


Ak = A”, ice. ( 


᾿ μηνηναδίο (CO, k) to the value > ΘΒ A*+1f,, which is a uniformly convergent series. 


n n 
Similarly, by first writing Ya, = S+ Σ αὐ, 
0 0 


we obtain the result that: if > n*|A*f,| < K 
for all x, |f,(x)| < K for all n and x, and of > a, is summable (C,k) to S, then ¥ an fin 18 
uniformly summable (C, k) to the value | 
Shot Y SAY, = Shot Y Sea fn, 

where the last series is uniformly convergent. This is a slight extension of a theorem of 
Ferrar,§§ and includes Theorem B and Corollary (a), as amended in 1910, 1. The case 
k = 1 is equivalent to Theorem 2 α 1 of 1907, 2, where it is intended that | fo(x)| < K. 

The Bohr—Hardy theorem was extended to non-integral orders of summability by 
Andersen,|||| and many further results on convergence and summability factors have 
been given by other writers; for references see D.S., p. 146, and the booksftt of Moore 
and Zeller. The term ‘convergence factor’ was first used in this connection by Moorefff{ 
in 1907. The notation (C,k) and (H, k) was introduced in the present paper. 


|| Math. és Termés. Ert. 35 (1917), 309-24. 

+t J. fir die reine u. angew. Math. 151 (1921), 79-111; see Bosanquet, J. London Math. Soe. 
20 (1945), 39-48. 

tt Nachr. v. d. Kéniglichen Ges. d. Wiss. Gottingen. (1909), 247-62, Collected Works, Vol. 1: 
Bidrag .. ., p. 72, English translation, p. 62. 

§§ Proc. London Math. Soc. (2), 27 (1928), 541-8. Ferrar assumes that Ln*|A*+1f,,| converges 
uniformly. 

{|| Studier ...; Proc. London Math. Soc. (2), 27 (1928), 39-71. 
+tt See the Introduction. 
tit Trans. American Math. Soc. 8 (1907), 299-330. 


THE MULTIPLICATION OF CONDITIONALLY CONVERGENT 
SERIES 


By G. H. Harpy. 


[Read April 30th, 1908.—Received May 3rd, 1908.] 


1. Although much has been written concerning the multiplication of 
series according to Cauchy’s rule, the last word has not yet been said upon 
the subject, and a number of interesting questions connected with it 
remain unanswered. In this paper I prove a few simple theorems which 
I believe to be new. In ὃ 4 I prove that a sufficient condition for the 
multiplication of two convergent series Da,, Yb, is that na, and nd, 
should each tend to zero as n tends to infinity. In §8 I generalise this 
result by showing (by the aid of slightly more elaborate analysis) that it is 
sufficient that the absolute values of na, and nb, should have an upper 
limit. In ὃ 7 I establish a generalisation of a somewhat different kind, 
showing that the conditions 


| Non 


p(n 


where #(m) is one of a general class of functions of which log n is typical, 
are sufficient. 

I have also (§ 18) stated and indicated the proofs of some corresponding 
theorems for integrals, and I have added (§§ 12, 10) a generalisation of 
Mertens’ theorem and new proofs of some results of Pringsheim’s con- 
cerning series of a special form. I have thought it worth while to add 
this last section, although it contains no new results, because the class of 
series to which it refers is the most natural and important of all, and 
because, so far as I know, the results have never yet been proved with 
anything like the simplicity which is desirable and attainable. 

I wish to state explicitly that I have not proved, either positively or 
negatively, but particularly negatively, as much as I think ought to be 
capable of proof. In § 11 I indicate some questions which seem to me 
of considerable interest, but which I am at present unable to answer. 


-» 0 


9 


NP (N) An --» 0, 


1908, 2 Proceedings of the London Mathematical Society (2), 6, 410-23. 
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2. I shall adopt the notation of Mr. Bromwich’s Infinite Serves 
(pp. 82 et seq.) ; 1.6., I shall denote by A, B, C the series 


Ay tagta3st+..., b,+6,+63+..., Cy +cgtC3+..., 
where Cy = Ay On +g bn-it.-.+@n 6. 


I shall also use the letters A, B, C in equations or inequalities to denote 
the swms of the series, when they are convergent; and I shall denote the 
sums of the first m terms of the series by An, Bn, Cx, 80 that, 6.9.» 


An = A, tQgt...+an.- 


8, The classical results in connection with the multiplication of series 
are the following :— 


(1) Abel’s Theorem.—If ail three series are convergent, then C = AB. 


(2) Cauchy’s Theorem.— Γ A and B are absolutely convergent, then 
C ts absolutely convergent. 


(3) Mertens’ Theorem.—Jf A is absolutely and B conditionally con- 
vergent, then C vs convergent. 


In addition to these results, ἃ number of theorems have been proved 
by Pringsheim, Voss, and Cajori.* These relate to the case in which 4 
and B are conditionally convergent, but one at least becomes absolutely 
convergent when its terms are associated in certain groups, the number in 
each group being less than some fixed number. I shall return to some of 
the simplest and most important of these theorems later on. 


4. Turorem A.—If A and B are convergent, and 
NAn, —> Ὁ, nb, —> 0 
as n—> @, then C 1s convergent. 


The proof is very simple. For 
C, = αι Β. Ἔα. Bruit... ta,B, = αι Brta,Bn-it+... tan Bayi-n 
+ dn41Bn-n+n42Bn—-n-1 +... +n By. 
Applying Abel’s partial summation lemma to the first line, we obtain 
Cr—An Basi-n = AybytAgbn-it...+An-10n42-N 
+ By dat+ Badn-it...+Bn-van+i- 


* For references, see Bromwich, Infinite Series, p. 87. 
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If N is such a function of n that N and n—N tend to infinity with », then 
(1) Aw Bn+1-N —> AB. 


This is certainly the case if Gn << N < Hn, where G and H are constants, 
and 0<G<H< 1. But then 


| Apr +Agbrit...tAn-1bn42-nv |< K(N—DB, 

| By Qn+Bodnit...+Brvane1| < K(n—N)a, 
where K is a constant, and a and β are the greatest of the moduli of 

AN+1) AN+2y «oy An bn+2—Nn» On43—Ny «++, On 
respectively. In virtue of the restriction imposed upon N, we have 
N-1l<d\n, n—-N< yn, 
where A is a constant. And we can choose 7, so that 
|na|<e/AK, |n@B| <e/AK, 


for n>. It follows that for >, we have 


ΝΥ 
ΙΒ, α,-- Βαα,. 1-Ὲ ...-ἘὉ Β,-ναν αι | <6, 


and from (1) and (2) the conclusion follows. 


(2) 


5. This theorem is not of very wide application, the range of series which are only con- 
ditionally convergent, and yet satisfy the condition na,—>0, being of course comparatively 
narrow. The simplest of such series are those of the type 

ee eer ge: ee 

p(1) 2p(2) 8φ.(8) ” 
where $(”) is any function which tends steadily to infinity with , but (like log” or 
log n log log n) so slowly that the series is not absolutely convergent. Or, again, the series 


Sn-i-ai (az > 0) 
is known* to oscillate finitely, so that, if φ (n) is any function which tends steadily to infinity 


with n, the series a a cos (a log n) x Sin (a log n) 


mired p(n)’ np(n) ᾿ me (1) 
are convergent. This result may be extended (as in Mr. Bromwich’s paper printed earlier in 
this volume) to such series as ΡΞ | 


nm logn log.n ... log, ¢(n)’ 
where log.” = loglogn, logsn = loglog.n, ..., 
and generally to series of the type 


ΣΤ sin {709} 


* See Landau, Crelle, Bd. cxxv., pp. 105--, for references in connection with this series. 
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where f (n) is a function of » such that f(m), f’ (n) are monotonic, f(n) >a, 7 (n) > 0, and 


Σ if (ny? 
is convergent. Another interesting type is 
si τ 1 
r(1+n) o(n) 

The theorem, however, seems to me of some interest in spite of its comparatively narrow 
range of applicability, on account of the simplicity of the conditions and the fact that no use 
whatever is made of the notion of absolute convergence. All of Pringsheim’s theorems depend 
on the possibility of securing absolute convergence in one at least of the series A, B by the 
insertion of brackets in some prescribed manner. 


6. Series for which na,,—>0 have another interesting property first discovered by Tauber.* 
The converse of Abel’s theorem on the continuity of power series holds for them—that is to - 
say, the convergence of a, may be deduced from the equations 


lim na, = 0, lim 3a,2"= A. 
r—>p»1 
The fact that the simplest proof of Abel’s theorem on the multiplication of series is derived 


from his theorem on the continuity of power series suggests that Theorem A might be deduced 
from Tauber’s theorem. But this proves not to be the case, for the equations 


lim NOan = 0, lim nbn ὅΞ 0, 


do not involve lim nc, = 0. 
—1)" 
Suppose, e.g., that Ay = by = ΠΝ (or) ΡΟΣ 
"ἘΣ : (n +1) ./ {log (nm +1)} 
so that ὁ, =(—1)" Σ : 


It is easy to see that, if n is odd, the value of r which makes log (r +1) log(n+2—r) greatest 
is r = 4 (n +1), so that 
ον αἰ ἄκρος ὦ τὼς  οὔὐδὸ ον 
log {E(n+3)} 1 ( τὴ)(υ τ ἃ--τῇὸ (m+8) log {F(n+3)} 2 7 5 
and nc, certainly does not tend to zero. In fact this line of argument suffices to prove that 
C is convergent only when the more stringent conditions 
n Jf (log %) an —> Ὁ, n/(logn) bn —> 0 


Cn ? 


are satisfied. 


7. Theorem A may be generalised as follows. It is easy to verify 
that if y(n) is any function of the form 


(1) (log n)* (log log n)* (log log log n)” ... 
which tends to infinity with ἡ, then 
{») 


ὩΣ 00 VW (n) 
we may indeed replace the y(n) which occurs inside the curly bracket by 
any other function of n of the same type as y (7). 


* For references see Bromwich, Infinite Series, p. 251. 
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ΤΉΒΟΒΕΝ B.—I/f A and B are convergent, and 
Nbn ae 
y(n) 


where y(n) is any function of n of the form (1), then C is convergent. 


nvr (1) An > 0, 0, 
We have, as in § 1 above, 
Ci—Ay Buti-n — A, b,+Ag bani... +Awn-i bn+2-N 
+- By a, +BgQnit...-+Bn-vansi, 


and | C,—AnBasi_-v| < K {(m—N)a+(N—1) 8B}, 
where « and @ are the greatest of the moduli of a@yii, ὧν 2» ..., ὧν and 
bn+2—-Nn, On+s—N, ---, 0, respectively. 


We choose N to be of the same order of greatness as n/W(n). Then 
given e, we can choose 7 so that 


°S Wt) yWTD’ ee es a 
and so | Cu —AnBrsi-n | < Ke Fear, a ae 


1+ ψΨ (n) a 


From this the theorem follows. The simplest and most interesting 
case is that in which 


nb, 


n(log n)* a, > 0, Jog πὶ: -» 0 


where O<a<1 (if α»Ῥ1 the first series is absolutely convergent and 
the result is a mere corollary from Mertens’ theorem). 


8. Another generalisation of Theorem A, in a somewhat different 
direction, is the following :— 


THEoREM C.—Jf A and B are convergent, and 
| nan| « Καὶ, | xb, « Καὶ, 


for all values of n, then C is convergent. 


* Of course K is not the same constant in all these inequalities. 
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It is known* that 


lim ΟἹ Ὁ... -Ἐσὶ — AB. 
N—> 2% n 


It is also knownt that, if a series >c,, is such that (C,+ Co+...+C,)/n has 
a limit as n> ©, then the necessary and sufficient condition for the con- 
vergence of the series is 


lim Cy $+ 20, -Ἔ 3e,+...+ Cy ais 
n 
this indeed follows at once from the identity 


C$ 20,“ 809.-... πο. _ n+ C -- C,+C y+... +¢C1 
we fa ee τ τ τον a n ΝΣ ΝΣ ᾿ 


τῶν 
Let us denote the sums 
Ay +2... +NAn, δι +2bo+...+2bn, cyt 2egt... + nen 

by A., B,, ΟἿ, respectively. It is easy to verify the identity 

ΟΕ = A, Byt+doBni+...tanB, 

+b, Ant bg Anoit... tbr A). 

Also Crt+C,+...4+C, = n(AB+y,), 
where y,—> 0 as n>, and so 


Cy AB 


n nN 


nm—Il 
n 


Ynu-1-> 0. 


It follows that the necessary and sufficient condition for the convergence 
of C is that 


(1) (X+ Y)/n — 0, 
where 
ρᾷ-- αμΒ,.-Ἐα.Β,.. .- soe +anB,, 


(2) | a 7 7 
Υ = bAntb,Anit...+ by Ay. 


* Bromwich, Infinite Series, p. 88. 
+t This result is due to Tauber and Pringsheim. See Bromwich, Infinite Series, p. 251, 


for references. 
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This condition can be written in a variety of different forms. Thus, 
applying Abel’s lemma to X and Y, we obtain 
(3) 15 = b,Ant2b,Anit...+nbnA, 
Y = a, Bn t2agBn-it...+2Gn By. 
Further, if we put 4A, =A+en, Bs=B+m, 
so that «,-> Ὁ, 7,—>0, we see that 
| X = ABAD ent 2bgen-it..-tnbag, 
Y = BA, Hay nn t 2g nit... tndan: 


Since 4,/n, B,/n each tend to zero, we see that the necessary and sufficient 
condition for the convergence of C is that 


(4) (X'+Y')/n > 0, 

where 

(5) Χ' = dyen + 2boen-it...tnbre, Υ' = Aint 2doNnat-.-+NAnm: 
But, if | na, |< K and | nb, |< Καὶ, it is clear that 


<xlaltlal+..+ lel, 9, 


S 


and similarly | Y’/n| +0. 


Hence the theorem is established. 


9. The simplest example of the use of this theorem is obtained by 
applying it to the series 


1, 1 iE 1 


ἘΠῚ Ἐπ ἀρ tt et 


We see that any two series of this type, whatever be the law of arrange- 
ments of the signs, may be multiplied together, provided only they are 
convergent. A simple example is obtained by squaring the series 


(1 1-3-3444 4-4... 


in which the number of terms in each group of signs increases by one at 
each step. That the series is convergent is easily proved by observing 
that if we subtract from it the series 


(1) | 1—-}—-3434+344-4-... 
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we obtain an absolutely convergent series, and that the series (2) is conver- 
gent and equal to a ee 
Σ ({-9' ΚἘ1) 


v=0 4vv+1)41-° 


The corresponding series in which the numbers of terms in the groups 
are 1, 2", 3", ..., where & is any positive integer, is also convergent. On 
the other hand, if the numbers are k, k’, k®, ..., the series oscillates, 
behaving very much like the oscillatory series 
> 608 (a log η) ΠΣ sin (a log η) 
n n 


10. It will be convenient to give at this stage the simple proof of some 
of Pringsheim’s results to which I alluded in §1. The most important 
case, and the only one which I shall consider here, is that in which 


an = (—1)""? An, bn == (—1)""? lope 


where a, and 8, are positive and decreasing. The generalisations of 
Cajori are rather artificial, and it seems to me worth while to establish 
the really important results in as simple a way as possible; and 


_ Pringsheim’s own proofs are far from being the simplest possible.* 


Pringsheim’s results may be stated thus: tf αι, 8, tend steadily to 
zero, we have the following alternative sets of conditions for the multipli- 


cation of (=i) "a, Σ(--1)5-1β,, 
by Cauchy’s rule :— 


(1) εὐ ts necessary and sufficient that 


yn = | Cn | =< ay Bn ag Bait... anB, > 0 ; 


(2) ἐέ 8 necessary and sufficient that 


(a; A ag+...tan) Bx 0, (0, +6,+...+Bn) An —>O0; 


(3) it ts sufficient but not necessary that 


Dan Bn 


should be convergent ; 


* A simpler proof of one of them is given by Mr. Bromwich, Infinite Series, pp. 86, 87. 
Even this proof does not seem to me as simple as it may be made. 
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(4) τὲ ts necessary but not sufficient that 
2 (an8,)'** 


should be convergent for any positive value of s. 
These results may be proved as follows. We observe first that, if 
An = A+(—1)" pa, B, = B+(—1)" on, 
we have Ὁ «“ρι «ας, O<on< Bais. 
Also Cr = a, By+a,gBn-it...tanB,, 
(—1)" (Ca An B) = 101 —Ggon-1 +... +(—1)""! any, 
and so |C,—AnB| « αι Bn4ita,Bn+...tanB, = Ynt+i—n41h 


From this it follows that the condition y,—>0O is sufficient to ensure 
C,, > AB, and that the condition is necessary is obvious. This establishes 
Pringsheim’s theorem (1). 


Again yn = a, Bi+agBnit... tan 8, > (a+... an) Br, 
and similarly yn > (01+... +61) an. 
Hence the conditions (2) are necessary. 
Also, if ν = 4(m+1) or 4n, according as 7 is odd or even, we have 
Yn = αἱ Puta, Bn 1+... Ἔα βι < (qytagt... +a) Basi» 
+(6,+ Bot... +Br—») αν.» 


and from this it follows that the conditions (2) are sufficient. 
Finally, if 2a,@, is convergent, we can choose μὺ 80 that 


Oy Buoys Byiit-..taBy<e (uyp<u <>), 
and, a fortiori, (α, ta,rit...ta) B,<e (uy<u<y). 
But when μ is fixed we can choose Yos so that τ 

(aytagt...tFa-)B,<e (ρ «ν), 
and 80 (a, +a,+...+a,) 6B, « Qe (4 « ν). 


Similarly, we can prove that the second of the conditions (2) is satisfied. 
Hence condition (8) is sufficient ; that it is not necessary has been shown 
by Pringsheim by an example.* 


* The example is given by an = Bn = { (+1) log (1+ 1)} τι 
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Finally, as regards (4), I have nothing to add to Pringsheim’s own 
proof. Since τον 
the condition | Nan Bx, —> Ὁ 
is necessary. Thus m** (an Bn) ** > 0, 


and so &(a,8,)!t* is convergent ; 7.¢., (4) is a necessary condition. 


11. Theorems A, B, and C, taken in connection with Pringsheim’s 
theorems, suggest questions of some interest to which I am unable at 
present to give a definite answer. : 

Let us, for simplicity, consider the special problem of the multiplica- 
tion of the two series 


1.3. 955 8. Ὁ, #b1§'+2°4 8° ..., 


where all that is known about the signs of the terms is that they are such 
as to ensure the porvereonee of each series. 

If 0<s<}3, O<t<#, or more generally, if 8, ¢ and s+? are all 
positive and not greater than unity, we can certainly choose the signs so 
that A and B are convergent and C oscillatory. It is enough to take the 
alternating series 1-*—27°+..., 1-'—2-'+.... The modulus y, of the 
n-th term of the product series 18 


Σ r—(nt+1—7)%, 
ral 


which tends to infinity with n, if s+¢< 1, and to the finite limit* 
| dx = T 


υ @&(1—2)'-* sin sar’ 
if s¢i=1. 


On the other hand, if s = 1, ¢ = 1, Theorem C shows that the product 
series is convergent for all arrangements of the signs. But the argument 
by which it was proved does not appear to be capable of extension. 

Now let us consider such a case as that in which s = ¢t = δ, or 8 = 4, 
t= 1. Then either (a) the product series is always convergent, or (δ) it 
is possible to choose the signs so that the product series is oscillatory. My 
own opinion is that (6) is true; 1.6., that when s+t> 1, but at least one 


* In connection with the representation of infinite integrals as the limits of finite sums, 
see a paper by Mr. Bromwich and myself, Quarterly Journal, Vol. ΧΧΧΙΧ., p. 222. 
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of s and ¢ is less than 1, wecan make A and B convergent and C oscillatory 
by a proper choice of signs. But Iam unable to support this conclusion by 
an actual example. I wish merely to point out the considerable margin of 
uncertainty that still remains. In all such cases as these, of course, 
Pringsheim’s results show that the product of the alternating series is 
convergent. 

It is easy to see that examples of the kind desired are not likely to be 
very readily found. For the conditions 


VN An O, νη. > . 
are sufficient to ensure Cn —> 0,* 


since |c"| can never be greater than in the alternating case. Moreover, 
the series 2c, 1s in any case summable by Cesaro’s mean value, 1.6., 


lim σι. ΟΕ... tn 

N—>a nN 

exists. Now series whose n-th term tends to zero, and which are 
summable, but not convergent, certainly exist—examples are given by the 


series 5 art Jn 5 cos 4/n > (—1)t¥"1 


Vn ’ Vn ’ Nn 
But such examples are not particularly obvious, much less is it obvious 
how to construct examples in which the general term is of the form of 
the general term of the product of two convergent series. 


12. I take this opportunity of also stating the following generalisation 
of Mertens’ theorem, which I have not seen before, although it is not 
strictly relevant to the main purpose of the paper. 


If A ἐς absolutely convergent, and B is a finitely oscillating series 
whose n-th term tends to zero, then C is a finitely oscillating series ; and 
uf the limits of oscillation of B are B, and β,, those of C are AB, 
and Az. 


To prove this, we go back to the equation 
Cr—AnBusi_n = A, ὃ, - 4. ὃ,. Δ Ἔ eee +An-i bn+2-N 
+.B, a,+Bydn-1+...+Ba_nayi1. 


Let us suppose that 4 is absolutely convergent, and that | B,| «Καὶ for 
all values of ν. 


* It will be remembered (8 6) that the conditions 


n/(log n) an > 0, Nf (log n) b, -» Ὁ 
ensure 7c, > 0. 
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First choose N, so that 


(1) | ansi | + | anse| +... <e/K, 
for N>WN,. A fortiori, we have also 
(2) | A—Ay| < ¢/K. 


When any value of N greater than N, has been determined, we can choose 
M, 80 that’ 


(8) | AybontAgbn-it-.-+An-1 bn+2—n | <€, 
for n>. From (1), (2), and (8) it follows that 


| Cn—AnBnsi-w | < 2e, 
| Cr—ABnsi-n | < 8e, 


for 2 > %, which establishes the result. In the particular case in which 
8, = By, we obtain Mertens’ theorem. It should be observed that the 
theorem is not true if the condition b,—0 is removed. Suppose, for 
example, that a, > 0, and form the product of 


Atdgtagt..., i1—-1+1-.... 
We easily see that Con = Agtas+...+aen; 
Cong1 = A, +Agt... + Gens, 


so that C oscillates, but not between the limits prescribed by the theorem. 
In particular the product of 


1-.2-|1:-.1- τ,  1-141-..., 


converges to the sum 1. 


18. I shall conclude by stating the theorems for integrals which are 
analogous to some of those for series discussed in the preceding pages. 
But, as these theorems are of much less importance, I shall only outline 
the proofs. 

Suppose that a(z) and 6(x) are continuous functions, such that 


| a(x) dx, | ὃ (x) dx 
0 0 
are convergent and have the values 4, B. And let 


c (x) = | a bia—tdt= | a@—o b(t) at. 


Aw= [ α(άι, Βι(ὼ -Ξ [ b(t)dt, σαὴ -- [ c(t) dt. 
0 0 0 
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Then it is easy to prove the formule 


C (2) =| 40 δὴν = | 4@—0 b(t) dt 
= | a B@—pat = | a@—o Bode 
0 0 


\ Cidt = | 4@Be—oae = | 4@—AB(ode. 
0 0 0 


It is moreover easy to prove that, if A(x) and B(z) tend, as r—> ©, to 
limits A and B, then 

lim +a! A(t) Bla—t) dt = AB. 
It follows that :— 


(1) Uf [ a(x)dx = A, [ b(z)dxz = B 
0 . 0 


then lim =) αι} a uf a(w)b(u—w) dw = AB. 
aro x 


This is the analogue of Cesaro’s theorem that 
(C,+Co+ .-+C,)/n -» AB, 


whenever A and B are convergent. 


From this the analogue of Abel’s theorem follows at once; viz., 
(2) If \ ἄχ [χω b(a—t) dt 
0 0 


as convergent, tts value is AB. 


There is no difficulty whatever in establishing the analogues of Cauchy’s 
and Mertens’ theorems, viz., that 


(8) If A and B are absolutely convergent, so is C ; 


(4) If A ts absolutely and B conditionally convergent, C is (absolutely 
or conditionally) convergent. 


Corresponding to Theorem A we have 


(5) If A and B are convergent, and χα (α) --- Ο, αὖ (α)-»0, as x—> ὦ , 
then C ws convergent. 
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Corresponding to Theorem B, we have 
(6) If $(x) = (log x)* (log, x)? ... (log, 2)" - © with x, and 


xb (x) _ 


ap (a) a (a) > 0, $ (a) 


0, 


then C 1s convergent. 


Finally, we can show that the necessary and sufficient conditions for 
the convergence of ~ 
\ F(a) dx, 
0 


are ἃ) Tf atl foo duo, 
0 0 


Gi.) | Podt 0; 
L Jo 


and from this we can deduce the analogue of Theorem Ὁ, viz. 


(7) If | za(x)| « K, | αὖ (x)| « Καὶ, then C is convergent. 
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CORRECTIONS 


p. 414, line 4. For § 1 read § 4. 

p. 416, last line. For (1) read (2). 

p. 418, line 5 (twice) and line 8. For (— 1)" read (-- 1)5- 
line 6 up. For ‘choose v,’ read ‘choose vy > μ᾽. 

p. 420, line 11. For c” read c,. 


COMMENTS 


Theorem A may be stated in the form: if > Fn and Σ᾽ ὃ, are summable (C, —1), then 
Σ Cn 18 convergent.t Cesarot showed that if >, and >'b, are summable (C,r) and 
(C, 5) respectively, then > Cy is summable (C,r+s-+ 1), where 7, s are non-negative 
integers. The result was extended by Knopp§ and Chapman] to all real r, s > —1; 
see D.S., Theorem 164. The example in ὃ 6 shows that Cesaro’s theorem is false for 
r=s= —1l.InDS., Theorem 166, the example is modified to show that Cesaro’s 
theorem is false for r = —1, 8s > —1. 

In Theorem C the idea of replacing o by O in Tauber’s condition occurs for the first 
time. This may have suggested Hardy’s O-Tauberian theorem for (C, k) summability 
(1910, 3), which was presented for publication a year later; cf. 1912, 2, p. 398, last 
footnote. 7 

Hardy and Littlewood show in 1913, § 47, that the hypotheses in Theorem C imply 
that > a, and > 6, aresummable(C, —1-+8), for every ὃ > 0,50 that, by the extension 
of Cesaro’s theorem, > c, is summable (C, —1+28); see D.S., Theorem 169. 

In answer to a question raised in § 11, Hardy and Littlewood sketch a proof in 
1913, 2, § 49, that, whenever 0 < 1—a < b < 1—3a < 1, the series nein is 
convergent, while its ‘square’ is divergent. It follows that, if we write 

C= Yn-*cosn4, S = Yn->sinn2, 
the series C and S are convergent, while at least one of the Cauchy product series 
CxC, SxS or CxS is divergent. 

Extensions of Theorem C are given in 1912, 2 and 1927, 10 and in papers by Rosen- 
blatttf and Neder.{{ Rosenblatt§§ replaced ὁ by O in Theorem B, and still sharper 
forms of Theorem B are given in 1944, 2. 


} For the definition of summability (C, —1) see D.S., p. 98; the notation was introduced 
by Young, Proc. London Math. Soc. (2), 17 (1918), 195-236 (209-10). 
1 Bull. des sci. math. (2), 14 (1890), 114-20. 
ὃ Sttz. d. Berliner Math. Ges. 7 (1907), 1-12. 
|| Proc. London Math. Soc. (2), 9 (1911), 369-409. 
tt Jahresber. d. Deutschen Math.-Verein. 23 (1914), 80-4. 
tt Proc. London Math. Soc. (2), 23 (1925), 172-84. 
δὲ Bull. de 1 Acad. Polonaise (A), 1913, 603-31. 
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I. Further researches in the Theory of Divergent Series and Integrals, 
By G. H. Harpy, M.A. 


[ Received, April 2, 1908. Read, May 18, 1908.] 


§ 1. This paper is a continuation of one published in the Quarterly Journal of 
Mathematics in 1904*. 


In § 16 of the paper referred to I said: 


‘The definitions of the previous sections are perhaps of most use in connection with 
double limit problems, such as differentiation under the integral sign. Their employment 
in such problems raises questions which demand a detailed treatment which I must reserve 
for the present.’ : 


In the present paper I propose to consider some of these questions in greater detail. 


A. Generalised limits and integrals and infinite series. 
§ 2. Two of the most important among the double limit problems of ordinary analysis 
are the following : 


(i) when is the limit of the sum of an infinite series equal to the sum of the limits 
of the terms of the series ? 


(ii) when is the integral of the sum of an infinite series equal to the sum of the 
integrals of the terms ? 


Or in symbols, 


(i) when is lim = fy(w)= Σ lim ἐμ) 
r-ra n=0 n=0 χα 
A or) wo fA 

Gi) when is i πο -- | fq (we) dw? 
a n=0 n=0/ a 


The case which is of especial interest to us now is that in which in (i) a=oo and in 
(ii) a=0, A=o+. The two problems may then be regarded as substantially the same. 
For if we suppose that the series = /f,(w) may be integrated term by term over any finite 
interval (0, X), and write 


γι (w)= [ 7} αι 


* ‘Researches in the Theory of Divergent Series and the integrals discussed to be zero: the limitation is of 
Divergent Integrals,’ Q. J., vol. xxxv. pp. 22—66. course apparent only. 
+ Throughout this paper I suppose the lower limit of 


214 1908, 3 Transactions of the Cambridge Philosophical Society, 21, 1-48. 
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the second problem takes the form— 


(ii)’ when is lim © F,(X)= > lim F,(X)? 
n=0 Χ-»ο 


Xo n=0 
—which is substantially the same problem as (i). 


The problems which we have now to consider are— 


(1) when is ΤΣ ΩΦ Σ T-fiGy 
t>n n=0 n=0 r>w 
(2) when is G [ὦ Σ Sn ()Ξ Σ @ | fr) da ? 


—the symbols Z and G | “denoting the generalised limit and generalised integral according 


00 0 
to the definitions of my former paper. In that paper I in the first instance defined 
L F(a) as being 


Cr wo 


lim { ¢-*F (tz) da, 


to 0 


and G i ° J (a)dx as being 
0 


lim | eva I (2) da, 
to / 0 


or (what is, at any rate in all cases of interest, the same thing) 


[ dt 7 ce—*® F(x) da ; 


and I showed that if, for all positive values of τ, 
lim e-™ f(a) =0 


and if | F(e) = | ” F(t) dt, 
0 


then L F(2)=G | ΠΡ 
ro 0 


In these circumstances the problems (1) and (2) are equivalent in the same sense as 
were (i) and (11). I shall in what follows adopt (2) as the standard form of the problem, 
as it takes this form in the most interesting applications; and I shall for the present confine 
myself to the simple definitions recalled above. As I explained in my former paper, more 
powerful definitions may be given; but those just stated are easy to work with and are 
sufficient to deal with the most interesting and obvious cases. I shall, moreover, concern myself 
solely with the difficulties proper to the particular problems under consideration, ignoring those 
which affect equally the ordinary double limit problems of the Integral Calculus, such as those 
which arise from discontinuities of the subject of integration. 


§ 3. The transformation expressed by the equation (2) is valid if 
lim | “eda & fn(w) = lim & i “στο, (x) dex 
a Xo 0 7-0 0 


= Slim [τι (0) de. 
rte 


Ft>0. 


—6215 
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Now the first of these equations asserts that the series 


Σ δ τ fi, (x) 
may be integrated term by term from w=0 to «=o. The second transformation asserts 
that the series : 
ο [Ὁ = | 
Σ | ais } - Cp fy 
oo 6 Fn (x) da \ 4 > bn. ἔνια. 
is a continuous function of τ for 7=0. Thus we obtain 7 . 
TuHeoreM |. The equation 
| al {Ef @}de=3e | ΕΝ δ “" ! 
0 0 0 90 Vea A 
will certainly be true, of Ben ἘΣ as 
(i) the series Sen f, (w) (r>0) ~ \ τῇ 
can be integrated term by term over the interval (0, © ), Πρ bn dts ΕΝ 
(ii) the series i et f,, (a) dx (eo CO 
+O v 
is a continuous function of + for T= 0 pee es r a 


Our problem is therefore reduced to the eaventiveuion of (1) the legitimacy of a certain 
ordinary term by term integration, and (2) the continuity of a certain infinite series. 


It is useful to notice one case in which the first of the two conditions stated above 1s 
certainly fulfilled. This case is that in which 


(a) Sfa(x) is uniformly convergent over any finite range (0, X), 


r ἫΝ 
᾿ »ἃ 


(b) the integral “etd | Fn (%) | da -- ἃ ἸΞ 
0 ewe Ua ἢ 


is convergent. For then, as I have proved in a note in the Messenger of Mathematics *, the 
integration term by term, from Ὁ to οὐ, of the series Def, (x) is certainly legitimate. 


§ 4. By far the most interesting case is that in which 
re (x) = An Xx” Φ (2), 
the series Sa,2" being convergent for all values of « We have then to consider 
(a) whether the series Den h (x) ana” 


may be integrated term by term from 0 to οὐ, 


(b) whether the series Σ Os | eh (x) a dx 
| 0 
is continuous for τ = 0. 
Let us first notice certain cases in which the first of these questions can certainly be 
answered in the affirmative. 


* Vol. xxxv. p. 126. See also Bromwich, ibid., vol. xxxvi. p. 1, and Infinite Series, pp. 448—455. 
1—2 
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(1) It can certainly be answered in the affirmative if the integration is legitimate 
over any finite interval (0, X), and 


e*h(x), eS [ας «Ὁ 


each tend to zero as ὦ tends to οὐ, for any positive value of τ, For then the conditions — 


stated at the end of the last section are satisfied. In particular it is fulfilled if e~™ 4h (x) tends 
to zero, for any positive value of τ, and 2a," is an integral function of order less than 1. 


(2) It can certainly be answered in the affirmative if the integration is permissible over 
any finite interval (0, X), and e-*¢(«#) tends to zero for any positive value of 7, and 
Σ παρα is convergent for all values of x For then, if X is large enough, | (x)|<e?”" for 
x 2X, and 


| ee iz —$7x 5 
ix (0) de| < x? ada 


=n! (=) gar Ἑ + xe) τ oer 
T 2! 


n! 


ΣΆ 
which is always less than ni(=| 


and, for any assigned values of 7 and n, tends to zero as Xo, Hence 


dy [ 6. 1" h(x) de < (5 + ΣῚ | Gn | [roman (x) da 


n+1 


N a 20 9 
<3 |an| | e 3 anda + > nan | (=) 
0 x N+1 T 


We can now choose, first V so that the second sum is less than δε, and then XY so 
that the first sum is less than δε; and hence we see that 


lim Σ An |  e~"tald (2) dz = 0, 
Xan 0 Xx 

and this is precisely the condition that the integration over the whole range (0, 0) should 

be legitimate. 


It should be remarked that the results just. proved are by no means sufficient for the 
applications that we have in view. There are many interesting cases in which the result 
holds for all positive values of τ, but its correctness does not follow from anything that 
has yet been proved. If, eg, (x) = emi, where m>0O, and An =(—ot)"/n!, where σ >0, 


~ so that 
Σ Anz” = δ σοὶ 
the equation states that | gn στ (mo) 3dz=> (= στ)" 
ὲ 0 ~ (τι mint? 


a result which is true for all positive values of r,if ¢<m. But the conditions (1) are not 
satisfied, since 
Σ | dn | 2" = er; 


and the conditions (2) are not satisfied, since > 7! amy” 18 not an integral function οὗ ψ. 
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§ 5. Before passing on I may make a few further remarks. In a former paper in 
these Transactions* I proved that 


| e* (Lan 2") da = Yn! an 

0 

whenever the series on the right is convergent. It follows that 
Ι 6 τῆ (Σα,,α"}) da = Zn! ἀρ τ 1, 


0 


if r>( and the series on the right-hand side is convergent. 
A more general result is the following. 


If τὺ, w>—1, the equations 


| e-7 (Sanv**") da = Ldn | ‘ 6 Te utn a, 
0 0 
CY (qutn+1) 


— {An etn 


are certainly true whenever the last serves 18 convergent. 


Let Un = An (w+ n+1) rer, 


Then, for any positive value of X, 


X s petntl | is d Σ phtntl Un x ang 
ὃ το .-..- ὦ Ὁ. 4, @ *) a eT etn dy, 
I, ( T(w+n+1)% : D(rnt lo ἢ 


and what we have to prove is that 
.« : peenty 
lim 2 


τις τ reat as “gmt Btn of = 0. 
i eee ae = es 


Now 


petnti a ing 
————— ξκεεςοῖξ ξειξανι em t% eh an 
Tawtnt+l)Jx 


= e-7X. (rx) ae (rx) = (τᾶν Ἶ τ᾿ ie TX ppl 
᾿ ir@r Dp Tae) ruses) Tele 

Tee, | Ἢ -τῷ mp etn fs 
and so aes id φρῖπ αν = 8, +8, 

παν" oo n (τ era 
where S,= é = Un Σ Γ (μ ἘΠ ΧΕ 1)’ 
μ oe 
sori (oe) 
== 1 (n) a x dar ) (Un) 
Obviously S,>0 as Xoo. Also, as in my former proof, we have 
-- e-TX $ _ (rx ee $ — pte - (7X Peete a 
our ἘΣ πριν 2 TGs) ὅδ 

say. 


* Vol. xrx. p. 299. 
218 


6 Mr HARDY, FURTHER RESEARCHES IN THE 


5. : gern 
am KO= τῷ τὶ 
it is known* that x (a) = 6. (1 + ε), 
where ¢,->0 as x-~2, and so, for all positive values of X, 
x (7X) < KerX, 
a 2 (rX)etn Ἔ 
------:-- - « Ket~” 
and, a fortior, PG cae) 
ἊΝ (τα etn a0 (7X etn 
= pata -τὰ τ Στ δ. ας - 
ἘΝ ae Gana) ie ΕἸ ΕΞ ely 
Choose Ν᾽ so that lon|<e¢/K (n> JV). 
ae (τ χὴν» 
Then iS] <e Ste 


and from this it follows immediately that S,>0 as Xoo. Thus our theorem is established. 


The question is naturally suggested as to whether it is not always true that 
[row (Xana) (x) dx= Zany [verang (x) da, 
0 0 


when 7>0, e*¢(#)-0 for any positive value of τ, and the series on the right-hand side is 
convergent. But it is easy to show by an example that this is not the case. Suppose 
φ (x) = em (m >.0) 


(a case with which we shall be much concerned in the sequel). Then the question takes 


the form: 18 
nN! An 
(τ -Ἡ m1)" 


| etm) (Σ a,a") da => 
0 
whenever the last series is convergent? Now let 


de, _ am 


The result would be i "eA ede = 5 2 
0 


{ΠΕ}: 
The right-hand side is convergent if |z|<|y|, the left-hand side when R(z)< R(y), 


and it is obvious that the first of these conditions does not imply the second. 


§ 6. (3) As the sets of conditions (1) and (2) are not sufficiently general for the 
applications I have in view, I shall indicate a set of conditions of a different character, 
under which it is always possible to give an affirmative answer to the question (a) of δ 4. 


Let us suppose first that 6 πῇ ᾧ (4) -» Ὁ for any positive value of τ, and write 


ψῶ- | eg (w) de. 


And further let us suppose that Ψ (τ) is an analytic function of τ, regular in the neigh- 
bourhood of the origin: (a fortiori regular in any region throughout which the real part of 
τ is always positive). 


* See e.g. Proc. Lond. Math. Soc., N.S., vol. τι. p. 405. 
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The integrals | ᾿ 6 τὸ a" hb (x) da 
0 


are all uniformly convergent in any interval (7, τι), where 0<7,<7,. Hence, for any 
positive value of 7, we have 


(2) y(t) =(—1)" [ 6: ad (xe) da. 


Also the integral on the right converges to a limit as +0, and this limit is equal 
to +” (0): or in other words 


Ga $ (ὦ de=(— 1)" H (0) 


Now let ὃ denote the distance from the origin of the nearest singularity of y (τ). 
Then if p <6 and the contour of integration is the circle C defined by |u|=p, we have 


_ at p(w) du 
ς -)" o> = (u— yn" 
Finally let us suppose that the series Xn!any" has a radius of convergence greater 


than 8. Then, for sufficiently small values of τ, the series 


1 n 
χ (U, T)= re. 


is uniformly convergent along C. We have therefore 


1 eo (It nlan {Ψ' (0) du 
ay [Fx (w, τὸ du = Be [τ ας 


=5(- 1) (-) 4) 
= Dan [ 6. τ φ (x) a” de. 


Now the only singularity of the subject of integration, within C, is u=7. We may 
therefore replace C by a contour C’ such as is shown 
in the figure, cutting the positive real axis between 
u=0 and w=7, say at u=y. On C’, wu has its real 
~ positive and greater than y. Hence 


aR AOLaC st 
=o; [ x dul ep (Oade 


In this repeated integral we may invert the order 
of integration. For, in the first place, this inversion 18 
obviously justifiable when the upper limit is replaced by any positive number X. And, 
in the second place, — 


Ξ Ι, χ (ὦ, τ) du | eb Ede «ΚΓ, στ |p (E)| dé, 


| Qart 


9πὶ 


m=) 


which may obviously be made as small as we please by sufficiently increasing X. 
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“on a 


Hence | vmx du=zs | ode | om eur τῆι, 


But = " ety (u, τ) Ξε _ is ety (u, τ) du 
τ | ἴω 
-Σ τ goa 
= 3(-1)"a, (2) ee 
= et Sa, E, 


Hence finally LAn | e- ὁ (5) a" dx = | 6. τὸ h(E) San Edé. 
0 0 
Thus the question (a) of § 4 may be answered affirmatively. 


§ 7. I shall now pass on to the question (6), and show that if the conditions of 
§ 6 are satisfied it also can be answered affirmatively. In order to prove this let us go 
back to the equation 


| n —1) Ln 
(1a, (2) γος | oe) dn Ce 


The series under the integral sign converges uniformly for all values of u on CG and 
all values of + such that 0<7<7,. Hence each side of the equation is a continuous 
function of + for r=0, and the series 


Σ (—1) ἀμ ψ (0) = San [ os (x) dz, 
is convergent and equal to 
lim Σ (= 1)* ayo (1), 
or to = LAn | ᾿ eT a b (x) da. 
Thus the question (Ὁ) may also be answered in the affirmative. 


§ 8. Thus we arrive at: 


THEOREM II. We may evaluate the generahsed integral 
σα. $(«) F(e) de, 
- 0 


by expanding F(«) as a power serves 2anx" and taking the generalised integral term by 
term, provided 


(1) the function Ψ (τ) = [ e-™ φ (x) da 
0 
18. regular at the origin, 


(1) the series Xn! any" has a radius of convergence greater than 1 ἰδ, where ὃ is the 
distance from the origin of the nearest singularity of Ψ (τ). 
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§ 9. Let us consider in particular the case in which 
$ (0) =m at, 
where m>0, w>—1. Then 


ψῶ- [eens ade = zap) 
0 


where that branch of (r+mi)-*— is chosen which reduces to 
moto} gob Hd) πὶ 


for r=0. In this case 5=™m, and we shall certainly have 


G i emit (Lana) ἀμ αμ = San | ο πὰ onthe da 
0 0 


= Yan T(n +u+1) Pa 3 (1 Ἐμ-Ὲ1) τι 


if the series Xn!a,y" has a radius of convergence greater than 1/m. This condition, 
however, may be reduced to a simpler form. For the radius of convergence of 

Si τ γ ΉΡΈΩΣΙ y 
is the same as that of =n!an,y% The integration is therefore certainly legitimate if its 
radius of convergence is greater than 1/m. But we can go further and say that the 
integration is certainly legitimate if the radius of convergence is as great as 1/m. 


P(u +1) 
(τ Ἐκ - mie 


The distance of the nearest singularity of ψι (τ) from the origin is 


V(m? + x?) > m, 


For let vi (τ) = Ι en (ttK+mi) ooh dx = 
0 


x οο 
and therefore i e~etmi) ὦ (Σα,, 5.) oda = Lan | 6 ἰκτιπὴ ὦ gnte dy 
0 0 


Tim 1 
provided the radius of convergence of 2nlany” is greater than 
1//(m? + κ3), 
and therefore certainly if it is equal to 1/m. 


But, by a well-known extension of Abel’s theorem on the continuity of power-series 


Rint+etl _y, 


-π-- μ--1 ao (nt+p+1) πὶ 
(K+ πε μι , 


lim Say, Cintptil)m 


κ-»0 
provided only the series on the right 16 convergent, or even if it ts oscillatory, but summable 
by Cesdro’s mean value process or one of tts extensions *. 


We have thus proved: 
THEoREM III. We may evaluate the generalised integral 


G | e~mz B(x) a dx, 


0 


ὡ Bromwich, Infinite Series, pp. 210 et seg. and pp. 310 et seq. 
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by expanding F(x) in a power-series Xan2", and taking the generalised integral term by 
term, whenever this method of procedure leads to a series either convergent, or oscillatory 


and summable by mean values. 


And we may add that f F(x) is an integral function of order less than 1 the second 
condition of Theorem II and the solitary condition of Theorem III will certainly be satisfied. 


§ 10. I shall now give some examples of the use of the Theorems II, III, starting 
with the latter, from which we conclude that if F(#)= a,x" then 
6 6. "πίω F(x) a dx -- Σας Τ' (πα + μ- 1) 5 51} ἀρ. τὸ 
0 0 
provided only the series on the right is convergent. 
Supposing a, real, and separating the real and imaginary parts, we obtain 


a| cos mal’ (x) a*d«= —C sin 4 um — S cos ἢ μπ, 
0 


6 sin ma F (x) eda =—C cos tum + Καὶ βίῃ ᾧ μπ, 
0 


σ--Σα Γι μ 1) 


where = 20n —— ata C08 ENT, 


fsa ee) 


mnteti 


α- 1) ἔπ πον τ 0 ΤΕΣ ΚΒ | 
myer m? m* 


sin $n, 


“- ΓΩ τ) fie 4... HADUF2 WHR) ms 
met m Ps a. ee 


In particular, if »=0, 


τὸ ! 5! 
al cos ma F (x) dx =~ aig a cache ΕΥ̓ΡΕ 
0 


m mi τυ 
al sin mx F (2) da = 155 δ. τς 
0 mm m 
By taking w~=0 and F(«)=J, (να) we obtain 
7 , COs 1 sin/ 1 
" Ta (e/a) O° mar de = > 518 (=) ποτε τ (1); 
by taking 7" (5) ΞΞ οοβ γὼ and p=— 4 we obtain 
” cos γα _ “τ ] ἀντ ΤῸΝ ; 
a 98 mada = if (=) (cos 4m ἢ 510 dm) ccittiesseeeees (2), 
or [ cos 2 cos 2uxrda τε ἃ ν (πὸ) (cos uw? + sin ὌΠ: 
“0 ᾿ 
and similarly | Sin 2? cos 2uxda = ἢ γ((ᾷ π) (cos w?— sin We) ieee NE κὸν (4). 
0 
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These are cases in which F(z) is an integral function of order <1, and the integrals 
on the left are all convergent in the ordinary sense. 


More general results may be obtained by taking 


ot F(x) = ak J, (/2), ge SEE 
(where & is a positive integer); e.g. | 
: ΙΝ d\*¥(1 . 1 
6 Jy (/x) 5" cos mada = (-} (τ) ἱξ sin in} eee eee (5). 
§ 11. Taking »=0 and 
at 
F (2) =J, (#2) =1- mt a 42 
we obtain | ] COSA I f(y OOO core wardimtarereswadeowisasdaveres (6), 
0 
δ a hd, 1 801 
[ sin max J, (x) da =— oe ait > dnt - 
1 
CO ao (7), 


provided m>1. The results agree with Weber's well-known formulae*. 


If we, take w=hk, and F(#)=J,(x), we obtain formulae for 
“cos 
an ack ΠΣ mJ, (x) da, 


which agree with the results of formal differentiation of (6) and (7). 


More generally we may take 
a’ }' (x2) = 0° SJ, (x), 


where p+a>Q0, and express 


a 
cos 
G | ge mad, (x) dx 
0 s1n 


as a hypergeometric series. When —a<p<% we obtain a known expression of an ordinary 
integral. An interesting special case is that in which p—1=a. In this case we find 


᾿ α —Mix ες ἀπ τ ΞΘ ( Ι : —Mix p2n+2a 
σ᾽ δ], (x) 6 ΟΡΈΙΣ ἐξα ΓΤ τα ἢ ge gas dy 
(-—)” | D(2n + 2a+1) gb (2n+2a+1) πὶ 


—* pT ntatl) meee 
Using the formula 
Γ (a) (a+ 4) =P (2a) 22" /2er, 
we can reduce this series to 
9. Τ' (α Ὁ 3) ἐπ δ) στῆς (α Ὁ δ) (α Ὁ ὃ)... τ y 
met! \/ap- 1.2. me 
_ 26 (a+4) Dah) 
Ge 1)*t3 _ 


* Gray and Mathews, Bessel ‘Functions, p. 73. 
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Equating real and imaginary parts we obtain 


ἘΠΕ 00: ΠΤ tae tan (8), 
an x* J, (x) cos mx dx = ree ps nar 
i 2¢T'(a+4) 
σ᾿ x* J, (ὦ) sin mx dx = ἐς tt COS γεν οὐ νῦν ον ων σον (9) 
Since Γιατ) Γ(ᾳ --α)-- 


COS αὐ 


the second of these two formulae agrees with the formula 


| 2° J,(x) sin meda = - 3 VE (n>1, -- ὀ ὁ «ἡ « 4) 

0 I (4—a)(m? -- 1) 

given by Sonine*. Our formulae are valid provided only m>1 and the integral is con- 
vergent at the lower limit, which requires a>—4 for (8) and a>—1 for (9). If a=—4 
the formula (9) becomes illusory and reduces to the well-known result 


[ COs £ SIN MZ 
0 i 


da=ter (1D) es deiersesatiauaeete (10). 


Another interesting pair of results is 


οΌ da —aw 
i J*(x) ee (ὦ cosh w) a cs (4.477) Ξ πο 7 πλλλλλλεεενεεγεεελεν (11) 


(valid for a> 1)f. 


To prove these formulae we observe that if m=cosh ὦ 


Ὁ Ἶ re da re) (-) J—a—271 a) ae ἘΕῚ 

J, Poem 51 1 
ΝΕ πα -δαπὶ X Γ( Ὁ 2n) 
“eer Saar 


_ (2m)"*e" #0" 1\? a(a+8) " a(a+4)(a+5) ΠῚ } 
= at {i+a(s-) +4 1.2 ΓΞ τ τ δι8 ἰδη) δ΄" 
a --λαπὶ 


-ο με, (ι.- fr 


- aw 
ὩΣ ὼὲ 6 
25 sar 


a | 
the only condition required being m>1, which is satisfied. | 


(2m) 


> 


§ 12. The following three examples are also instructive: 


(i) al cos me cos nda =0 +0+0+4...=0, 
0 


2 Af _ ἢ 


me mo = ae? 


provided m >A—of course in this case the formulae are also true fur πε «Δ; 


oer 1 
G| sin mx cos Ardea = — + 
0 m 


* Math. Annalen, Bd. xvz1. p. 39. 


buch der Cylinderfunktionen, p. 197, and the analogous 
+ For a> --2 if the sine be taken: cf. Nielsen, Hand- 


results of Schafheitlin, Math. Annalen, Bd. xxx. p. 171. 
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7 “sin πη ὦ , _ 1 m+1 
(ii) Ι. ᾿ dz=> (n+ 1) mri = 4 log (7) 
ve “sinmaesing ,  ς (-}" iy ee, 
(11) Se ae Oe Vd ; sin mx x?" da 

a 


all the integrals in this case vanishing save that for which n=0*. In these formulae we 
must have m>1. It might appear that the last formula should also hold for m <1, since 


the series 
dor +0+0+04... 


is always convergent. But our condition was that the series obtained by integrating 
| enmit F(a) da 
0 

should converge, 1.6. that the two series obtained by integrating 


[°° mar F (a) dn 


0 sim 


should both converge: and it is easy to see that in this case the series obtained by 
taking the cosine diverges for m<1. This must always be borne in mind. Otherwise we 


should be tempted to infer that 


G [ cos mi ᾧ (x*) da 


0 
(where φ is an integral function) is always zero, which is evidently not the case, as, Θ.8.. 


"τ .- 1ηχ 
| cos mx 6 Τ᾽ da = 44/7e ae 
0 


᾿ 2 


In this case it will be found that the series for | sin mze~* da is divergent for all 
0 
values of m. 


8.18. Let us consider next some applications of the more general theorem II. It is 

easy to prove that 
an = __m* I'(at+tp+1) (5: 5: atp+2 _ ml : 

Ι. J*(mx) e7** x? dix wtp Τα Ὁ F a ee a Ὁ a+l, =; ) ++(12), 
provided at+p>-—I, την. We have only to replace J*(m«) by its expression as a series 
and integrate term by term. This formula fails us for small values of τ, but, by the 
help of a formula of Euler’s connecting two hypergeometric functions, we can deduce 
from it Ὁ 


| J*(max) 6 τὸ x dx 
0 


T(at+pt+l1) (4m)? atp+l a—p m? 
σοι νς. -ὀσ.- ο ἠ|5 55: --- ἘΠ cere 550 
Γ(α- 1) (m2 + 72) (ate th) ( 9 ’ 9 ἢ a+, =a) (13) 
* We note that G | “am cos mz dz =G i “gant sin mx dx=0, 
0 & J 0 
α | ame con made =(- yer Rt Δ, a | a sin ma da= (- ner 


+ Hankel, Math. Annalen, Bd. vill. p. 467. Nielsen, Handbuch der Cylinderfunktionen, pp. 185, 188. 
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In the limit for r=0 this equation becomes 


ge Tih(a+p+]1)} 


ATL Garb (14). 


6 J* (max) «Ρ α = 
J0 


This formula holds for a+p>-—l. If also p< 4, the integral is convergent in the 
ordinary sense *. | | 


§ 14. Now let us, in the general integral 


G| 9 (a) Fede, 
0 
suppose FH > an2", 
and φ (x) = υ (ma) x? 
Then p(T) = [ em (ma) x? dar 
0 


is, as we can see from the equation (13), a function of + regular within the circle whose 
centre is the origin and whose radius is m. 


From Theorem II we deduce that if the series 2n!a,y" has a radius of convergence 
greater than }/m, then 


Gf J* (ma) x? F (x) dx = Xan al J*(max) απ ρας 
0 0 


᾿ς 2 | Tie G@+l+p+n)} 
mem" Ὁ Δ (α ΕἹ --ρ -- π)}᾿ 


Writing a— for a and putting m=1 we obtain 


G [5:-: (x) x° F(x) da = ῶ3ρὴὲ, a, τ ete tM) ἀξ ἐς eet ᾿ 


Now suppose a? F(a) = a-v+et8 Jy (xz) (0<2<1) 
= pate (2\"" ς (-- }" (522) 
i (5) = vi D(ytyv) © 
Then we must take p=a+f-1, 
4 Ν Ζ 2v+y—1 (—) 
Aey+1 = 0, ay = (5) viID(y+yv)’ 
and we find G | .75:8 (2) JY (4 2) a ytet8 dx 
0 
= 9α1β--Ἱ sd ὯΝ > ({--οῊν Q 5) —  Va@ty) 
) (-) (5 vi Τὶ (γ Ἐν) Γ( -- ὶ --ν) 
= ay” sin Bar v (a δ v) Ρ (B+ v) »ἢν 
ὥγασβ τ Τ vi D(y+v) 2 
— “yt t= D(a) | Σ ᾿ 
-- ὃγ--α“-β ΓΤ δα. B, Ύ, 22) αἴθ τὸν μὸν θὺν ὡς δὲν dawns’ τῶι Ravel ἐτοῖν οὐ eS Owe Bee (15) ; 


* Nielsen, loc. cit:; p.-189. 
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a formula which contains a very large number of interesting particular cases, Our proof 
involves only that the integral should be convergent at the lower limit, 1.6. that a>0. 
If y-a—@8>-—1 the integral is convergent in the ordinary sense*. 


§ 14. As a final example of the use of Theorem II let us consider the integrals 


G ΓΞ dal f(x)a®da, 6 | ; Te = f (x) ada, 


where m and a are positive, ἃ a positive integer, and f(x) is an even function of « defined 
by a series f(x) = a,x, convergent for all values of z. 


Be 7 1 1. ωβ asta 
oe sa tC lage ata ACD aap 
οο m2k 
h | τ casas τς ἤ.- \k ὮΝ pe eed —(—1\ 2k—-1 p—me 
we have ee da=(—1)*c oe » Ax τῆ 1) ἐποὶ game, 


ak) sin ma sin Ma 4 © 2; 510 m2 
an 2 --(-- ΤῸ a | -- (-Τὺὶ 2k ρ΄ πιο 


Hence, taking the divergent integral term by term, we obtain 


r 


Ὁ cos NU 
af” ome 
c+ zx 


© gr (M+A) cos mx 


2A — 
Ff (0) de = San G | "SO 


τὸς (— 1) tae e~me > (— 1)" a,c, . 


xv sin mx ge? tA) Τὶ sin max 
α|" PSI τοῦ f (@) ai dr = Say |” - -- -- da 
0 


Oba C+ a? 
τε (-- 1)} 8 ποῖλ e-™ & (— 1) anc. 


These results may be stated in the form 


G | ᾿ COSTE fe) a dx = (— ΤῸ erro eff (C8) +f (= οὐ}. «θνύύντν 16), 
an PSNI ἐγ a dam (—1P free {f (01) + (— οἿ)}........κὁῊ 1) 


We have now to consider under what conditions this procedure is legitimate. In the 
first place 


6(2)= | C= aus 
" 9 C+2? 


is known to be an analytic function of z, regular save at the origin and at infinity. It 
follows that 


— (r-+mt} & 
v= [rs C+ a eae 


has as its singularity nearest to the origin the point τ τε -- mt, so that ὃ =m. 


* For special examples see Nielsen, loc. cit. pp. 191 for z=1, and the result may be extended to this case 
et seq. Ify—-a—8>0 the hypergeometric series converges (Nielsen, loc. cit. p. 194). 
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Thus we are justified in evaluating the integrals 


” sin mx 


COS MX ᾿ 
Gf SEE fa)erde, α ἘΕΞΕ 


C+a “3 


SF (x2) x da, 
in the manner adopted above, if the series 
Σ 25} any™ 


has a radius of convergence greater than 1/m. A similar argument can of course be applied 


to the integrals 


an Boe 2G ) a da, ὮΝ Pain Me f(a) αὶ do. 
0 


It is however only in the two cases considered above that the result can be calculated 
in finite terms. 


§ 15. So far we have considered only the particular case of the general theorem in 
which the integral is of the form 


σ[“φω f(a) dx 


where f(x) = a,x". Another interesting case is that in which f(x) is a periodic function 


representable by a Fourier’s series 
DY Ane me, 


If we suppose /(x) continuous, it is known that 
lan|< = 
' n n 


If f(x) is continuous except for a finite number of points ὧν in the interval (0, 1), 
at which it has infinities of the type A/(«—,, where 0< <1, it is known that 


|Qn|< iB’ 


We have to consider, 
(1) whether i eT hb (x) Sane"? dx = Yay, | ᾿ errant) & (x) da, 
0 0 


(2) whether the last series is a continuous function of + for r=0. 


I shall consider only the particular case in which 


$ (a) = a. (a> 0) 
It is in this case not hard to show that the question (1) can be answered affirmatively. 
We have to prove that 


co 
lim {Qn | 6. τὙηπὴ ὦ γα--ὶ om — 0. 
xX 


AD 
Moe) ἢ en (τ- ϑυπὸ X 
Now | e~ (τ- πὸ & ae) dx —_ X &1 es 
x 7+ 2n71 
a—l 


T+ 2ηπι 


=Ant+ Ln, 


00 
X 


229 


THEORY OF DIVERGENT SERIES AND INTEGRALS. 17 


say. But [An |< aXe ore 

and : tin |< =e #% [ eo Rte δ 5 ay BK -arX 
nN ox n 

and so | Σὰ; ΧΩ «ΚΑα-. 6 τὰ Fb, 


| npn | < Κο *™* Σηβ- 5, 
each of which tends to zero as X ~o. 


The second question can also be answered in the affirmative if a21. For then the 


serles 
An 


° -- (τ- πὸ © pal — 
Sam |e mde =T(a)® Se, 


where that value of (r + 2n7t)~* is chosen which reduces to 
(2nm)~* e730" 
for τ τεῦ, has its terms numerically less than those of the series 
Ka n-2"8, 
and so is uniformly convergent for any interval 0 τ ΞΞ τι. 


Thus the equations 


σ | ᾿ αὐτὶ (2) da= Σ yn G [ ᾿ gr) g—2nme dx 
0 1 J 0 


=F (a) (20) “6. OS, 
τι ἢ 
τὸ τὰ τος ὍΘΕ dan we δ τάσις COS - an 
δ. x Σᾶς en ὥηπα da = I (a) (27) ein 227 δ τὶ eee uaaeteet (18) 


are certainly valid if a>1. On the other hand they are not necessarily valid if 0 «α «1. 
Thus if a=4 and a, =1//n we are led to the series 
5 
n 


which is divergent. In this case the integral also is divergent at the lower limit, since 
e aria e ori 


Jo os 


en "πί Ὁ = See 


has an infinity of order 1/2 for x= 0. 


§ 16. Sufficient will have been said by now to show that, however difficult it may be 
in some cases to justify our procedure, the method of expansion and taking the generalised 
integrals of the separate terms is, in such cases as naturally occur in analysis, generally 
defensible; and as a rule leads to correct results. The reader will have no difficulty in 
constructing any number of further examples for himself, there being a large variety of 
integrals, of very different types, whose values are most easily determined in this way. 


The process may be combined with Borel’s method for the summation of a divergent 


series, This will probably be illustrated best by an example. 
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; ’ : 6 eres ae 
Consider the integral i. lig 
where a and m are positive. Expand 1/(1+.) in the series 
l-@w+e2-—... 


convergent if 0 Ξ ὦ «1, summable if «21. Taking the generalised integral term by term 
we obtain 


ὼς ἐπ a “πτα( Δ) τα ( ΤΥ + ἕο}: 


The series in brackets is divergent for all values of m. Its sum, according to Borel’s 


definition, is 
τ (w\ α(α- 1) ! 
[re ἄν 71. α Ga =) + 19 (Ξ} Ἔνι 


The series under the sign of integration is itself divergent if y>m; but it is summable 
for all positive values of v, and its sum is known to be 


Hence we are led to the result 
ἜΝ le - ξαπὶ 6" dv 
G ; a --.- Ὁ ea la mae 
Whether our work can be justified is another matter. We shall see in a moment that 
to attempt to do so would involve considerable difficulties. The point is that the work 
leads us to the result, which is as a matter of fact correct and includes a number of 
interesting special cases, In particular if m=0, a <1, we obtain 


ee de =T (a) ΤᾺ -- α)- ὦ 


0 1-ἘΔ sin ar’ 
and if a=1 we obtain 
ie ed 1 [* e-*dv 
i: l+z ae m— ww?’ 
7 COS mx “νοῦ dv ~ sin max My -- i me—° dv 
0 l+za 0 Mm? + 0’ Ι l+a Jo m+? 


ἃ pair of formulae due originally to Cauchyt. 


Let us consider what our transformations really involve. In summing the series 


Lta(- ‘)+a@+(2 ~) + 
we had to use two repetitions of Borel’s process: hence 


T'(a) e724" a pe: 


ο (m—w)* 


is in reality the equivalent of 
QO οΌ 
hai! ὦ] % ww/m )” 
(ae fami iy | edo | 6 Ὁ αι Σ α (α -- 1)... (α -- ἢ -- 1) @ hoe 
0 0 (n!)? 
* See, e.g., Bromwich, Infinite Series, p. 302. 
ΟΥ̓ ‘Mémoire sur les Intégrales Définies,’ Oeuvres, t. τ. p. 377. 
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or of i e~? dw | enw dw 5 Γ (α a n) g alatn) πὶ ΤΕῸΝ (— vw)” 
0 0 (αι) ’ 
Pees, oan 2 (—ww)",. [Ὁ 
or of | er dy | evdw = *\ το ἰδ 1. ew oti 2 gate dz; 
0 0 n=0 (n!P -=0J0 
and what we assert is that this is equal to 
2 fe] fe a] 00 Δ} 
lim e—(tt+im) ὦ pal dy | οσῦ dv i ev’ dw > (— vwar)” . 
τοῦ 40 / 0 0 n=0 (nty 


Now each of these expressions is an 8-ple repeated limit, for an infinite integral 


[Τα 


is itself a repeated limit. Hence our work is in reality a shorthand representation of a 


multiple limit permutation of extreme complexity. 


§ 17. As a further application of Borel’s method let us notice the following. We 
obtained in § 6 the two formulae 


a, .3!a, 5las 


6] F (a) cos ma da = ——, + 
0 mm 


2! de AN dy 
m3 m> ᾿ 


29 


6] F(a) sin ma da == -- 
0 m 
where F(«) = Sana". If we sum the series on the right by Borel’s method we obtain 


[ e~? ψι (v) dy, | : e—* vr, (v) αν, 
where mab, (0) = -- αἱ (=) + Qs (=) —... =f \F (=) - ἢ (- = 
Hep ate, (=) tense LF (=) + Ρ(- 3} 


We thus obtain the formulae 


= ἊΝ ee τυ av 
an F (2) cos me de = 5 | θ πὰ dy, 


= ΠΡ eae av av 
an F (2) sin made = ον | 9 Ἔχ 5 dy, 


a f | F(a) em? dec =~ | or (=) eae | e—mn Fin) dn. 
0 mM SO m 0 
This is exactly the formula which we obtain by integrating 
| F(a) eda (n > 0) 


r formed by the positive parts of the real and imaginary axes and a very 


round the contou 
along the axes convergent in the ordinary 


large quadrant of a circle, supposing the integrals 
sense, and the curvilinear part of the integral evanescent in the limit. 
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This fact suggests that we must expect errors if Xa," has only a finite radius of 
convergence (though summable for all positive values of «), and F(x) has poles situated 
within or on this contour. It also suggests that when F'(«) is integral we may be liable 
to error when the order of F(a) is not less than unity or at any rate when it is not 
true that |e* F(xv)|+0 as |#|+o, for any value of am.a between 0 and ἐπ. It is 
instructive to consider from this general point of view, no less than from that of the 
precise theorems of the earlier sections, the results 


᾿ oe οἷ ee 
i; cos max Jy (γ΄ ὦ) = Am? 3! mA 51 45mes 7° 


{valid for all positive values of m), 


Ϊ cos ma (4) dz=0+04+0+4..., 


0 
1]ὃϑΞ0ξςΞὃἃὃΡῦἔ1 1.381 


Ι. DESO) OS θεν Ὁ sisi 
= 1 1 1 
0 ἢν 7 m 


Meg ἘΣ 1 1 1 
sin mz 6 dxz=——-_4-—_ .,, 
0 me mm m 


(valid for m>1 only), 


and cosmxe“dxa=0+0+0+..., 
0 
* cos mx 
= ὕ Ξ 
as ie dx=0+0+0+4 


{valid for ne value of m). 


B. Continuity of generalised integrals which contain a continuous parameter. 


§ 18. I shall now consider the generalised integral 


ef fe OO wa ctatenawcitee a Mint os. RoE Bcd Nea (1), 


and the question of its continuity for a particular value of a, which we may suppose 
to be zero. 
The integral (1) will be continuous for a=0 if 


-ο 


lim ΘΟ [ f(#,a)da=lim lim e-* F(x, a) dx 
0 0 


a-—>~() a->0 r>0 


=lim lim | 6 τη (α, α) dx 
0 


T>0 a-»0 


a 


=lim| e-*f(«,0) dx 
0 


τ-»Ὁ0 


Ξε σ [ 7,0) dx 


The applications of this transformation do not appear to be so interesting as those of the 
transformation of §2. I shall therefore not discuss its legitimacy in great detail. 
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The most interesting case appears to be the following. Suppose that f(z,a) is a 
continuous function of both variables throughout the rectangle 


(0, ἄρ; 0, X), 
where a is some positive value of a, and X any positive value of X. Suppose also that 
for 0S aa, and all positive values of ὦ, 


If (a, a)| « Hak, 


where H and K are constants. 


Further suppose that i : I (a, a) da 
is convergent for a>0, and that 
G | : f (2,9) da 
is summable*. 
Then him “τ I (a, a) da = | ᾿ I (a, a) da, 


tf 


lim | e-*f(a,0) da τ | f (x, 0) da, 
τοῦ" 0 0 


so that the first and last steps of the argument expressed by the equations (2) are justified. 
Further, it is easy to see that, for any particular positive value of τ, the integral 


| o- f (a, a) dr 
0 
is uniformly convergent throughout the interval (0, 4,). Hence 


lim στ J (α, α) da = | ᾿ 6 τὸ f(x, 0) da. 


a0 / 0 0 


Thus the last step but one of the argument is justified Thus if we write 
| o- f (w, a) da = $ (1,2) 
0 


the whole question reduces to the question whether 
lim lim ᾧ (7, α) = lim lim G (7, @) os. ceeeeec eens ee eeeeee rene (3). 
>) α-»Ὁ 


a0 r>0 T 


We may notice that we are already assured of the existence of the second repeated limit 


and of the inner limit on the left-hand side. 
Now Mr Bromwich+ has enunciated the following necessary and sufficient conditions 
for the truth of (3):— 
(i) the simple limits 
b (1) = lim $ (1, 4) 
φ (a) = lim ¢ (τ, a) 
exist, = 


* It seems better, on account of the ambiguity of the vi. p. 119, See also Hobson, Proc. Lond. Math. Soc., N.S., 
uses of the term divergent, to call a generalised integral vol. v. p. 225, and Theory of Functions of a Real Variable, 
summable than convergent. pp. 303—311 and 464—467. 

+ Proc. Lond. Math. Soc., N.S., vol. 1. p. 184, and vol. 


to 
to 
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11) the repeated limit 
ἰὼ : lim ᾧ (τ) 


το-»ῦ 


exists, 


(111) given e and 7, (each positive but as small as we please) we can choose a positive 
value of + less than το, and a positive value of a, so that 
ib (2)— φ (τ, a), <e 
for the one value + and every positive a less than a. 
In the present case the first two conditions are certainly satisfied, and the third is 


equivalent to 


[ #@ a) Q-e) de| <e 
I Jo 
for one positive τ less than τὸ and every positive a less than a. 
We have therefore: 
THEorREM IV. Jf f(a, a) ts a function of « and a continuous for 0Sa28X, 0SaSa,, 
however great X may be, and numerically less than Hak for all these values of at and a: 


uf moreover " J (a, α) dx (a>0), is convergent, and G t J («, 0) da summable; and if finally, 


however small be ε and τι, we can find + so that ee T and 


1: I (a, a) (1—e**) de| <6 (O<a5a) 
then lim | : J (a, α) da = G J ᾿ (x, 0) da. 


§ 19. The most interesting case of this theorem is the following : 
Let J (&, a) = φ (ax) e~™2 ge, 
where m>0, »>—1, and ¢(u) is a function of u which possesses the following properties: 
(1) as u>oo, d(u)~>O0, and that more rapidly than any power of u; 
(2) (uw) has continuous derivatives ¢/(u), $’(w),... pt (u), where n> p; 
(3) the integral . 
Ι b™*) (u) μα 
is absolutely convergent. 


Then it can be shown that the conditions of Theorem IV are satisfied: but the proof 
rests on a number of preliminary results. 


§ 20. Let No (L, τ) = ϑ' (ttm) x μι 
where t>0. Further let 


x1 (#, 7) = | x0 (t, τ) dt 


age | beads 


idee a eo 
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Then it 1s easy to prove, by a repeated integration by parts, that, if a=7+ m1, we 


have 
eat μ᾿, μῴ --Ἰ}) 
Xi (x, τ) ae {1 + ας ἐῶ (ax)? τὴ 
μίμ -- 1)... --Γ ἘῚ --ἰἨ1)... (ῳ -- is 
ΕΑ κι} ae ee μ Ga _ 3} + μ (μ ᾿ (μ r) | . eet eu—r—l ft. (4), 


where r is any positive integer (we may set aside the case in which μ is 8 positive 
integer, when y,(#, 7) can be found in finite terms). In fact y, (#, τὴ has the asymptotic 


expansion 
oa ees) 5 
Ξ i at (acy + iat legweebaiueeieusceuseuaeawine (5). 


We can find an expression of the same kind for χε (x, τ), k being any positive integer. 
For it is easy to prove* that 


Nk (a, τ) -ὰΞ τι] 96. ὐϊμ(-- xy dt 
k-1 (— x) oc _ ae 
= 2 smainail, ἀῶ μι. 
k-1 ς- 4) eat gu κτλ μ- k—~1—2X 
- 2 io | a ++ 
a ee ee 


Ἔ 
(ax) 
aa (μ ἦ --Ἰ -- λ) “᾿ς ἜΚ ΞΕ ΕΞ ΣΞ Ὁ] cutee nds ...(6). 


This furnishes for y;(#, τ) the asymptotic expansion 
ἝΩ ae A, 


a (ax)”’ 
At (- 1 
. ι-- = ee 
where Aj= 2 Sika 1 Sy re 1—A)(w+tk—2—-dA)...(utk—v—d). 
It is, however, easy to prove that 
A, =A, =... = Ay, =0, Ay. =l. 
= 1 "S A k—-l α +k—1—A 
For Soa ΞΔ ἢ ( λ eG Ὁ 


“E53 1)! (sy a (1 = ΝΞ 


“gma ἐατιρο ον 


from which the result follows at once. Thus for large values of x 


ο (TEMA) gop. 
NE ae 
and Xn“, 7) |< Kae 
for all positive values of x and τ. 
Now let Xo (a, 0) = lim Xo (a, τ) = ETM aM, 


* Jordan, Cours d’Analyse, t. ut. p. 59. 


24 Mr HARDY, FURTHER RESEARCHES IN THE 

Then (see p, 59 of my paper in the Quarterly Journal already quoted) we know that 
χι (2, =Gf rote 0) dt 

is summable, and that x1 (x, Ye v1 (@, τ). 


Now suppose, in the equation (4), that r>j, and make + tend to zero. Clearly we 
obtain in the limit 


gue wm μί(μ--!)}) 
μίμ -- 1)... (ᾳ --τ -Ὁ 1) μίμ -- 1)... (μ -- γ) “ — mit 1μ--Υ-- 4 
+ πῶ ee Ι 6 πολέ ψμ σας (4γ. 


Since τ μ, we can determine a positive value of ¢ such that 


μ-Υ-Ί- ες --Ἱ, 


and 


» ξ . 
i emit ja—r— ft | =|} φρο τε [ em εξ) « Κα 1-4, (ξ» “, a>0) 
x δὴ 


It follows that the last term in the equation (4) possesses an absolutely convergent 
integral up to 2. The other terms on the right-hand side possess generalised integrals up 
to «©. Hence y, (2, 0) possesses a generalised integral up to οὐ, and we may write 


χαίω, 0) = GE i χι (t, 0) αἱ. 
It is, moreover, not difficult to prove that 
πον χεί(ῶ, T) = χείω, 0). 


This point, however, does require proof, for 
lim χε (α, τ) = lim | yy, (t, τὴ αἱ 
r>0 τ-»Ὁ ." ὦ 


and Xo (x, O) = lim [ ety, (t, 0) dt 
THOS 2 


are not defined in the same manner. But it js easy to show that the two limits are the 
same. For | 


lim χα, τ) = lim i xi (t, τὸ dt 
> τοῦ a 
Sin ἢ ΙΣ ἘΞ Ὁ ὩΣ ed ae) pee 


τ-»Ὁ xr =() αϑτὶ 
μία -- 1)... (α -- 7} f? | es 
ot = ee me set) aad du} 


and 


Xz (#, 0) = lim | e~™'y, (#, 0) dt 
T>0 J ax 


ΠΥ; Π{Φ μι -- 1). ( -- 5.-Ε 1) ee 
wn ΠΕ aD ters 


Ἕ μίμ -- 1)... (ῳ -- τὴ) ett | emu yer au ; 
t 


(mit 


- & 
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If we suppose r>, the integral in the last line is absolutely convergent in the ordinary 
sense. And all that we have to show is that 


fo a] 2 io) Qo 
lim | dé i en rtmiuap——l dy τε τὰ | 6 τῇ αἱ { ea miu μον Ly ; 
τοῦ x t tr>04 ὦ t 


and since r may be as large as we like, this is very easily proved. For if r>pt+l1 it 
follows, by comparison with the integral Ι αἱ i u-t—1du, that each of the integrals in 
% t 


question is uniformly convergent in an interval including τ Ξε Ὁ, so that they have the common 
limit 


[ae [emu 
xv t 


Thus y2(a, τ)-» χείω, 0) as T>0; and we can now prove, precisely on the lines of the 
deduction of (1’) from 1, that y,.(#, 0) possesses an asymptotic expansion precisely similar to 
that of x.(a, τ), τ being replaced by 9, i.e. mi written for r+ mi. It is clear that we can 
proceed indefinitely in this way, and so establish the existence of a series of functions 


Xo (2, 0), χι (2, =e] Xo (t, 0) dt,..., Xk (x, 0)-- 6 χε-ι(, 0) dt,..., 
such that hm XE (x, T) = Xx (ὦ, 0), 


and (x, 0) possesses an asymptotic expansion deducible from that of y(#, τ) by merely 
replacing 7 in it by zero. In particular χε (x, 0) satisfies the same inequality 


| xn (ὦ, 0) |< Kam 


that we found to be satisfied by χε (ὦ, 7). 


It may be observed that x4 (0, τ), xx, 0) 
can be found in finite terms. For if we integrate by parts and observe that 
lim vx, (ὦ, τ) = 0 (7 > 0) 


for all values of « and ν, we see that 
χείθ, = [χει t)de= | oxea(e, τ) de 
ἝΝ 
Ξ: δ Χι»-ὃ (x, τ) da=... 


90 
6, (r+m1) & getk—-l d x 


oa) ἘΠῚ 1 
=|) ἀξηιλῦ dem ΕΞ τη), 


= "ιμτ k) γπμπὶ 
- τ (τ τ mi). 
T(etk) ο,. δὲ 
Hence also xn (0, 0) = os Daw ke burke mi, 
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§ 21. We are now in a position to establish the result enunciated in § 19. For 
[Τὰ a)(1—e-™) dx -[4 (ax) (1 -- 677%) e~™* ot" dx 
= | $ (a2) fxs, 0) — xo (w, 7)} de 
= $ (0) {x1 (0,0) =x (0, τὴ} + fab! (αὐ) {x (2, 0) -- χι (ὦ, ΤῊ} 
= Σ ap (0) (χε (0, 0) — xvas (0, 7) 
+ fare grt (az) ἔχε (0 0) — χρη (σ, τ}} de 


But the last integral is in absolute value less than 


K Ι att | 6) (ax) | ada = Ka" | |p") (wv) | uw du, 
0 0 
so that 
[, Fa) 1 =e) de] < Σ αἰ] 6 (0) [χρη (0, 0) = χρη (0, τ) + Kates 
0 r=0 


and so the condition of Theorem IV is clearly satisfied. 


Hence we obtain 


THEOREM V. If ¢$(u) is a function of u which tends to zero, as u>«, more rapidly 
than any power of u, and has continuous derivatives φ' (u), 6’ (u),... 6 (u), and 


| ᾿ h™ t+) (w) κά 
15 absolutely convergent, then 
provided m>0, p>—1. 


Examples of the preceding theorem are given by supposing ¢(u)=e-” (in which case 
the result is obvious), ᾧ (uw) =e, (u) =sech wu, ete. 


§ 22. The case in which ~ =0 is of especial interest. In this case we have 


| ᾿ J (a, α) (1 — 6-τ) da = i “d (ax) fe—mie — e-trtmiz} dy 
0 0 


-(=- ~—) $0 +f “a (a0) oT aa 


mm Ff 7+ mt T+m 

] ] ; 
= (rire mi) $O+ eye 4 a ae) 
(e7 Mix e~ (7-++m1) sf 


+f ad” (ax) (ni (τ mip dz, 
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all that we have assumed so far being that ¢’(u) and $”(u) are continuous and tend to 
zero aS uo, and that the original integra] is convergent. If in addition 


[φ (u) du 


is absolutely convergent, it follows as in the general case that the conditions of Theorem IV 
are satisfied, and that 


lim | COS MED (0) AR =O sh tcoisbededintatvcssivewncddonbiess (7), 
a> / 0 

ee eee 1 

] 4) A = — DO) crscccccacccsaccecsccccsens 
a oo mx (ax) de φ (0) (8) 


A particular case in which | φ΄ (u)du is certainly absolutely convergent is that in 
0 
which $” (w) changes sign only a finite number of times. 
As examples we have 


ὃ 2 Ξ TT Ὡς νὰ 
lim | cos mxe~@)"da = lim hs 6. (mp2a)? — 0, 
a 


a0 J 0 a~—~() 


amet . 1 , [ma 1 
lim | sin mve~@*’ da Ξε lim — ὁ [13] i edt = — 


3 
a—~0 / 0 α-»Ὸ 0 ne 
“ cos mx T 
lim | τς dx = lim = e~™* = 0, 
a>0 / 0 1 + ax α-»0 


: * sin mx 1 m\ fe 5:)η: ἡ. 1. /m\ [* eosu 
lim -da2 = lim 4— cos (=) du — — sin (= du 
a—>0/ 0 1 + ar a>) (a a mia UW a a mia U 
. 1 m a 1../m\ a 1 
= lim α 908 (Ὁ ἐπ τς sin (= τορξ-., 
ων ἰὰ a/ Mm a a/ > om m 
It is also instructive to notice that the result of the theorem is true when 
p(u)= 
1 


. ~ sin aa *sinae . 
since - cos madx Ξε 0, sin mzda = = log ( 
0 ἃ 0 aa 2a 


510 1 
Uw 


? Jy (Vu), J) (2), 


m+a 

m— 3 ᾿ 
᾿ πον, . Jt a \ 
Ι. Jy (ax) cos ma = τ; 518 (a) : " J, (Jax) sin medax = moos {5} 

Ι. J, (ax) cos mada = 0, Ι. J, (ax) sin mada = cero 


which tend to the prescribed limits as a->0. But in these cases the conditions which we 
have laid down are not satisfied, the integral | φ΄ (w)du not being absolutely convergent. 
0 


In the case of the integrals 


es , COS MX 1 ‘m\? . f/m? 
I, COs (ax) Sincne da = κα γ(ᾧ πὶ) {eos (5) + sin (= 
the conditions are not satisfied and the result does not hold. 
These examples naturally suggest that the conditions of this section may be generalised. 
Indeed a variety of generalisations of Theorems IV and V are naturally suggested: but I 


shall be content with investigating the simplest and most obvious cases. 
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Uniform summability and continuity. 


§ 23. We have not, so far, used the idea of uniform summability of 


6 | Me CMONUIG: a2sececastes sotto dis tence (9). 
0 
We shall naturally say that the integral is uniformly summable if 
i ΓΙ adic tee snc edddex nds oR (10) 
0 


tends to a limit as τοῦ, uniformly for all values of a in question. 
If, as in Theorem IV, f(a, a) is a continuous function of both variables, and 
νῷ, a) |< He", 
the integral (10) is for any positive τ, uniformly convergent and continuous: and so (9) 1s 
also continuous. 


This test is, however, less general than that of Theorem IV, at any rate in the only 
cease to which that theorem applies, viz. that in which 


[ ΠΥ" 


is convergent for a>0. For if 


lim [6 τὸ f (a, a) da =| f (@, a) de 
0 0 


τ-»Ὁῦ 


uniformly for all positive values of a, we can, given τ, find +, so that 


[ F@ a) Qe) de |< 


for all positive values of + less than +, and all positive values of a, and this is more than 
the test of Theorem IV demands. At the same time this more stringent test is satisfied 
in the cases considered in the preceding paragraphs, and such an integral as 


G | φ (ax) em y+ dar 
0 
1s uniformly summable throughout the interval 0= 7S το. 


§ 24. Before passing on to other questions I may point out the simplest example of a 
discontinuous generalised integral, viz. 


6 α 510 αὦ α -- 1 (a + 0) 
0 
= Ὁ, (a= 0) 
It is easy to see that in this case the condition for uniform summability is not satisfied, 
since 
Q? 
a? - 7 


has the limit 1 if a+0 and the limit 0 if c=0. Also to make 


00 
| ae-™ sin ax dx = 
0 


a’ τὸ 


Ἰωυςε  εὩπ"-... 


«ε 
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we must take τ < a/{e/(1—e)}, which cannot be effected by a choice of + independent of a. 
Similarly 


6 at cos axatde τεὸ Τ' (μ -ἰ 1) οο5 ὁ μπ, 4 att sin avatda =I (u4+1)sin $y 
0 0 
are discontinuous for a= 0. 
The integral G | acos αὐ ὦ = 0 
0 


is continuous, but not uniformly convergent. For 


| ae~™ cos anda = ———.. 
0 a’ - τ΄ 


which has the limit zero for all values of a, but does not approach its limit uniformly. 


C. Differentiation with respect to a parameter. 


§ 25. Let us next consider the equation 
d © “Ὁ 
Cal (a, a) de = 6} Dd. 


This rests upon the equations 


es Νὰ δ ἧς, εὐ λους 
Jao Ie 1) de = 4, Tim | 6 τὸ f(x, a) da 


-@{ or ai 
0 oa 


It is however, in dealing with the question of differentiation, more convenient to adopt 
the alternative form of the definition of the generalised integral, viz.* 


G | i 7 (@) da = | dt | κε i (2) da, 


which is equivalent to the definition hitherto followed in all cases of any practical interest. 


For if, as we shall throughout suppose, Sy ee Ἐ[χΧ͵] τὸς 
lim e* f () =0 oF Jas pH 

Molo) ν τ Ἐν 23 x os ) 

for any positive value of 7, it is easy to see that ᾿ oo | 
an ae 


fk - aad T 
| dt | μος f (2) da=| af (2) de | ot da } 
T 0 0 τ 
- (e-T% — ο Το) T(x) dx, 
0 
and i dt | ne f(a) da = tim i 6-τὸ (22) da, 
0 0 τοῦ J 0 


if, and only if, the latter limit exists. 


* Quarterly Journal, loc, cit. p. a0. 
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The transformation which we have to justify is then 

d a0 Ν d fore) " 5". 

πο]. f (2, a)de= | dt xe * F (x, a) dx 
ἐξ “ 0 " --ἰχ 
-ἰ at = | xe—* f (x, a) da 
=| at | wee D de 

0. 99 θα 
= | of dx, 
0 Ca 


which rests upon a double application of Leibniz’s theorem. 


Let us suppose now that af is a continuous function of # and @ and that 


of 
—TH i 
ee πᾳ 
where rt has any positive value, tends to zero, as «0, uniformly throughout an interval 
(a,— H, a+). 
Then | ne HE Ax 
0 Oa 


is uniformly convergent throughout the region 


O< 7 =F, a—-H=a8a,+H. 


For of 2 Ket™™ 
Oa 
y’ x’ 
and so i ae of dx < | re Brot da. 
x Oa x 


From this it follows (1) that, for any positive value of f, 


0 . —tx ΞΞ: i - of 
x. | ae f(a a)de=| ae 8} da, 


(2) that each side of this equation is a continuous function of ὁ and α throughout 
the region of values just defined. Now let 


F(t, a)= i xe—* f(x, a) da. 
0 


oF. , 
Then Ἐπ is a continuous function of both variables throughout the region; and so 


a sufficient further condition for the truth of the equation 


ad [Ὁ o oR 
a, FG¢, a)dt= : aq “ἷ 


is that the latter integral should be uniformly convergent, i.e. that it should be possible 


to make 
nor ΤῊ! 
ΙΝ [dat <6 


for 0<7r<7, and 7'>T, respectively, by-a choice of τὶ and 7, independent of a, 


dt! «ε, 
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Now if ¢; and ¢, are any positive values of ¢ 


te ἐ, 00 
OF ἡ = | at | wet oh dx 
ἐ; 0 


t, Oa 
a GO of 
rn “ἧς ptr, ὦ > 
= Ι (e et) 2 do, 


the inversion of integrations being easily justified on the hypotheses that were made above 


« CO ry . 
concerning of . Hence our conditions take the form 


Oa 


, 
| 
Ϊ 


“ TH ππτοῦ of Zi —T)x% — Tx of 
[ —eé ght SS | © --Θ Jae ὦ «ε: 


The second condition can obviously be satisfied: the first can be satisfied if 
i δ Ὁ ar dx, 
Ὁ θα 
tends to a limit, as ὁ -5- 0, uniformly for a—Hsasa,+H. Hence we obtain 
r of 
THEOREM VI. Jf f and a, are continuous Junctions of « and a, fora,—-Hsasa+H 


and all positive values of «; if further στα tends uniformly to zero α8 «>a, for any 


positive value of τ; wf finally G | Tae ws uniformly summable, then 
0 


d i? 2) = °° Of 
oF al I (a, @) da = G | δα dx, 


for a= Ay. 
§ 26. Examples of differentiation. (i) The integrals 


G | ᾿ ge emt da. G | " Σέ (), 
are summable if a>0, a>—4. Moreover, if n is any positive integer, the integrals 
G | i alas a Fo | ᾿ atm J, (x) em de 
are uniformly summable throughout any interval of values of m which does not include 
m=Q, as appears directly from the analysis by which they are evaluated. Hence the 


integrals (1) can be differentiated any number of times with respect to m, as may be 
immediately verified, | 


(i) If oe | Oe ΓΤ 
υ 


x 
where a and 8 are positive, and f is continuous, we find that 
d 


IT a . ἢ ’ τ ἢ 
Tene. sin ox f (sin? x) dx 


πτ 
= cos ox fF (sin? 7) dx 
"ree γι ye 


9.2 Mr HARDY, FURTHER RESEARCHES IN THE 


the uniform summability of the derived integral following from the analysis by which its 
value is found*. 
In particular we find 


d [“ cos Ba — cos ax are 1 
— CORRS Oat 74 2G sin ardax = --, 
da J 0 x 0 a 


“cos Ba—cosar , _ a 
Ι. -----,--: dic = log (4). 


The result may be extended to cover the case in which / becomes infinite for 
certain values of x in such a way that 


| ᾿ J (sin? x) da 
0 
is convergent. 
Similarly, if Oe - £05 Be τ 008 Nog σάω, 
find “=a sin ax | aU + ¥) 
we fin da 7. ax log 7 aac = a gaty), 


where Ὑ is Euler’s constant, and so 
Ύ 


[- γἰορ ( 3) + 4{(log α)Ἐ -- [(ορ΄ 8}. 
(ἢ) If T= ΓΞ ee ΣΤ 


ππ-- = 1η3 =— 
| ὡς G } cos ax f (sin? x) dx = 0, 
unless a is an even integer 2nt. Hence J(a@) is constant for 2n<a<2(n+1), and so 


I (a) = | a f (sin? x) da, 
0 
which is easily found to be equal to 
"- (2n  1)ς 
“0 sin x 


f (sin? «) da. 


In particular, if 0<a< 2, 
ee nee —— f (sin?x) dr = {π|" f (sin? 2) da, 
0 


(iv) Suppose (as in § 20) that 
Xo (a, T) = @7 (r-+mi) % opt 
and consider the integral 


TE) =| Xo (ὦ, τ) (Bat) ἀω «.....νννννννννονενννννννννον (2), 


where β is positive, and #(u) is a function of u which has continuous derivatives of all 
orders, while 


6. τὸ b (w) > 90, 


* Quarterly Journal, loc. cit. pp. δ5---ὅ8. + Quarterly Journal, loc. cit. 
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as wo, for any positive value of 7. Then, integrating by parts, as in ὃ 20, we find 


I(t, m, B)= = B* φ (0) χε (0, 7) + [ BY’ d™ (Bx) x, (a, τ) da ......... (3). 


Now suppose that, for some value of ν, the integral 


| hb) (wu) ut du 
0 
is absolutely convergent. Then the integral 
Ι. B’ φ'" (Bx) x, (ὦ, τ) dx 
is absolutely and uniformly convergent throughout any region of values of τ, m, and 8 
defined by inequalities such as 
0OSTENh, 0O<m<m 0<8,<8, 


and tends uniformly to the limit 
[: 8’ φὉ (Bx) χν(ω, 0) de 


as t->0, for all such values of m and β. Also 


X3+1 (0, T) as Xe+1 (0, 0), 


uniformly for all such values of m. Hence, under the conditions stated, the integral 


G ix x» (@, 0) 6 (Ba) de 


is uniformly summable. 


Thus, e.g., the integrals 
G | ers at da | ζω, 
υ l+Re ? Jo 1+ x? ’ 
where »>-—1, are uniformly summable for m<m, 8,<§, and the reader will easily 
write down any number of such examples. This result enables us jto Justify the processes 
used in the following examples. 


oy f° en a da 

(v) Ie Im=@f “SA, 

h dl 4 2" 

where A > 0, then cae ar eae 
al : ᾿ he ML pA] 

and. in =-iG| ὁ ar da 


=—iT(a)m * 672, 


an equation whose solution is 


ΞΡ (| eit tA dt + | . 


J 1 
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It is easy to prove that J[~0 as m>o. Hence 


[ ο΄ να γλ--ι dx =i. (r) o(m— 4rr)t [ gait {τ dt, 
0 


l+ez /m 
a result which is easily verified in special cases. 
(vi) If T@)=[ 508 20 f (sin? 2) da, 
ΟΣ] 


we find that a 1- -- ὮΝ cos ax ΚΓ (sin? x) dx = 0, 
unless ἃ is an even integer. 
Thus if 2n<a<2(n+1), 
we have 7 (a) = A,e* + Bye, 
where A,, B, are given by the equations 
Lon = Ane” + Bre™, 

Inia = Ane™? + Bye--4, 

—J=0 for all values of a, so that 
I = Ae* + Be, 


trom which we deduce the well-known formula 


al 


If f(sin?z) = 1, Tat 


” cos ax 
0 1 + 2? 


da = πο“. 
The same method may be applied to obtain the formula 
Sin ax ΠῚ ee 
J (a) = [ τ τα der = ξ fem* Li (et) -- ei (e*)), 
by means of the differential equation 
i gee 


da? α΄ 


And it is evident that this method is capable of very general application to integrals 
of the form 


” cos 
i πος 1 (a) dex. 
(vu)* If 7 (α) -Ξ Ι er ὁ πὰ SIN ax a 
1+ 2’ 
we find =e [=— an tanh ὁ πῶ sin axdx 


sin ax 
--αΓ sin ode 3 [ ae ἔυω 


= — cosech a, 
and hence can deduce that 


1 (a) = $ {e-* log (e — 1) — e* log (1 — e-*)}. 
Many other integrals of a similar type may be calculated in the same way. 


*-For the next two examples cf. Bromwich, Infinite Series, pp. 496—7. 
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(viii) Let P (a) = Aya” + 2" + 0. + On! 
then the integral G | : gh et PO da | 0 > 0) 
is uniformly convergent throughout the region defined by 


0 «- αὐ <<a), αν" « α, < α,.. 


This will be proved if we can show that, if X is any positive number, the integral 


οὐ 
[ ek ο΄ τεῦ) dx 
x 


Y “. 


tends uniformly to a limit as tT ~0. 
Let y=P(a). Then, if X is large enough, and z=y'", we have, for yzVY=P(X), 


expansions of the forms 
ye sf 
c= Az (1+ 4 ty +, oe 


- dx ai B, 
oc ἢ = Bz aes Ae [δ 
A, A 
τς (TEE) 
ae (144 SH. a 


a+ τς pA" τι 44 te, ); 


where A >0, these series being absolutely and uniformly convergent for y 2 Y and for all 
values of the coefficients in question. 


Now, if m is large enough, the integral 
| γα. aa (Dn + Pros + és) dy 
Υ͂ Ζ 


is uniformly convergent and tends uniformly to a limit as τ -5- Ὁ. Hence the problem is 
reduced to that of showing that 


fea) Ἢ —ry/™+iy ἃ 
[pew αν 
tends uniformly to a limit as τ΄ ---ὐ, But if 
Yo (y= γ᾽ οἷν, 
Wri (y) = 6 ψο() dt, 
¥ 


win=G[ ww de 


νφουοοφοθοοθόσνοῦουῦ θεν "594 5 


00 y—l 8 
we have i bo (Y) 6 τὴ" dy = Σ Wei (Υ) (oF) (6 7) 
Y 


ἢ ψν (y) ( (τ) ay. 
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Now (§ 20) apy), < Ky 


“ad | (=) owe < Ky 


where o = 1 = By supposing v large enough we can make r=» (1~=) negative and 


as large as we like, and so ensure that 


| : ry ) (=) (et) dy 


is uniformly convergent, for 07 το, and tends uniformly to a limit as r>0. And so 


oa) 
A pty +i 
i e7Ty "αν 


tends uniformly to the limit 
n(Y)=G | γὰ θἷν dy. 
Υ 
The result enunciated originally is thus established. 
Now let I(a)= | e P@) dy, 
0 


where P (a) = Ah" + AL” Fy”? + Ayo? + αὐ, 


The integral is convergent if z>1. Also 


k © 
Ee | ak PO der 
da ὲ 
these integrals being, as is easily proved, convergent in the ordinary sense if & ΞΞ ἢ -- 2, 
Hence 
: αι} ᾿ qn-2 1 
nage OY an + ὦ jaa © 
ἜΤ Ὁ τᾷ ͵ 
+ 2α,...} --- Ἐ απ 6] Ρ' (4) οἵ ὦ αἱ =i; 
da 0 
ey si Bay ἀπ τὸς τῶν coe ΜΝ ΠΝ 
since LP τ τῳ ] et iPte) dy= lim — | e ΟἹ) ΣΡ ΟΣ de =lim={ οἰ dz, 
Fal t>o/ 0 t—>2 0 t—>2 0 
f 
and | eP@dal< Καὶ, 
0 
so that ZL ¢”@=0. Suppose in particular that a,=1, a,=a,=...=G,.=0. Then 
. Ζ;»" Ὁ 
᾿ α΄ 11 ᾿ 
ny (n—) da” +al=21. 


Thus, if n= 3, we see that 
i ° οὗ (23 +-a2) da 
0 


: ; al 
satisfies the equation —3 “Ὁ al =1, 
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or that i cos (a3 + ax) da, sin (2° + ax) da, 
0 «0 
; : al at 
satisfy the equations ae sal, aa tal =—, 


a result originally due to Stokes*. 


D. Integration of a generalised integral with respect to a parameter. 


§ 27. 1 shall consider finally the question of the integration of a generalised integral 
with respect to a parameter, as expressed by the equation 


[ie af Fl, a) da = dee” Fe hy dan itil coia aoa: (1). 


This formula rests upon the transformations expressed by the equations 


"ο 


Ϊ da GI SI (a, α) d= [da at | vet f (x, a) da 
=| dt [da | xe—* f(x, a) dx 
=| at | wee de | F( a) da 
= 6 da [τῷ α) de 


ie. on a repeated inversion of integrations. 


I shall suppose (a) that f(z, a) is continuous throughout the region 02 ὦ Ξ X,BSa8y4, 
for any value of X however large, (Ὁ) that, for any positive value of τ, 


e-™ f (a, a) > Ὁ 
as ~~, uniformly for all values of α in the interval (8, y), and (6) that 
G | 7 (ὦ, α) dx 
0 
is uniformly summable throughout the same interval. 


In the first place, the conditions (a) and (Ὁ) are sufficient to ensure that, for any 
positive value of 1, 


: da | we ® f (x, a) da =| sete 42 ["} (ἄνα γέ: δ ϑοξολδιδιολοὴ (3). 
B 0 0 B 
For, however large X may be, we have 
Y x x Ὑ 
| da Ϊ xet® f (x, a) da = i xe dx { Pts) OL Aacseaeetaaienewen (4). 
β 0 0 Β 


But we can choose K so that 
| f(a, a)| < Ke** 


* Stokes, Math. Papers, vol. τε. p. 829 and vol. 1v. Mr Bromwich has devised a shorter and simpler method of 
pp. 77, 283; Stolz, Grundzilge, bd. 11. p. 30; Bromwich, arriving at the results of this section, which will be printed 
Infinite Series, Ὁ. 497. Since this paper has been in type shortly in the Messenger of Mathematics, 
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for all values of 2 and a in question, and then 
py px i eS a 
[Tae] xe ω oa xe dx 
ἽΝ 1 | ; 


--  (γ -- “πη +4tX) 


2 GF 
for all values of X’ greater than X. The last expression has the limit zero as X +o. 


From this it follows that 


x “ 
lim da | xe'® f(a, αν) αὖ = i " da | xe f (x, a) da, 
0 β 99 


Ao 


and so that (3) follows from (4). 
Now let Fit, a)= i xe f(x, a) da. 
0 


This integral, as is easily seen, converges uniformly with respect to ¢ and a throughout 
any domain bounded by inequalities 
O<rstisT, BSasky, 


and so is a continuous function of t and a throughout any such domain. Hence 


Y r T Y 
['da [FC ὦ dt= | dt | P(t, αὐα. 
- B - Τ T B 


But | f(a, a)|< Ke’, 
and so, if ¢>1, 


| F(t, a) 


= K 
ar ee  ΒΝΝ 
«Κ| we da = Ἐν De 
Thus, if 7’ >7>1, 


Υ Τ' Tr’ dt K 
ie ee _dt _K 
[ da [᾿ F(t, a) dt «(γ p)K[ τΞ 7’ 


which tends to zero as 7’~o. Hence 


ra fi 7' = 
[[«| F(t, a) dt Ξε lim [ = lim [ [=| at [ἢ Τῷ, a) ἀα. 
β - T—»oJ/B Jr Tro .τ B τ Β 


I shall now prove that if the condition (0) is satisfied we may replace τ by 
equation. To see this we observe that if 0 « τ' «τ 


| Nada | ” P(t, «) dt= | ” de Ϊ "dt i net f(a, a) da 
B τ' β' τ' 0 


0 in this 


Y - ᾿ 
Ξ : ae i (e-7?— σ᾽ τ) fw, a) de. 
0 


But if [ στ, a) de 
- 0 
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converges uniformly to a limit, as t>0, we can, given e, so choose τὸ that 


| | : (e7*® — e-7) f(a, a) de «ε 
for O<7r<7TEN%, ΒΕ Ξ 
and so Ve da [FU a) dt <e 
for all such values of τ΄, τ and a, “ὌΝ 
We can now state 


THeorEM VII. If (a) f(a, a) ts continuous for 0S a5 X, B Say, however large X 
may be; (δ) for any positive value of τ 
6 τὸ f (a, a) -> 0 
uniformly for β Ξα Ξ Υ; and (0) the integral 


4] ᾿ f(a, «) de 


is uniformly summable for Bay, then 
[da G{"7@, a) de=@ | due | f(x, «) da. 
B 0 0 β 


§ 28. A particularly interesting special case of this theorem is one which leads us 
to certain extensions of Dirichlet’s integral and Fourier’s double integral, which are due to 
Sommerfeld Ἐ, 

Suppose that f(a, a) = f(a) em, 


where m>0. Then @] e-**-dxz is uniformly summable in the interval BSaZyv if B 


0 
and y have the same sign, say the positive. On this hypothesis we obtain the equations 


“ ᾿ -ὐηνχα = 1 γ (ὦ) 
6 de {" 7) 6 da= =, 5 da, 
= Y 
6 de [ f(a) cos mza da = 0, 


ἫΝ de [ f(a) sin mea dam 1 [FO da 


It is of course well known that if f(a) is monotonic as well as continuous (or, 
more generally, is a fonction & variation bornée) the integrals on the left-hand side of these 
equations are convergent in the ordinary sense. For 


[ὦ f(a) cos maa da = — nl, fos 
[ de [ f(a) sin manda =-- |" F(a tial 


sin mX a a 


* Die willkiirlichen Funktionen in der Math. Physik, Bromwich. The idea which is the base of Sommerfeld’s 


_Inaug. Diss., Konigsberg, 1901. Seealso Carslaw, Fourier’s work appears to go back to Cauchy ; see ¢.g. his Wémoire 
‘Series and Integrals, p. 186. 1 owe these references to Mr = sur la Théorie des Ondes, Note vr. (Zuvres, t. i, p. 133). 
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and the integrals on the right-hand side are known to have the limits 


0, a [ΞΘ da 
m a 


B 
as Ke 


If 8=0 the formulae cease to be true, and in fact 


al dx [t@ cos mxz dz = 5 f (0) eC TET ee Ree ere (5), 
0 0 m 


whereas the corresponding sine integral is in general divergent. 


It is very easy to establish the formula (5) on the assumption that f(a) is continuous, 
the only case contemplated in the general theorem. As however the result is one of 
considerable interest in itself, I shall adopt less restrictive hypotheses*. I shall suppose 
only that 

(i) f(a) is integrable in any interval throughout which it is limited, 


(ii) f (+0) is determinate, 
(iii) | ‘ |7(4)|da is convergent. 
0 


Then it is easy to see that 
i eda | J (4) cos maa da = [ JI (a) da i e-™cos maa dar 
0 0 0 0 
_ / γ τ f(a) da 
ΩΣ υ T+ mea?’ 
for any positive value of 7. For e—*cosmaaf(a) is an integrable function of the two 


variables x and a throughout any rectangle (0, XY; 0, y), so that the equation certainly holds 
when oo is replaced by any positive number X, however large. And 


[) da] «ποθ mua da) <6 |" | f(a)\da, 
0 1X Τ 0 


which tends to zero as X -»-οὐ. 


Moreover, on the hypotheses which we have adopted, 


lim Ι΄ δέ ΒΡ ΤΠ 


τ-»ῦ. 
For let f(a) —f(+ 0) = $ (2) 
so that  (α) -»-Ο with a Then 
μετ ς -(ΓΓἼ2 9 
J eee ma απ π 
δ da τ γ 
<o | et oe |, pea) ee 


OTT 


T Y 
«55 τς |, [φ (a) | da, 


where ὦ is the upper limit of | φ (α)] in the interval (0, 8). 


* The succeeding analysis is not essentially different from Sommerfeld’s, but rather more general and direct. 


253 


294 


THEORY OF DIVERGENT SERIES AND INTEGRALS. 4] 


Let 5=7%, where 0<s<}. Then ὦ and 7/(r?+ mS") each tend to zero with 7, and so 


[tot —o. 


Y da 1 mylt ly 
ee 740) [ota SHO | ri 


which establishes the result desired. 


7Γ 
sgn f 0), 


Similarly we can show that 
--τὰ ¢ a " ma f(a) dx 
Ι. θ dc {” f(a) sin maa da = card 
in general tends to + or to —« (according to the sign of f(+0)) as 70. 


If however f(a)=a F(a), and F(a)> δ᾽ (+0) as a9, 
[ a2 Ε'(α) da 


υ P+ ae? 


[ σά [᾿ f(a) sin maa da=m 
“0 0 


Wh roan [POG <1 [re 


m 

§ 29. The equation (5) expresses a generalisation of Dirichlet’s integral much on the 
lines of Fejér’s generalisation of Fourier’s theorem, in which the ‘conditions of Dirichlet ’ 
are removed and mere continuity (or integrability) assumed, and the Fourier’s series, while 
possibly oscillatory, summable by Cesaro’s method of mean values. 


It is easy to obtain other generalisations on similar lines. For example, if f(a) satisfies 
conditions similar to those imposed in it in § 28, we have 


"μοῦ 


lim | e—"dx [F@ cos mxa da = lim Pre da | e~ ")*cos maa dar 
0 τοῦ" 0 


r>0/ 0 0 


1 Y 
aks Τ ες — (ma/2r)* 
sve. (aye da 


Tv 
Ξε, F (+0), 
by a well-known theorem of Weierstrass*. 
But a generalisation more precisely on Fejér’s lines can be obtained by using the 

definition + 

oe A ¢ 

α| φ (x) dx = lim Ἢ at | (uw) du. 

0 gwo USO 0 

We have then to state conditions under which 


1 “x t Ύ T 
lim= |" ae] a ada FeO). 
im Ι: ᾿ uf f(a) cos muada eer A ) 


wow . 


* This formula also is given by Sommerfeld (loc. cit.). our previous definition, see the same paper, Pp. 54, and 
+ Quarterly Journal, loc, cit., p. 53. For 8 proof that, C.N. Moore, Trans. dmer. Math. Soc., vol. vit. p. 299. 
under very general conditions, this definition is included in . 
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If f(a) satisfies the conditions employed above, we can invert the integrations, and obtain 


x t x t 
| dt i du | ; J (a) cos mua da = | : J (a) da | dt | cos mua du 
0 0 0 0 0 0 


1 — cos maa 


γ 
so that G [ dx [7@ cos mxadz= lim [’ e aman y (a) sada, 
“0 0 Vw 


0 4mara 


if the latter limit exists. Since 


: Y /sin 4 maxa\?2 .  L fkeary /sin u\? 
lim (amen) 4zda = lim — du 
g»o J 0 4 maa ag--ao Mi y ub 


a) ᾿ 2 
=i (59 du = -Τ. 


Mm Jo 


it will be seen that what we have to prove is that 
as ; 
=f" an amen) ON eee 


av} 9 \ $m 
where $(a)=/f(a) — (+0) tends to zero with a. 


4 


Let p be a positive number less than y, and let w be the upper limit of |(a)| 
in the interval (0, p). Then 


eo 


km 


ω [ /sin 2 maa\? 
« -- i) ae 


| 1 ΓὙ /sin 4maa\? + ὟΣ 
and με [ aan φ (α) da|< el, φ (α) | da. 
1! f” /sin 4 maa\? WT 4 Y ) 
Thus ; if. ( oe, db (a) da} <— +4- pte Ι | b (a) | da, 


and if we choose p so that 
p00, p'r—>o, 


as by taking p=«~, where 0<s <4, we see that the limit of the right-hand side is zero. 
Thus the result is established. 


It is of course well known that there are continuous functions J (a) for which the 
equations 


lim " Ἰῶ eo 3 da ᾿ f(a) 008 (mira) da -- 5" f (+0) 


A220 a. 


do not hold. An example of such a function was given by Du Bois Reymond, and a 
simpler one by Schwarz*. The functions given by these writers are of a very complicated 
type and defined by an enumerable sequence of different formulae, in a corresponding 


* See Hobson, Theory of Functions of a real Variable, pp. 701 et seq., for references and further discussion. 
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sequence of intervals of values of « approaching the origin. In all such cases any of the 
generalised forms of Dirichlet’s Theorem hold. 


§ 30. (1) Suppose 
I (a, α) -ΞΞ [(6} cos ma (a — a). 


Then α| cosma(a—a)dz=0 
0 


is uniformly convergent in any interval which does not include =a; and so 


an dx [/F(@) cos ma (a—a) da=0 δι νόου ἐν ον ἀφ δ θυ δόντι (6), 


if (8, y) does not include ἃ ΞΞ α. 


On the other hand, if B<a<y, 


σ} da [°F (@ 08 me(a—a) ree Cee ere (7), 


as may be shown by arguments precisely similar to those of § 28. When / (a), besides 
being continuous, satisfies Dirichlet’s conditions, the sign of the generalised integral may 
be omitted, and the formulae reduce to Fourier’s double integral formulae. 


These formulae of course hold under wider conditions, and so do (6) and (7). It may 


_ be proved, precisely on the lines of § 28, that if f(a) satisfies the conditions there laid down, 


᾿ i a)COS MZ -- a= ka f(y—9) (α ΞΞ γ) 
." ae JFK τυ πος da {f(a—0)+f(at+0)} (B<a<y) 
0 (otherwise), 


a formula equivalent to Sommerfeld’s principal result. 


Again, precisely on the lines of § 29, we can show that the above equations remain 


valid when either of the definitions 
G | f(#) de = hm | ez? F (x) da, 
0 tT 4 0 
; 1 ft t 
6 f(#) da = lim =| dt i F(u) du, 
0 gama Us) 0 
is adopted. 


§ 81. (ii) As a final illustration I shall consider Hankel’s generalisation of Fourier’s 
double integral theorem by means of Bessel functions. Hankel* first gave the formula 


| ad (an) dex i : Ff (a) J® (as) dx = (q) ene (8), 


* Math. Annalen, bd. vit. p. 482. 
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where 8, y, and a are positive, according as ὦ does not or does fall inside the interval (B, ¥) 
A rigorous proof that the value of the integral is 


bif(a-0)+F(at+0)} (ὃ«α-«γ) 
af(B+0) (B=a), ἐπ (a=y), 
0 (a< PB or y<a), 
has been given by Nielsen*, it being assumed that 
Riy)>-—1, 
and that f(2) satisfies Dirichlet’s conditions. 


A generalisation of Hankel’s formula on the lines of § 29, 30 has been attempted 
and partly achieved by Sommerfeld in his dissertation already quoted. Sommerfeld shews 
that the formula holds for any integrable function in the form 


wo ᾿ ti f(a—-0)+f(a+0)} 
lim |e (τ a J” (ax) da Ι 7} (α) “ν(α:) ἀα -Ξ- ὁ [(β -- Ο), 7 -- Ν᾽ ere: (9), 
τ-»Ὁ 0 
1.6. that ᾿ 
af nd” (as) 4: [ἡ f(a) J’ (an) ἀα =4(f(a—0) + fla+ 0}}, ete... (10), 


if the definition of the generalised integral by means of the convergence factor e~(77)? is 
adopted. 


But when the convergence factor e~* is used Sommerfeld only succeeded in esta- 
blishing the result for integral values of v. I shall now prove that the formula holds 
for all values of ν whose real part is greater than — 1. 


§ 32. For this purpose we require the value of the integral 


i ᾿ ma ..σ..-»Οὸ (11), 


where R(v)>-—1 and τ, a, and a are positive. For this purpose we start from the 
formulat 


Σ (ν + 8) Ps’ (cos 8) ὕνὴ5 (ar) J”** (az) 
s=0 


(aan) 

['(v) 

It is easy to prove that we are justified in multiplying this series by xe-** and 
integrating term by term from 0 to 0. We thus obtain 


~~ 


(a? — 2aa cos 6 + a?) 2” pv {r/(a? -- 2aa cos 6 + a?)}. 


Σ (v +s) Py (cos θ) I, 
s=0 


aa)” τς 
= oe Ἢ (a? — 2aa cos 6 + a2)~ 2” | art e~™ JY [αν (a? — 2aa cos + a?)} dx ᾿ 
0 
_ 2 (aay Tv +3) 6A 
P(v) νπ (7? + a? + a? — 2a% cos gy 3 
* Cylinderfunktionen, pp. 366—370. + ibid. p. 280. 
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where Le i cet Jv+s (ax) 1.18 (ax) da. 
0 


Let us suppose for the present that R(v)>—4. Then it is easy to see that we can 


multiply this equation by 
(sin 8)", 


and integrate term by term from 8=0 to 0=7. Since it is known that 


| ” (sin 6)” P,’ (cos 0) dd = 0 (s > 0) 
0 
and i (sin θ)»αθ = ΓΕ 
we obtain 

Le (2v+1)(aa) [τ τ (sin 0)" dé 
ἐδ π ο (72+ a? + @&—2aa cos θ}" τὰ 
Let us, in Sommerfeld’s notation, write 

A*® = (7? +a? + a)? — (2aa)’ 
={[P+(a+ay} {τὸ Ἑ (ἃ -- αὐ} 
P+ae+e=Ak, 2αα- Α ,(ξ -- 1}. 


We then obtain 


....(1.3). 


[ me t% J” (ax) JY (ax) ies ed ree ρει: 


πΑ43 ξ-- (ἕξ -- 1) cos 0} 1 


Now Hobson* has given the formula 


ἂν (sin 0)"dé 
(δ τὺ ip {ἘΞ W(E— 1) cos Oy" 


_Tin-vt)) ν v 2 —yrt 1 v 
MPEP ED φρο ατῳ Ὁ [Par @)— Ze sin vee Oh 


and also the formulaet 


T'(n—v+1) 


2 -νπὲ oy v seal ~y 
ἘΞ ΕΠ [Par (E) — Germ sin νπῷ, (ΘΙ ΞΡ", 


La (ξ) = Pram” (ξ). 


If in these formulae we put n=—3, we see that 


ὡς: ye [" (sin 0)*"dé 
(1) = V(E2?— 1) cos 6)" +? 


TOS ove Po 4D {Py O-5 2 e-risin om QO} 
= 2/4 Τ +4) P_9-*(E) 
= 2/4 D(v + 4) P,~” (ὃ. 
* Phil. Trans. Roy. Soc. (A), vol. CLxXxxvII. p. 493. + ibid. pp. 462, 452. 
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Hence we deduce | 
| xe" J*(ax) J*(ax) dx = Ξ: ΟΠ “πὰ πἔἕψρΨσοΠἕΕΨσ,σσσσυ.- (14). 
0 A? 


If however ν is integral we have also 
[«-τὺν (ax) J” (ax) da 
0 


2-"(2y +1) T(—v—}) 

= a / or Γ(ν + Pa 

“πὰ, PYTTOHD Py 
3 

δι Sey oy 2”(E) 

A®)/r i 
The function which Hobson denotes by Ρ "(δ would be denoted by Heine or 

Sommerfeld by 


— 
= 


i 
4/ 'G) τς 


so that in this notation we obtain 
τ΄ Δ 
ay es 4(£)- 
= (4) PA®s 
and this is the result obtained by Sommerfeld for integral values of ν. 


The formula (14) has been proved on the assumption that R(v)>—4. Each side of the 
equation represents an analytic function of ν regular for all values of ν for which R(v)>—1, 
and the equation therefore holds for all such values. 


§ 33. We have thus the formula 
[ we-r J (aa J” (ax) da: 
0 


21'(v + 8) = Pa P+at a 
= PY ὃ ...(16), 
Vr {rt+(atay}i{re+(a—ayti 2 {τ΄ + (a+a)]? [72+ (a—a)}3 
and it is clear that, unless a=a, this expression tends to zero with τ, and moreover does 
so uniformly in any interval of values of a which does not include a=a. Hence 


6 [« J”(ax) ὦ» (ax) dx τε (51 )) ere ree eer eT nd τος (17); 


moreover the integral is uniformly summable in (8, y) if that interval does not include a. 
In this case, therefore, by Theorem VII 


8 i Ρ ϑν(αα)άα [7@ ἀν ΣΕ: 


If, however, a=a, d>Q and > as r+0. In this case we require an asymptotic 
formula for P,~”(&). 
Now it is known* that 


2£)5 
Ρι "(ἢ = Tern + εξ, 


-- 38 
where \eg|< KE~?,. 


* Hobson, loc. cit., p. 463. When n=4 the expansions can easily be deduced by a passage to the limit. 
there given become illusory, but the appropriate expansion 
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and, if 8>0, K is independent of & or a. Hence it follows that, if βςας«ὺὴ, 


lim [Ἴ1ὼ das | xe~™ J” (ax) ὧν (ax) dx 
T>0/8 0 


= tin νυ EEOh 
me Ola da 


T 1-20 


Lay ΟΝ, cite λυ; Se 
7 = i i7?+(a+ a) ot a)?} F(a) da, 


provided that the last limit exists. 


We divide the range of integration into the two parts (8, a), (a, y). Let us first 
evaluate the limit 


ine τίτ᾽ + a+ a’)? 
β iT 24 (a+ ay} τ' + (a - a)?} 


τ-»Ὁ 


The integral is equal to 


(τ᾽ +a? + β3}} /a— 2) [᾿ ( —a ( + a+ =| 
P+ ate arc tan | ra Ἀν tan | —= ) + Gay da. 


It is easy to see that the last integral is continuous for 7=0, so that the expression 


tends, as r—+0, to the limit 
2 2\5 a 2 2 
ἘΠ ΤΣ 
(( ἘΔ} (a+a)p 4/2 
Hence, if f(a —0) is determinate, 
23. sd T(r? +a2+ a)? 
a1 | ie EE rsa G0). 
T | μ {T?+(at+ay} mag ol O)dam ef (a= 0) 


Now let f(a)—f(a — 0)= $(@), 
so that d(a)+0 as α-»α --Ο, Then 
α-- ὃ 
Ξ 


| f@ T(r? a? “δὲ 
[πε τ rasa ὦ 
"| pa) | da 


r+(a+a)y} ἱτ -Ἐ(α--α 
1(7?-++ 2.3)" 
< (+a) (P +8) J 
e (P+ αὐ 4+ a?)? 
+0 + 
Ἐσ.." [τὸ -- (α -- ay} 
where ὦ is the upper limit of | φ(α)} in the interval (a — δ, @). 
The first term is less than Kr/(7 + δ), 


aud the second is less than 
ων 8 Tda πων 8 
ey ee < ————_ , 
a 1.4- τ --ὸ (α --αὐ 2a 
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If ὃ τε τὸ, where 0<s<d4, each of these expressions tends to zero with +. Hence 


2? I {" r(r? - αὐ + a2)? 


ὴ [τὸ +(a+ay} {τ᾿ (i= apy? (ὦ da = sf(a- 0). 


T 7-»0 

The integral from a to y can be treated in a precisely similar manner, and so we arrive 

at the equation (10) of ὃ 31. Thus the result proved by Sommerfeld for integral values of 
v is extended to all values of ν whose real part is greater than — 1. | 


§ 34. When e-" is used as the factor of convergence the work is easier since, by a 
well-known formula, 


Φ at+ a2 
Ὁ 


ἡ —(rx)?2 ν ν --ῬξΞ. pp 4: γν - 
ΙΚ 2; ὧν (ax) J’ (ax) dx 5736 J! ( ΣΝ 


* Sommerfeld, loc. cit. p. 31; Nielsen, Cylinderfunktionen, p. 184. 


261 


262 


CORRECTIONS 


Ὁ. 2, last 2 lines. For t > 0 read τ > 0 (3 times). 
p. 4, line 5 up. Insert factor x in index of exponential. 
p. 10, line 12. For —C and +S read C and —S. 

line 16. For —, +, —,... read +, —, +,.... 

p. 18, line 11 up. For e~* read e~™. 


p. 15, line 6. For a read c. 


line 5 up. For 6.35 read e~**. 
p. 19, line 10. For § 6 read § 10. 

line 13. For ‘sum the series on the right’ read ‘sum the series 
3!as 
m* 


2! 


and vo OS -- 
m m 


0-- ΠΣ +0+ 1045.0. 


2 3 
— line 15. For (2) read (3) ᾿ 
7)ὺ m 


line 16. For a, read dy. 

p. 21, line 4. For the 2nd X read z. 

p. 24, line 13 up. For t > 0 read τ > 0. 

line 11 up. For r > 0 read τ > 0. 

p. 26, line 11 up. For f+» read pi"t, 

p. 28, line 8. Read H2*. 

p. 30, line 13. For τὸ < 7 read τὸ < Ft. 
7 ἐπ 

p. 51, last line. For | read [ _ For sin2z read cos2x. Add « # even integer; cf. 1904, 4, p. 56, formula (4). 
0 0 

p. 32, line 8 up. For ἐπ read $. 

p. 41, line 3. For f(0) read f(+ 0). 

line 10 up. For ‘in it’ read ‘on it’. 


p. 43, line 6. For x = a read α = @. 
lines 9 and 18. For B <a < yreadB <a<y. 
line 10. For 2nd f(a) read f(a). 


COMMENTS 


The paper continues 1904, 3 and 1904, 4, Part IT. 

In § 6, the radius of convergence of ¥ n'a, y” should be o, where o > 1 /8 (not σ > δ), and p should be 
chosen so that 1|σ < p < ὃ. 

In Theorem II, the conditions of ὃ 6 (3) are assumed. Thus ψίτ) is defined and regular for R(r) > 0, 
since e-7*d(x) > 0 as x > οὐ, for each 7 > 0. 

In ὃ 15, the condition ‘f(x) is continuous’ should be replaced (for example) by ‘f(z) is continuous and 
satisfies Dirichlet’s conditions’. 

In § 28, conditions (i), (ii), and (iii) are a version of Fejér’s conditions, for functions which have an 
‘absolutely convergent improper Riemann integral’. In § 29, the same conditions are used to obtain the 
corresponding version of Fejér’s theorem for Fourier integrals of ‘finite type’; see Pollard.} It follows 
from Pollard’s paper that Hardy’s result is equivalent to Fejér’s theorem for Fourier series of the corre- 
sponding class. 


+ Proc. Cambridge Phil. Soc. 23 (1926), 373-82. 


A NOTE ON THE CONTINUITY OR DISCONTINUITY OF 
A FUNCTION DEFINED BY AN INFINITE PRODUCT 


By G. H. Harpy. 


[Received October 15th, 1908.—Read November 12th, 1908.] 


1. Abel’s well known theorem on the continuity of power series 
naturally suggests the question as to whether a similar theorem holds 
for infinite products. Does the convergence of the product 


(1) P = I(1+a,) 

0 
involve the absolute convergence of the product 
(2) P,(z) = i (1+-a, 2") 


for all values of x whose modulus is less than unity, and the truth of the 
equation | P,(a) > P 
as z>1? The path along which z—>1 is here supposed to be any 
such path as is permitted in Stolz’s extension of Abel’s theorem, that 
is to say, any path which lies inside the unit circle, has a tangent at 
every point, and does not touch the circle. Such a path we shall describe 
for brevity as a standard path.* 

This question immediately suggests another: does the convergence 
of (1) involve that of Ρ 
(3) P,(x) = πὰ + On 2) 


for all values of x, and the truth of the equation 
(4) P,(z) > P 
when x-—>1 in any manner ? 


2. If the product (1) is absolutely convergent, that is to say, if the 
series 2a, 18 absolutely convergent, it can be shown at once that all these 
questions must be answered in the affirmative. 


τ τες ΠΤ τσοςς -μ-------τ 


* Paths which have no tangents may be dismissed from consideration ; no interest 
attaches to them, and the only result of admitting them is a little unnecessary complication 
of our definitions. 

The question stated above was, if I remember rightly, first suggested to me personally by 
Prof. V. Ramaswami Aiyar of Gooty, India, in a letter which I received from him a year or 
two ago. 


1909, 1 Proceedings of the London Mathematical Society (2), 7, 40-8. 263 
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The simplest proof of this depends upon what Mr. Bromwich has called 
Tannery’s theorem—viz., that, if 


| gn(a) | < Μ,, 


where M, is independent of z, and 2M, is convergent, throughout any 
region D of values of x, then 


(5) TT {1+ 92(2)} 


is uniformly convergent throughout D. If every g,(x) is continuous, the 
product is, of course, also continuous. 

We shall denote by D, any region bounded by a standard curve 
beginning and ending at the point z= 1; and by D, any region bounded 
by a closed curve and including the point x= 1. Then 


| ana” | < | an | 


throughout D,; and la,z| < Ria,| 
n°’ —— % 


throughout D,, R being the greatest distance of any point of D, from 
the origin; and it follows at once that P,(xz) and P,(x) are uniformly 
convergent throughout D, and D, respectively, the boundaries of the 
regions included. 

A theorem similar to Tannery’s, rather more general, but rather less 


simple and natural, was given by Arzela.* This theorem asserts that, if 


(i.) Gn(xz) tends uniformly to zero, as » >, for all values of x in D; 
(1) ¥|g,(z)| < K for all values of » and x;+ 
v=0 


then the uniform convergence of Σ μία) is a sufficient condition for that 
of ID {1+ 9n(z)|.t 


* Mem. di Bologna, ser. 4, t. Iv. (1883), p. 427; Stolz und Gmeiner, Hinleitung im dire 
Funktionentheorie, bd. τι, p. 431. > 

+ If Tannery’s condition |g,(x)| < Mn, where =, is convergent, is satisfied, it is 
evident that Arzela’s two conditions are satisfied. The converse is not true. Suppose, for 
example, that 


g(x) = 1 (0 « ὦ < $), go(x) =O (otherwise) ; 
σι(α) -- ἃ (<x < 4), g(x) = 0 (otherwise) ; 
9.(t)=§ (FS < Ὁ), Jy (x) = 0 (otherrise) ; 
° Gn 5) = — (1—-2-" < r<1-2-"-), gu (x) = 0 (otherwise). 


Then it is clear that Σ |g,(z)| < 1, and that g,(x)—>0 uniformly ; but Tannery’s condition 
v=0 


is not satisfied, since £(1/n) is divergent. There is no difficulty in constructing a similar 
example in which every g, is continuous. 
t If x and gn (x) are restricted to be real, the condition is also necessary. 
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It is plain that our results concerning the products IL(1+a, 2"), 
IT(1-+-a,x) can be deduced at once from Arzela’s as well as from Tannery’s 
theorem. 


3. We may now pass on to consider the more interesting case in 
which the product (1) is only conditionally convergent. So far as-I am 
aware, the only general tests of any importance that have ever been given 
for the conditional convergence of a product are Cauchy’s test—viz., 


the product W(1+a,) is convergent if Ya, is convergent and Luz 
absolutely convergent ; 

and Pringsheim’s extension of Cauchy’s test—viz., 
the product is convergent if La,, Σαξ, ..., Da*-! are convergent and 


n? γὺ 
Za‘ absolutely convergent.* 


A product which is convergent in virtue of Cauchy’s or Pringsheim’s 
tests we shall call a regularly convergent product. 


4. THxorem A.—If the product (1) is regularly convergent, all the 
questions of § 1 may be answered in the affirmative. 


This result I shall deduce from the following general theorem :— 
ΤΉΒΟΒΕΝ Β.--- 7} the seriest 
Xgnlx), Σσβ(α), ..., LP τ), ΣΊ g*(x)| 
are uniformly convergent throughout any region D in the plane of a, 
then the product TL {1+-9,(2)} 
ws uniformly convergent throughout D. 


This theorem is very easy to prove. We can choose ny so that, for 
n> [9] <6 <1, for all values of « in question. We can then 
ignore the first ) factors, so that nothing is lost by supposing [σι] -« ὁ 


* Pringsheim, Math. Annalen, bd. xx11., p. 482; Stolz und Gmeiner, l.c., p. 436. The 
latter test may be stated in the more general form “the product is convergent if 


= ( a. —4a? + woot rl Fi ak-* | 


is convergent and Σ αἰ absolutely convergent,” but the extension seems of but little interest. 


If a, is real, 2a; can, of course, only converge absolutely or diverge to +; the product 


converges or diverges to 0 accordingly. In this case Pringsheim’s extcnsion cannot be needed. 


{ More generally, if <= (gn—3 ate = oi age ), =| gk | 


are uniformly convergent. 
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for all values of » and x. Then 


ΒΝ 
log (1+ 9n) = Gu—F9nt et a gh + (—1)**" bn, 
ΒΝ 
where dn = : eri ΣΥΝ 
so that [φι| < [gat (1+64+82+4...) < | on | 
' ke k(1—8) 


Hence 2 ¢, is uniformly convergent, and so therefore is Σ log (1+ gn). 


5. From Theorem B the truth of Theorem A follows almost immediately. 
i.) Let gn = Qnx", and let D be the region D, of $2. Then 


2 bl i 
San De ela a 


are convergent, and therefore, by Stolz’s extension of Abel’s theorem, 


Da,w", Sa2a", ..., Dak eh)", Ll ak\|a| 


are uniformly convergent throughout D). 


(1.) Let g, = a,x, and let D be the region D, of §2. Then 
Sanz, Dara, ..., Dake, Dlak| [Ὁ] 


are uniformly convergent throughout D,. 
It is easy to deduce, from Theorem B and from the known extensions 


of Abel’s theorem, more general results concerning products of the types 
IE {1+-an fr(x)} ; 


but the cases in which f,,(2) = x” or xz seem so much the most interesting 
that it is hardly worth while to set any others out at length. 


6. There still remains the case in which the product (1) is convergent 
but not regularly convergent, or, as we may say, irregularly convergent. 

As regards such irregular convergence one may distinguish two 
possibilities. 

(a) It is possible that the product {{{1- αὐ) may be convergent, 
although the series 2a, 18 not. convergent, and indeed even if the series 
diverges to +. ‘Ihe following examples of this are interesting, and we 
shall have occasion to make use of them later on. 


1908. | THE CONTINUITY OR DISCONTINUITY OF A FUNCTION. 44 


(i.) Consider the product* 


' a | 1 1 ! 
(©) Ν ( (1+ ae) (1- oe) )? 
: ee | ἘΝ, 
for which Ag = ak: Aoy+1 = Wad Th" 


Here (1+ @2,)(1-+de41) = 1, so that the product is convergent, and has the 
value 1, although 2(a@,+42,41) or 


1 
2 2 
diverges to +. 
τ: ens 
Gi.) The product II (1+ ia 


is convergent, unless θ is a multiple of z,+ since the series 


not Ὡηθὶ 1 


6 6 
are convergent. 
It follows that 
eri 2 cos πὸ 
is convergent. But 2 e a + 1 


plainly diverges to +o. 
The product may also converge when some of the later members of 
the sequence of series Ya, Sa2, ..., Sat 


oscillate or diverge. All such cases afford illustrations of our first 
possibility with respect to irregular convergence. 


(6) The second possibility with respect to irregular convergence is that 
it should not be possible to find a value of & for which 
Σ | Qn | I 
is convergent. Suppose, for example, that 
en 


An = — 
log n’ 


where τ is trrational. Then Ya" is oe for all values of k, but 


* This edGek is used by Pringsheim (Math. Annalen, bd. xxxiI1., p. 154) 1 for another 
purpose. 
{ The product diverges to infinity if @ is a multiple of 2x, to 0 if @ is an odd multiple of 7. 


" 
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never absolutely. And, so far as the tests at our disposal at present go, 
the question of the convergence of the product 


Θ᾽ π( Ἐπὶ 


remains open. 


7. I shall return to the second possibility in a moment. But first I 
wish to show, by means of examples drawn from the first class of 
irregularly convergent products, that the mere convergence of the product 
(1) is not sufficient to ensure an affirmative answer to the questions 
of § 1. 

G1.) The convergence of (1) does not necessarily unvolve the convergence 
of 11 (i+a,x) for any value of x other than ἃ = 0 and «=1. We saw 
above that the product 
—5| ( 1-—+,)| 
/n—$] Δ /n+4/) 


is convergent. But 


| Sey ἢ Peas 
7 | (1+ a4) { sea) 
is convergent only if Il (1+ : = ) 
=0 om 


ν 


is convergent, where a, = 3--ἀα--- 2)"; 
and this is so only if a, = 0, 2.¢., if x =0 or g = 1. 


(1.) The convergence of (1) does, of course, imply the absolute con- 
vergence of I (1+a, x") for any value of z numerically less than unity. 
But vt does not umply the truth of the equation 


Π (1+a,2") > U (1+a,) 
as 2 -Σ 1, even by real values and when a, 15 real. 
We saw in § 6 that the product 


fe 2) 


Mm ne ta) 


is convergent, provided @ is not a multiple of 7. Let us denote its value 
by w. Then I shall prove that if 


= 2cos nO . 1 


a 
" Jn ἢ, 
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then 


(8) ΤΙ ἐς: > Qa 
: 1 
as ὦ -» 1 by real values. 


nGi 

In order to prove this we observe that since II (1+ a) 
convergent 
Π (1+ = 2") > II (1+ “ 
Jn. Jn 


as x—>1. It follows that the same relation holds between the products 
formed by taking the modulus of every factor, and therefore that 


nu 25 
ut (14 2220878 4 2) 


Our conclusion will therefore be established if we prove that 


is regularly 


27” cos n0 ΠΑ 
αι ΕΞ JN _ ee: II (1+2,) 
; icy ὧι ἘΣ ΜΕ ὍΝ 5 es 
/n n 
where B= x" (1 -- αἰ 


n+2x" cos ηθ.,η- 3 


tends to the limit 2 ἃΒ ὦ -» 1. Now #, is positive and less than K/n, and 
so the series 28% is uniformly convergent for Ὁ «(ὦ <1. Hence also 


the series 
ἐδ x log 4 +82)— 0; ᾿ 
is uniformly convergent, and so 
log If(1+8,)—>£, — 0. 


We therefore require only to show that 


8, — log 2. 
But, if Yn = 2™(1—2")/n, 
x"(1—2") 22" cos nO/n-+ 2 
h -8β.-- ἃ - 25. 2a" cos nb νη Ἔχ" 
pee B n n+ 2a" cos NO /n+ 2 
so that | yn—Bn | «- Κι ἢ. 


Hence 2(ynz—£,) is absolutely and uniformly convergent, and so 


Σ Y¥n— 2 Bn - 0. 
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= log (1+2) > log 2; 
and so our conclusion follows, viz., that 
II (i+a,2") > 210 (1+a,,) 
as 2 -» 1. 


8. In conclusion, I wish to say something about the second possibility 
mentioned in § 6. This possibility seems to me very interesting. But I 
know of no example of such a product, and I am unable to construct one. 
Indeed, I cannot determine whether the product (8) is ever convergent or 
not ; and the considerations which follow show, I think, that the question 
is not one which can be settled without considerable difficulty. 

Let us consider first a simpler product, viz., 


L nei 
I (1+) GS ὩΣ 
1 


Let & be the least integer such that ka >1. The series Ya; is abso- 
lutely convergent, the series 


2 k-1 
Σὰ: Σ αν, ἀφ Ud 


are convergent unless one of 6, 20,..., (ἢ --- 1) Θ is a multiple of 27. Thus 
the product is regularly convergent unless 6/7 has one of a limited 
number of rational values; if, eg., a= 4, k= 8, it is regularly con- 
vergent unless 0/7 is an integer. 

Now, let us consider the product (8), for which 


On = e™/log n ; 


and let us suppose that 0/7 is a rational fraction p/g. The series 


is conditionally convergent except for such values of & as make k@/7 an 


even integer. 
First suppose p even. Then q is odd, and Yas is convergent, except 


for 


k = q, 2q, 39, ..., 
while at = (log n)~". 
Also log (1-45) = ay—Bah+...— 25 aft αἱ (lta), 


where e, ~0 with ». It follows at once that the product (8) dwerges (cts 
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associated product of moduli diverging to +) whenever 0/7 is a rational 
fraction with an even numerator. 
Secondly, suppose p odd. Then Yak is convergent, except for 


k = 2q, 4q, 6q, ...; 


and an argument similar to that used above shows that the product (8) 
diverges to 0 whenever 0/7 is a rational fraction with an odd numerator. 

Thus the product (8) is certainly never convergent when 6/7 is 
rational. Is it ever convergent? That, it seems to me, is a very inter- 
esting question ; but I must confess myself entirely unable to answer it. 
I can only suggest the problem: to find a product Il(1+a,), such that 
2a. ts always convergent, but never absolutely, and whose convergence, 
dwergence, or oscillation is capable of proof. 

It is hardly necessary to point out that the argument given above 
applies to any product II(1+a,e"), where a, is a positive function of 
n which tends steadily to 0 as n> ©, and which is such that 


Da.” 
is divergent for all values of k. 


CORRECTIONS 


p. 42, 2nd footnote. For |gk read |g*|. a 
pp. 47-8. For ‘product (8)’ read ‘product (8) of ὃ 6’ (5 times). 
p. 48, line 2 up. For a; * read ok. 


COMMENTS 


When δ |a,| < οὐ, ὃ 2, the product J] (1+a, 2") converges absolutely and uniformly 
in |z| < 1. Hence in this case the boundary of D, may be tangential to the unit circle. 

Littlewood} considered the question raised in §§ 6 and 8, and proved that: 
ΠῚ (1+4,, e") converges whenever a, decreases to zero and θπ € S, where S is a class of 
wrrational numbers which includes all irrational algebraic numbers. 


t Proc. London Math. Soc. (2), 8 (1910), 195-9. 
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THE APPLICATION TO DIRICHLET’S SERIES OF BOREL’S 
EXPONENTIAL METHOD OF SUMMATION 


By G. H. Harpy. 


(Received August 29th, 1909.—Read November 11th, 1909.] 


1. The series 
(1) Dane7**, 
where | Nati Any An>®, 


is called a generalised Dirichlet’s serves.* If Δ, ΞΞ Ἢ, it is ἃ power series 
in z = e-*: if A, = Ιορ ἢ, it is an ordinary Dirichlet’s serves 


Ὁ) Dann. 


The series (1) possesses two lines of convergence 
(3) ΠΗ (8) ΞΞ 8. R(s)=s, 


where 80 «5: the series is convergent to the right of the first and abso- 


΄ 


lutely convergent to the right of the second. Thus the series 


(4) 2(—1)*"* 0, 
which represents the function 
(5) (1—2'~*) ¢(s) 


is convergent for R(s) > 0, and absolutely convergent for R(s) >1. On 
the other hand, for the series =-*, we have 80) ΞΞ 8 ΞΞ 1. It is evident 
that in the case of any ordinary Dirichlet’s series O0<s—%5< 1. We 
may, of course, have 80 ΞΞ 8 = —®, the series then converging abso- 


* The literature which concerns Dirichlet’s series in general, considered as functions of 
a complex variable s, is rather scattered. The theory was first attacked seriously by Cahen : 
‘Sur la fonction ¢(s) de Riemann et sur des fonctions analogues,’ Annales Sc. de l’ Ecole 
Normale Supérieure (sér. 3), t. XI, p. 75. See the dissertation of W. Schnee (Berlin, 1908), 
and his article in the Rendiconti del Circolo Mat. di Palermo, t. xxvi1, where numerous 
references are given to papers by Landau and others who have contributed to the theory; a 
later dissertation by H. Bohr (Copenhagen, 1910); and Landau’s Handbuch der Lehre von der 
Verteilung der Primzahlen. The general theory has been rather overwhelmed in the mass of 
its applications to the problem of the distribution of primes and to the general analytical 
theory of numbers. 


1910, 1 Proceedings of the London Mathematical Society (2), 8, 277-94. 
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lutely all over the plane, as in the case of the series La"n~* (| a| «1) 
or, we may have 80 = 8 = οὐ, the series being never convergent (as in 
the last example when |a|> 41). In the general case the inequality 
$—S ) <1 need not hold: we may even have 80 ΞΞ --- οὐ, 8 =, 88 in 
the case of the series 


2(—1)""'n-“*(logn)-§ O<a< 1), 


which converges conditionally for all values of s. 

When A, = , 80 and 8 are necessarily equal, and the function repre- 
sented by the series has necessarily at least one singular point on its 
line of convergence. No such result holds in the general case.* 

The series 2n~* has the one singular point s = 1, which lies on the 
line of convergence: and Landaut has shown that, when a, > 0, the real 
point on the line of convergence is always a singular point of the function 
represented by the series. On the other hand, the function (5) is an 
integral function of s. The line of convergence may also be a line of 
essential singularities, across which the function cannot be continued: 
Landau} has given as an example the series 


py ae 


2. These circumstances make the problem of the summation of a 
Dirichlet’s series, even in the narrower sense, more difficult and at the 
same fime more interesting than the corresponding problem for power- 
series. In this connection some very interesting results have been stated 
in three recent notes in the Comptes Rendus, by MM. Bohr and Riesz. 

M. Bohr§ considers the application to Dirichlet’s series of Cesaro’s 
method of summation by mean values.|| He begins by proving the 
following general theorem :— 


If Xn is summable or finite (Ck),1 and f,>O0 asn—>o, and the 
series 


S(Afi.|, Un|A%l, ..., Bn | Atty, | 


* Tt is easy to see, however, that So = 8 in all cases in which the increase of A, is suffi- 
ciently rapid to ensure the convergence of ze~*»* for all positive values of 8. 

t Math. Annalen, Bd. uxt, p. 537. 

} Sttzungsberichte der Akademie zu Miinchen, Bd. xxxvI, p. 191. 

§ Comptes Rendus, Jan. 11, 1909. 

|| Bromwich, Infinite Series, pp. 310 et seq. 

4 Summabdle (Ck) means summable by Cesaro’s k-th mean: see Proc. London Math. Soe., 
Ser. 2, Vol. 6, p. 257. By saying that xa, is finite (Ck), we mean that, in the notation of the 


paper just referred to, S*/A* oscillates finitely as n>. 
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are convergent, then the series Lanfn 1s summable (Ck), and its sum ts 
equal to that of the sertes 


Σ Sk ARH ΤΩΝ 
which is absolutely convergent. 


This theorem is substantially the same as one which I proved in a 
papert which I communicated to this Society in 1907, and which M. Bohr 
had not seen at the time of the publication of his note. It includes, 
as my theorem did not, the case in which 2a, is only finite (Ch). 
On the other hand the conditions are less simple than they may be 
made, in that [as Dr. Bromwich (Math. Annalen, Bd. 65, p. 361) has 
proved] the convergence of Yn‘ | A**'f,,| involves that of all the other 
series mentioned in the final condition. 


* The notation is that of the paper referred to in the preceding footnote. 

+t Referred to in the two preceding footnotes. 

[This paper unfortunately contains several inaccuracies, which have been pointed out to 
me by M. Bohr himself (see Bohr, Bidrag til de Dirichlet’ske Raekkers Theorie, Copenhagen, 
1910) and by Mr. J. E. Littlewood. The fact is that, finding the whole difficulty of the in- 
vestigation to lie in the algebraical work (pp. 258-261), I was careless in writing pp. 261-3, 
which do not involve any point of very serious difficulty. 

In the first place, it should have been explicitly stated that, throughout the proof of 
Theorem I, the condition f,—»0 is assumed to be satisfied: this is, of course, implied in 
calling f, a ‘‘ convergence factor ’’ (p. 264). §§8, 9, 10 should be modified as follows. We 
consider first the terms in ΤῈ for whicht = 0. These give 


Tk= 3 eae Skak+\f, 


j=0 


In this expression f is to be replaced by zero when m>n. But we may imagine this con- 
vention abandoned without affecting the limit of )7T%/A*. For this introduces a set of new 


terms in number depending only on &; for these terms we have n—j < K, and so 
k . 
and also | Sk) 45 |< K. 


And, as each of them involves a factor ζω which tends to zero asm -- οὐ, their sum also tends 
to zero 88 ἢ - οὐ, 
Again, 


ae) —At = zi {(n—j + 1)(n—Jj +2)... (WJ +) — (n+ 1)0ν Ὁ 3)... (n+) $ 


is negative and numerically less than Kn* (0 <j <1). Also since 


(n—9 +1) ... (n~j +k) —(n+1)(n +2) ...(n +k) =—j £ {e+ @+2) ον (ὦ Ὁ Ὁ} 
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From this theorem M. Bohr deduces the existence of a line of summa- 
biluty (Ck) for the series (2), viz., 


Η (8) = 5, = lim {(Sk kin-/log n}. 


“The series is summable (Ck) if R(s)>s,, and not so summable if 
R(s) <s,. Also ὃ « ee eee 
and the function represented by the series is regular for R(s) > s, Thus 
for the series (4), s, ΞΞ --- ἔ, and the series is summable, by one or other 
of Cesaro’s means, all over the plane. 

For the general series (1) there are wider possibilities as to summa- 
bility. Thus, if A, =n, 8, = 80 ΞΞ 8 for all values of &. On the other 


hand, the series =(—1)""!n* (log n)-*§_ (k-1 <a < hk) 


where n—j «ὦ < n, it follows that (fz - Ἢ -- A* is numerically less than 


Ky! (0 «) Sv <n). 


ik n 
Hence ra = en+ % Ska*+! f; + Ry, 
As 0 
Ky ν on nea ~ gk ΑΙ]: 
where [Ἐ0] «τῷ Σ lars [+ Kz fla fi |: 
j= νι] 


and by choosing first ν and then 7 sufficiently large we see that R, > 0. 


It follows that oTh/ ARS Ska*+lf,, 
0 
Next we consider 


σὰς, (R+1\ " (m—j-ttk\ carnsi-ip. 
‘Te (ee ai) SAME fies. 


j=0 
Since gee τ = (n—j+1)(n -7 +2)... (n—j+k—i)[(k—i)! < Knk-i, 
it follows that | iT, < K Σ | ϑεδευϊτέρ, [« x Σ je δὲτι τὸ δι} 
᾿ As ΓΝ jx0 Jj n' j=0 


n } ene 
< ΚΣ (+) 25 ΕΞ]. 
j=0\ 7 


By dividing the range of summation into the two parts (0, »), (v+1, 7), and choosing first » 
and then n sufficiently large, we see that 


iT*/A —> 0. 
This completes the proof of Theorem A, the statement of which requires no correction. The 
theorem, as M. Bohr points out, remains true when fn >L (1,3Ξ 0), provided that the ex- 
pression for the sum of the series is modified by the addition of a term SL, where S is the 


sum of the series $a,. This follows at once from Theorem A on replacing f, by fr—L. 
Theorem B requires modification only in the replacing of = Sfa*+1f; by 2S;*a*«'s;, where 
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is summable (Ck) all over the plane, but never summable (C, k—1), so 
that s, = — ©, 8... = ©: the sum represents an integral function of 8. 


8. I propose now to consider the application to the ordinary Dirichlet’s 
series of Borel’s method of summation. It is easy to see, by the con- 
sideration of two simple examples, that it either may or may not be 
possible, by the use of Borel’s method, to continue a function partially 
represented by a Dirichlet’s series outside the region of convergence of 
the series. 

Suppose first that the series is 2~*, which converges for A(s) > 1, 
and represents the function ¢(s), whose only singularity is a simple pole 
for s= 1. Then Borel’s integral is 


(6) [ 67 5 u(x) da, 


0 


S’* is defined as in the text. Then | S’*| « <A* for 7 > mp, and so 


| : Sikakt) fi <e “ At [δὶ] « eK, 
for m' > m > m; whence the truth of the theorem follows. 

The corollaries remain valid: but the first of them requires a few words of proof. The 
sum of the series a/,f,+aifi+... is 28/*a**1f;, and is therefore continuous ; and the sum of 
dy fy+a,f,+... differs from this by Sf), and is therefore also continuous. 

It is to be observed that the series 

Σ Sra" + fj 


is, in general, neither uniformly convergent nor continuous. Suppose, ¢.g., that 
ἄρ =1, a4 =—-1, a=1, «ὦ 


so that k= 1, 5 -- ξ, αἱ = 1--ἰ =}; and that f, isa function, such as x”, that has the limit 0 
for Oc x «1, and the limit 1 for x = 1, the interval of values of x under consideration 
being 0 «ὦ <1. Then fore <1, we have 


tm fy = 2SA2f; = ἐσ (J+ 1) A) + BAY; = 810 + BSA ; 


the last series being a uniformly convergent series whose limit as x -- 1 15 plainly zero. Thus 
Zan f, and %S!a7/; have the limit 3. But the last series is discontinuous. For z = 1 its sum 


is zero, but then 
Zan fi = LS + 28} ΔῈ ΞΞὶ ξ. 


These facts, I may point out, are clearly recognised in my earlier paper in Vol. 2, Ser. 2, of 
these Proceedings (pp. 247 et seq.). 

The genesis of the inaccuracies that I have explained is to be found in a momentary con- 
fusion, more natural than excusable, between the relations 


Skj/Ak>S, SES. 


It is remarkable that so careless a blunder should not have led to more serious error in my 
results.— ddded, Feiruary, 1910.] 
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οο ἢ -- 
* ee ee 
where u(x) 2 wmaD! 
Sincet “() ~ x~*e, 


it follows that (6) is convergent (and then absolutely) if, and only if, 
ἢ (85) > 1, when the original series is convergent. 

Secondly, consider the series (4), which represents an integral func- 
tion of s. Here} 


er) — m\r~l 
=> eo) ἢ, (log “)" 1. 


ue) 1 ni(n—1)! ἡ δ [9 


Hence (6) is absolutely convergent for all values οὗ 8. It is easy to 
see that the same is true of 


(7) { e-*u (x) dx, 
0 
and so the series is absolutely summable all over the plane.§ 


4. I shall now prove that, if the series Xa, is swummable, so is Dann™, 
where R(s) > 0. 
We are given that the integral (6) is convergent when 


ἐς δ  ; 
ἘΠ Gay 
Tt follows|| that the integral 
(8) | e~* μίαν) dz 
0 


is uniformly convergent for O< y <1. We have therefore, if R(s) > 0, 


ἘΠῚ 1 ent ) τω = =i ΞΣ | 1 ἄς 
@) | ‘log {2} dy | e"u(cy)dz = | e*dx log (=) u(xy) dy. 


0 0 


* We are applying Borel’s method to a,+a,+a;+... and not to O+a,+a:+.... The 
equation would in the latter case be 
(2) = 3 = 
- 1 nin! 
The summability of a,+a,+... implies that of 0+4,+a.+..., whereas the converse is not 


true: see Bromwich, Infinite Series, p. 273, and a paper by the present writer in the Quarterly 
Journal, there referred to. 

Tt Proc. London Math. Soc., Ser. 2, Vol. 2, p. 402. 

1 Ibid. The formula fails if s is zero or a negative integer; then u(x) tends expo- 
nentially to zeroas ἃ > ὦ. 

§ Borel, Legons sur les séries divergentes, p. 99. 

|| Bromwich, Injinite Series, pp. 488 et seq. 
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This follows from the following general theorem, which is in substance due to De la 
Vallée-Poussin.* He considers only the case in which the variables 7, y are both real (which 


is all that is wanted here, the contour C being the line 0 <y <1). We shall require the 
more general form of the theorem in § 9. 


If f(x, y) ts a continuous function of the real variable x and the real or complex variable y, 


and | f(x, y)dx is uniformly convergent for all values of y lying on a finite contour C, and 
0 


{ | p(y) | | dy| ts convergent, then 
C 
f oy) dy [ fle, y) de = [ da | o (y) f (a, y) dy. 
C 0 0 Cc 


The following proof is an adaptation of the proof given by Dr. Bromwich (Infinite Series, 
p. 448) of an analogous theorem for series. 


Since | f dx is a continuous function of y, the integral on the left hand is certainly con- 
0 


vergent. Given ε, | [42] < < «for ἢ > X. Also, in virtue of 
x 


the continuity of f, 
| ody [14 = | dx | fody. 
Hence | [ay | jda— ("del fody|=|{ oay{ 74} <«{ lellavl, 
C 0 0 σ Cc Ly Cc 


for x > X, and so 


[ 4 fo dy = lim [dx fody =| ὁ ἀν { fae. 


το J 
Now \ log (=) a u(zy)dy = Tat \ log (=) y* dy 
= Τ (8) Σ 5 a } 


The last series represents the integral function associated with the series 
La,n~*; and so this series is summable. Incidentally we have proved 
that its sum is 1 f 


ΤῸ ἘΠῚ ᾽} ψῳλ αν, 


where y(y) is the sum of the series Σ ἅμ ψ". 

We notice further that the sum of the series 2a,n~ represents a func- 
tion of s regular for all values of s whose real part is posite. This 
follows{ at once from the fact that 


[ 2 | log 1}}" ψῳ ᾷ = Ϊ | log (:) 1 Log log () Py) dy 


~ am A ...... ee 


* Annales de la Société Scientifique de Bruxelles, ὃ. xvi. 
+ The justification of the term-by-term integration presents no difficulty. 
t Bromwich, Injinite Series, Ὁ. 438. 
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is uniformly convergent throughout any continuous region, in the plane 
of s, which lies entirely to the right of the imaginary axis. 

We have thus established the existence of a line R(s) =o), such that 
a Dirichlet’s series is summable everywhere on its right and nowhere on 
its left. In other words, the region of summability is a half plane : it 
may, of course, include the whole plane ,=— ©), or none of it 
(σῃ = @). 


5. I shall now prove further that, if the series Da, is absolutely 
summable, sois La,n~*, where R(s)>0: 1.¢., that the region of absolute 
summability ts also a half plane. 

We are assuming now that 


(10) " 6.5 | uw) (x) | dx 
᾿ 0 


is convergent for \ = 0, 1, 2, ..., and we have to show that 


(11) { e~* | u (2) | da, 
0 
fe Gee 
where Us (x) = CET 


is convergent. Now 


u;(x) = fa [ | log (-)} u(xy) dy, 


| a(x) [Ὁ τ [ | log (Φ}} | u(zy) | dy. 


0 


The integral | e~* |u(ay)| dx 


0 


is uniformly convergent for 0 < y <1; and this enables us to show, by 
an argument precisely similar to that employed in the preceding section, 


that δ 1 1\) 2-1 
\ e-*dz | log (=)} | (ων) dy, 
0 0 Y 7 


and, a fortiori, { e~* | us(x) | da, 
0 


is convergent. Again, 


@) πο | | 1, La λ 
us (x) Te |, tog (=) } μ (xy) y* dy, 
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and, using this equation in exactly the same way, we can show that the 
remainder of the integrals (11) are convergent. 
We thus establish the existence of a line of absolute summability 


R(s)=c: 


and clearly TS. 


6. It is evident that the same reasoning might have been applied to 
the more general series 


Lan i pln} 


provided only that we could find an expression of {¢(m)}~* in the form 
2 1 
point = [ em Yatra) = | ψ, {log (=) | yay, 
0 0 Y 
where wv, is a function such that 


[ ra log (= +) | lay 
is convergent. 
Suppose, for example, that 


p(n) = O(n+a) = (n+a)™ {login+a)}™ {logs(m+a) | * 


the number of factors being finite, logan, logsn,..., denoting log log ἡ, 
log loglogn, ..., and a, ag, a, ... being real, and a and ay positive. 
Then it may be deduced from a formula given by Pincherle* that 


[(0}-" = " ὁπ ον, (ι) dew, 
0 
where W.(w) = ---- ἫΝ e~” 10(—t)} “dt; 


the path of integration being a straight line, and ¢,..<—A < hk, where p 
is the number of logarithmic factors of O(k), and 60», 61» 62» 69» ... denote 
the numbers 1, 6, 6’, εἶ, .... 

Hence we deduce 


{  (n) | -8 — [ ο΄" α)ω Ws (w) dw 
0 


* Mem. di Bologna (4), t. 8, pp. 125 et seq. 
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for all values of greater than a definite πρ. It may further be proved 
that as w— 0, 
aos—1 — | 1 ( 1 ) —ajs 
Vs (w) ~ T'(ays) 0g Ww rence 


and, using these facts, we are able to extend the conclusions of §§ 4, 5 
to the more general series 


An 


Σ ba tlog(n+a)}**...° 


On the other hand, it is by no means true that the regions of summa- 
bility or of absolute summability of the general series (1) are necessarily 
half planes. It is sufficient to consider the series 


x 


i+ 


‘This series is summable (absolutely) if R(z)>—1. If s = ξ- ἴη, this 
condition is 


Σ (--1)0.τὖὺδ “8 .... = (— 1°" --Ξ 
1 1 


εξ cosy > —1; 


and the region of summability is obtained by cutting out of the plane of s 
an infinite succession of curvilinear areas whose general shape is easily 
sketched. 


7. The series (4) is a simple example of a series summable by Borel’s 
method all over the plane. For it Borel’s method is more effective than 
any of Cesaro’s: later on I shall define a large class of series, all of which 
resemble (4) in this respect. But it must not be imagined that Borel’s 
method, even as applied to ordinary Dirichlet’s series, is always as 
effective as even the simplest of Cesaro’s; or that, even when the function 
represented by the series is regular all over the plane, it can always be 
continued by exponential summation. 

Consider, for example, the series 


(12) 1~*+0+0+...—8-*+0-+...+27-°+0+4..., 


in which a, = (—1)*"', when ἢ Ξξ 15, and a,=O otherwise. J shall 
prove that this serves 1s summable when, and only when, it is convergent, 
absolutely summable when, and only when, it is absolutely convergent. 


Thus the function 
(1—2'~**) €(8s) 
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represented by the series when R(s)> 0, although an integral function 
of s, cannot be continued by the use of Borel’s method. 
It is convenient to consider instead of (12) the series 


0+1-°+0+...—8-°+0+...-277%+..., 


which is certainly summable (absolutely summable) if (12) is summable 
(absolutely summable). Then 


_ oo (—1)""! ao” 
u(x) = Σ 88 (πἷγ! ᾿ 


n 


I have considered elsewhere* the asymptotic properties of functions of 
this type, but it will be necessary now to obtain rather more precise 
information. 

We divide the range of integration into two sets of intervals ὧν, dvs 
i, being the interval ~—é)® <2 <(v+6)*, where ὃ is a small fixed 
positive number. We shall consider first whether the series 


(18) > | e*u(a)da 
(v) ..({,) 
is convergent. 


If Vy =n Ὁ Οὐδ}, 


we may write w(x) in the form 
ν--ἴ a) 
w(x) = (—1)""v,+ ( a+2 ) (—1)""*e, 
1 νἜ 


= (—1)’"’ υν-Ὲ 5: -Ὲ 8.» 


say. It is easy to see that, when ὦ lies ἴῃ ἦν, v, is, to a first approximation, 
of the order of e*: a more precise approximation will be obtained later. A 
straightforward application of Stirling’s theorem gives the formula 


Un/[Un41 = (1+ en) 2-9" ὅπ -Ὶ exp {(9n? + 9n-+8) logn+3in+)}, 
where «, >0 as n>. If n>», we have | 
78 —8n—1 > ν- )— 9-9" 8 > (n-+6)~ 9-9-8 
> 179-908 exp — = (9n?+9n-+ 8). 


—9n2—9n—3 ,—9dn 
> Kn ee, 


* Proc. London Math. Soc., Ser. 2, Vol. 2, pp. 335 et seq.; Messenger of Math., Vol. 39, 
pp. 28 et seq. | 
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and, accordingly, Vn/Un41 > Keb-)" > eo; 
and it follows that | 
(14) | Sg | « Ke-* |v, |. 
ν--ἹἸΟ 
Again, S,= (E+ > γι "το, = 5: -ἘΒΊ, 
} Not] 


say. Wechoose mp, once for all, so as to justify the application of Stirling’s 
theorem to the terms for which n > M. Then, if n,< 2 < vy, we have 


78 —8n—1 < (yv—)~ 9-9-8 < (n+ 1—6)-™-%-3 


< n-—-™-8 oxy | - {== -- απ δ) (9n?+ 95.-Ὲ 8) 


< Kn-9¥--8 ew? (1—8) ᾿ς 


and so Vn|Un41 « Ke~ 8-9" < e-™, 
It follows that 
(15) — [S| < Ke-” |», ]. 


Also Si’ is a polynomial in x, of degree ηδ, while v, is (roughly) of order δ 
or e”. Hence, when » is large | 


(16) | Si |< Ke-*|»,]. 
From (14), (15), and (16) it follows that, in z,, 

(17) u(z) = (—1)’"10,(1+p,), 

where |pr| « Ke-*. 


y— 85.,»} a y~* (y+ 8" ’ 


Agein, ὁ, = 5e -- TOTO Ut <o 
" Jam exp {8r* log(v+ )—8 (+ 3)log v-+4+7,}, 


where lr,| < Κιν5. 
We easily deduce that 


(18) Py gen ciate e*-#” (1+e,), 
" f(2z) 
where [εν] « K/v. 


From this it follows that 
|e" {u(a)—(—1)""1 0, | | < Ky 82-4 e-4, 


which is obviously, whatever the value of s, even when multiplied by the 
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length of the interval z,, the general term of an absolutely convergent 
series. Hence the convergence of (18) depends entirely upon that of the 
series 


(19) Σ (-- 1). | e*v, dx, 
(Ὁ) 
or of 
(v+ δ} 
(20) >(—1)’7 1-3-3 \ εν (1+.6,) dz. 
τὸ 
(v+dy δ 
Now | er? dz = 8 | ν- 83 Ὁ dt 
. (ν-δ -ὃ 


= 6 \ (vy? - ἢ) ον dt 
0 


= 67" a+n) | et" dt 
ὃ | 
= 4 γ(2π)(1 -Ἐην), 
where |n |< K]/v.* 
Hence the series (19) may be written in the form 


(21) J (Qa) E(—1)""1y-* (1+ πη); 


and this series is absolutely convergent if (8) > 3, and conditionally 
convergent if 0 « Ais) < §. 
It remains to consider the series 


(22) Σ | e*u(x)dz, 
(j.) 


where 7, is the interval v+s% <2 < (v+1—<s)*. But it follows at once 
from the work in my note in the Messenger of Mathematics quoted above 
that, in 7,, 
at, 1n 7 [ἐπ w (a) | < Κι ΘΕ ΘῈ Kae Καὶ 
where K,, Kz, K; and K, are constants: and from this it follows that the 
series (22) is absolutely convergent for all values of s. And this com- 
pletes the proof of the assertion made at the beginning of this section. 
The same conclusions may be extended to the series 


(1)-*+0-+... —(2)"+0-+... +(8")-§+0+..., 


where & is any integer greater than 2. 


* A smaller limit may be assigned for | 7, |, but this one is sufficient for our present purpose. 
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8. The series considered in.the last section are interesting as examples 
of the possibilility of Borel’s method proving less powerful than Cesaro’s. 
For it follows from investigations of Cesaro and myself* that the summa- 
bility (C1) of the series 

A, +ag+ag+... 


involves that of all the series 


a,+0+0+a,+0+04+0+0+a,+0-+..., 
a,+0+0+0+0+0+40+a,+0+0+0+0+4..., 


in which a, occurs respectively in the »?-th, »3-th, ... position. Hence, for 
example, the series (12) is summable (C1) for —¥% < A(s) <0: it may be 
proved to be summable (Ck) for —3k < R(s) << —34(k—1); and so 
summable by one or other of Cesaro’s means all over the plane. 


9. Let us call | 
(23) Lann-* 


the Dirichlet’s series associated with the power series 
(24) DL An kt”. 


If (24) has a radius of convergence greater than unity, (23) is absolutely 
convergent for all values of s, and represents an integral function of s. 
If the radius of convergence of (24) is less than unity, (23) is never con- 
vergent. If the radius of convergence of (24) is unity, (28) may converge 
for none or for some or for all values of 8; examples are given by the 


series | 
Zev"n-§, In, De-V*n-8, 


I shall assume only that the radius of convergence of (24) is positive : 
the series then possesses a circle of convergence and a polygon of summa- 
bility.t And I shall now prove the following theorem :— 


If the point x =1 lies within the polygon of summability of the series 
(24), the associated Dirichlet’s series is summable by Borel’s method for 
all values of s, and represents an integral function of s. 


—™ See Quarterly Journal, Vol. 38, pp. 269 e¢ seg.: Bromwich, Infinite Series, pp. 386 
et seq. 
T Borel, Legons sur les séries dwwergentes, p. 126; Bromwich, Infinite Series, p. 295. 
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Borel’s sum is given by the integral 


(25) 7 | e~*u;(x) daz, 
0 
where 
= 00 Anx” 3 
(26) U;(2) = Σ Gat 
Now 
(27) no = 71 (1 --- 8) | (—w)*-1e-"” dw,* 
Qa Ψ 
where (—w)s-! = exp {(s—1) log (—w)}, 


the logarithm being real when w is real and negative, and where W repre- 
sents a contour beginning and ending at the infinitely distant end of the posi- 
tive real axis and surrounding the positive real axis by a counter-clockwise 
circuit. We shall suppose that the point of W, where R(w) has its 
algebraical minimum, is its point of intersection with the negative real 
axis, where w = — 6, ὃ being a positive number as small as we please. 

The equation (27) holds for all values of s save s = 1, 2, 8, ...: values 
which we shall at present omit from consideration. 

From (27) we at once deduce 


_Ta-s 


(28) U(X) on 


| (—w)e-“u(re—”) dw 
Ww 


ee 71 (1 -- 5) s—l 

aa aa : (log t)°* u(xtjat, 
where T is a loop from the origin in the plane of T round the point ἐξξ 1, 
as shown in the figure. The term by term integration here employed is 
of a type whose justification presents no difficulty. 


We shall now prove that 
(29) | 6. "641 | (log ὃ" u(at)dt = { (log ὁ) 1 α | e*u(at)dx ; 
0 T T 0 


or, in other words, that the integral (25) is convergent, and may be 
calculated by an inversion of the order of integration. 

The integral 
(80) \ e *u(at)da 


0 


* Whittaker, Modern Analysis, p. 182. 
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is uniformly (and absolutely) convergent throughout any region in the 
plane of ¢ which lies entirely inside the polygon of summability of 
the series 2a,t”. If ¢= 1 lies inside the polygon it is evident (see the 
figure) that we can draw W so that 7' lies entirely in the polygon, and 


then (80) is uniformly convergent for all values of ¢ on T. Our conclusion 
then follows at once from the auxiliary theorem of § 4. 

The proof that the “sum” of the series represents an analytic func- 
tion regular all over the plane may now be supplied as in § 4. Inci- 
dentally we see that the sum is 


2 -- 9) δ: 
eat Ξ Ι (log δ φ(ῦ dt, 


where ¢(¢) is the function represented by Da,t" and its continuation by 
Borel’s integral. 

So far we have assumed that s is not a positive integer: if it is we 
replace (27) by the equation 


1 Ὁ 
CS Te | wi le-"" dw, 
8) Jo 


and argue in precisely the same way. 
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10. The conclusions of the last section may be extended (cf. § 6) to 
more general series of the type 2a, {¢(n)}~*, such as 


io) 


An 


= (n+ a) {log (n+ a)}™* 0.07 


It is to be observed that they are quite independent of any assumption 
that the Dirichlet’s series is ever convergent: thus they apply to such 


series 48 S(— 1)" a®n-, 2 1)*-!q@2"4! (Qn+ 1), 


where a is any positive number, however large. But certainly the most 
interesting case of the theorem is: 


If Da,x" is convergent for [4] «1, and the function represented by 
the series is regular for «= 1, then the associated Dirichlet’s series is 
summable for all values of s, and represents an integral function of s. 


The last assertion (having no reference to summability) is easily 
established directly. As examples of series which satisfy these condi- 
tions, we may mention 
ς 608 nO x sin n@ 


(31) “πὸ πὸ 
n n 
1 
n® (log η)β'... ne’ 
where 86+0 (mod 27). 


With the help of the remarks made at the beginning of this section the 
conclusion may be extended to such series as, 6.9.» 


ξ" 6710 


11. It is instructive tu verify the results οἱ §§ 9, 10 in the case of the 
simple series (81). Writing 27¢ for 0, and using Hurwitz’s formula* 


(32) E(s, 6) = 211 —s) (2x)? Sn-C- gin [(πφ- 46)π|, 


where 0 «φ-1, A(s) <1, 
and ¢(s, @) is the generalised Riemann ¢-function defined by the series 


φ "Ἐ(φ- 1) (φ- 2)... 


* Lindelof, Le calcul des résidus, p. 107. 


294 APPLICATION OF BoREL’S EXPONENTIAL METHOD OF SUMMATION. 


_ and its continuations, we see that 


cos 2 πῷ (Ὁ π) τ" 


Ο, (φ) = Σ ne ἘΠ ΠῚ Ξ ὦ ai dae [ζ(6, φ) -Εξ(, 1—¢)}, 
ΟΞ ᾧ Β1ὴ 2nrd _ (2. π)} 8 = = 
δε(φ) = = ns ~ 41\(1—s) cos 4s7 (G(s, P—C(s, 1— φ)}. 


The functions ¢(s, φ), ¢(s, --- φ) are each regular save for a simple pole, 
with unit residue, αὖ 8 ΞΞ 1. It is clear that the only possible singularities 
of C and S are simple poles at the points s= 0, —2, —4,... and 
s=—1, —38, —5, ..: respectively. To verify that C and S are in fact 
regular at these points, we have to show that 


€(—2k, ¢)+¢(—2k,1—¢) = 0, €(—2k—1, φ) = ¢(—2k—1, 1—¢): 


and these equations are easily verified by the help of known results in the 
theory of the Zeta and Bernoullian functions.* 


12. If Σαρα" is regular for [5] «1, and has a simple pole for «= 1, 
then 2a,n~* is regular all over the plane except for a simple pole at 
s=1. If 2a,z", at ἃ = 1, behaves like 


(1 oe (x), 
where ᾧ (4) is regular, then 2a,~* has simple poles for 
s=—a, —l-—a, —2—a, ..., 


unless a is integral. If a is a positive integer, there are no poles; if a 
negative integer, the poles are 


1, 2, ..., πα. 


These results follow at once from the consideration of the equation 


Ann * Ἵ [των 5η x (e~") dw, 


= 21 (8) {sin (a+s) 3 


where χίο 5) is a function regular for w= 0. I do not imagine that they 
are new: but they are worth stating here in connection with the results 
of §§ 9-11. 


* See Barnes, Messenger of Mathematics, Vol. Xxx, pp. 74 et seq, 88 οἱ seq. 
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CORRECTIONS 


p. 289, line 4. For 7” read 2,. 

p. 291, line 9 up. For T' read t. 

p. 293, line 6. Read n-. 

line 11 up. Read n*, 

Corrections to footnote, pp. 279-81. 

p. 279, line 8. For Theorem I read Theorem A. 

p. 280, line 4. For f read f;. 

p. 281, line 1. For A*® read Af. 

line 7 up. For Vol. 2 read Vol. 4. The reference is to 1907, 2. 


COMMENTS 


The addendum at the foot of pp. 279-81 contains corrections to 1908, 1, and 1s an 
important part of that paper; see the Comments on 1908, 1. 

In the quotation from Bromwich in § 2, it is to be understood that the hypothesis 
tn > 0 is retained. 

The formula, § 2, for the (C, k)-abscissa s, of > a,/n*, should be 


s, = lim {log|S* k!n-*|/log n}, 


and is valid when either side of the equation is positive; see Bohr.} If we apply the 
formula to the series > aj,/n*’, where a, = nay, 8’ = s+A,A > 0, we obtains, = s1,—A, 
when either side is >—A. . 

In § 3, and elsewhere, absolute summability is defined in Borel’s sense; see the 
Comments on 1904, 4. 

In § 4, it is assumed that the integral (8) is uniformly convergent for 0 < y < 1, 
if it is convergent for y = 1. For 0 « 8<y <1 this was proved by Phragmén,t 
but his proof does not apply to the range 0 < y < ὃ; see the Comments on 1904, 4. 
A complete proof is given in 1911, 8; see also D.S., Theorems 129 and 130. A similar 
assumption in § 5 may be justified by the same argument. | 

In § 9, it is stated that the integral (30) is ‘uniformly (and absolutely) convergent 
throughout any region in the plane of ¢ which lies entirely inside the polygon of sum- 
mability’. This was stated by Bromwich (lst edn., p. 296), for uniform convergence, 
but he said that it follows from Phragmén’s theorem, which he had misquoted. Hardy 
indicates a proof in 1911, 8, and gives a complete proof in D.S., Theorem 133. 

The properties of the series (12), developed in §§ 7-8, are used in 1916, 8, § ὃ. In 
terms of Riesz’s typical means, the first group of statements in § 8 may be expressed 
by saying that summability (R, n, 1) implies summability (R, n?, 1), (1, n°, 1),.... This 
follows from case (b) of the Cesaro—Hardy theorem in 1907, 5. Case (a) of the theorem 
shows that the inferences are reversible. The statements about the series (12) may 
be expressed by saying that the series })(—1)""'n~** is summable (Ff, 7%, 1), 1.6. 
(R,n, 1), for 3R(s) > —1, and summable (Ff, n°, k) for 5.5 (5) > —k. The equivalence 
of (R,n?,k) and (R,n,k), k = 2, 3,..., is proved in 1916, 5. 


+ Bidrag .. ., pp. 85-93, English translation, pp. 74-81. 
1 Comptes rendus 132 (1901), 1396-9. 


THEOREMS RELATING TO THE SUMMABILITY AND ΟΟΚΧ- 
VERGENCE OF SLOWLY OSCILLATING SERIES 


~ 


By G. H. Harpy. 


[Received August 30th, 1909.—Read November 11th, 1909.] 


1. When, in this paper, I say that a series is summable, J mean 
‘““summable by mean values.” The best known and most useful of 
methods of summation by mean values is that due to Cesaro. It 


Sn =A, tag +...+an, 
sO = 5, +5, H...+5n, 


80) = gD Ἐσὺ, 


and (γ! sS)/n" > 8, 


8ἃΒ ἢ -Ὁ οὐ, the series 2a, is said to be “‘summable by Cesaro’s mean of 
the r-th order.” For the sake of brevity I shall say that such a series is 
“ summaoble (Cr).” A series which is summable (Cr) is certainly summable 
(Ck) for all values of & greater than r.* 

It is easy to see that if 2a, is summable (Cr), then 


An|/n™ >0:t 


and this result shows that the scope of Cesaro’s method is somewhat re- 
stricted. For example, the series 


a—-a@+a—... (a>1) 


cannot be summable (Cr) for any value of 7. 


2. Thus Cesaro’s method is inapplicable if, to put it roughly, |a,| 18 
too large when n is large. It does not, however, appear to have been 
observed that it is also inapplicable if |q@,| is too small when n is large. 


* Bromwich, Infinite Series, p. 312. 
t+ Ibdid., p. 318. 


1910, 3 Proceedings of the London Mathematical Society (2), 8, 301-20. 


291 


292 


. 802 Mr. 6. H. Harpy [Nov. 11, 


That this is so appears from the theorem :— 


If nan > 0 as n—> ©, then the series Xa» cannot be summable by any 
of Cesaro’s means unless it ts convergent. : 


This theorem is an immediate corollary from well known theorems of 
Frobenius, Holder, Cesaro, and Tauber. If 2a, is summable (Cr), and 8 
is its sum, then ᾿ 

Σ α,,. -- 8, 
852 -» 1. But the last equation, together with na, -» 0, involves the 
convergence of 2a,.t 


8. It is, however, possible to prove a more general theorem, viz. : 


If |na,|< K, then the series Xa, cannot be summable by any of 
Cesaro’s means unless ut 1s convergent. 


This theorem I shall now proceed to prove: the extension is of some 
importance in that it enables us to deal with a particularly interesting 
case, viz., that of the series 

Σ,,, 1 αἱ 
(where a is real). 
Suppose first that r= 1. Then 


(1) Sy Sgt... +Sn ae NA; +(M—1) Ag+... +An 


n n 
_ n+i1 pees Ay t+ 2dgt ... +NAn 
i Oe n ; 

If we put 

(2) | NAn = On, 


and denote by ¢,, ¢@, ... the functions of m formed from the δ᾽ 5 as are the 
s’s from the a’s, we may write the equation (1) in the form 


(3) sYln = (n+1) 5,/n—t,/n. 


Hence, if 2a, is summable (C1), the necessary and sufficient condition 
that it should be convergent is that 


(4) ἐς [ἡ > 0.1 


* Bromwich, Infinite Series, p. 313. 

Τ Jbid., p. 251. 

1 This is a known result: see Bromwich, /.c.; Vivanti, Theorte der Analytischen Funk- 
tionen, p. 429; and the papers by Tauber and Pringsheim there quoted. 
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I shall now prove that the conditions 
sY/n—>s, |b,|<K, 


necessarily involve (4), and so the convergence of the series. 


We have Sa,= 3% ="54a+ ~ 
1 1 
where Δῴᾳ() = φ()---φ(-Ἐ 1). 
Hence 
n—1 _ (1) 
(5) Et, A= 3 -- Muth — Sn 
| n n 


and so the summability (C1) of the series involves the convergence (to the 
same sum) of the series 
(©) | G41) τος 1)" 

Now suppose that ¢,/y does not tend to the limit zero. We may, 
without real loss of generality, restrict ourselves to the case in which a, 
is real. For, if @, = an+ta,, the series Da, is convergent or summable 
if, and only if, 2a, and Ya, are both convergent or summable. If 
| na@n| «Ξ K, then a, and a, satisfy the same condition. Finally, if ¢,/v 
has not the limit zero, the same must be true of at least one of 7,/y and 
τίν, where ἐν = 7,+%7,, and 7, and τί, are formed from a, and a, just as 
is t, from αν. 

Thus we suppose a, real. Then we can find values of N, as large as 
we like, and such that 


(7) tw > Κι Ν 


(or ty < —K,N), K, being a positive constant which we may without loss 
of generality suppose less than K. 
Let N, be the least integer such that 


νιν (- ἔδντ χων 


say. Then also N, « K,N, where K; is another constant which we may 
suppose as nearly equal to K, as we like, and so certainly less than 1. 
ff Nixn<QN, we have 


| ty— ty | ΞΞΞ | OnsitOnseot-.. bby | < (N—N,) αὶ < 4K,N, 
and so, by (7), tn Σ ty—|ty—ty | > 4K,N. 
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Hence ΣΙ ΔΈ ΣΚΙΝΣ ΔΙ -χκιν (ἢ - ἢ) 
Mm OY ra 1" \N, =N-+1 


> +k, (a —1) = K,, 


say: and this inequality is evidently inconsistent with the convergence of 
the series (6). Hence the theorem is proved when 7 = 1. 


4. I shall now prove that a series for which |na,|< Καὶ cannot be 
summable (Cr) without being summable (C, r—1). 


It is easy to verify that 


= (Ma (Ha tot (a 
τος {πὴ a (EM) a toot (CD 


1 
1 
ee (ἘΠῚ ἢ at (TERT?) Oat... + (77) na 


By means of these equations it is easily proved that 


(8) rs {- = (n+7) ὁ τὸ 
(9) r+ EP = (n +1) shy? 


The second of these equations is a generalisation of the second of the 
equations (5), to which it reduces if we put r=1 and write »—1 for n. 
The first may be written in the form 


oS. (ett) τς. 


n n J nt} n 


which is a generalisation of (3), and shows that the necessary and sufficient 
condition that a series, known to be swummable by r means, should be 
summable by r--1 means, 1s that 


fr? [πῇ > 0 
asn—>@®. 
; te - 1 ba 
Again, oP = 3 tA—-+— 
} ] V nr 
yt 1 


+A ἃ 


n—l1 Nn 


~ M1 
“A 
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or 
(10) Σ e-vart — το Σ 40,0 
1 ν 

Now, by (5), 

ἜΝ ba sea. 

ay) i 
and it is easily verified that 

tn ὦ yl - ως 
τ" areas | τ᾿ n(n—1)- 


These equations suggest that 


iad ee 1 —_ ri(m—r)!. 
11 a (kt) Ak γ: 01- 7): (ἡ 
( ) : Σ be oo n—k n! Sn τ 


That this is so may be verified by induction. The equation (11), assumed 
true for r = p, will be true for » = p+1 also if only 


pi (n—p)! ΠΝ . (-Ἐ1)}}6ι--» --Ἰ)! 9011) = 400) δρ. ἢ. 
mt n! sis are 


1 _ p!(—p—?))! 


Rut A? 
N—Dp μη 


3 


so that the equation which we have to verify is 
(n—p) ,—(p+1) s@tY, = a, 


n—p 


and if we write 7 for »+1, and then » for n—r, this reduces to (9). Thus 


(11) is established. 
From (10) and (11) it follows that 


1 _rim—r)! ΜΝ 
y η! ae 


(12) Σ -DAr 
1 


Hence the necessary and sufficient condition that the serves Xap should be 
summable by Cesaro’s mean of the r-th order ts that the series 


(13) > r—-1) A’ 1 
1 ν 


should be convergent. 


5. I shall now prove that, for the special class of series that we are 
considering, the convergence of (18) involves 


t’-Y)/n" > 0; 
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and therefore the summability of the series 2a, by r—1 means. As 
before, we are at liberty to suppose a, real. 

Suppose that the last relation is untrue. Then we can find a value of 
N, as large as we like, and such that 


(14) te) Κι Ν', 
or iY < -- KN’, 


say the former. We may, as in ὃ 8, suppose K,< Κα; and we choose N, 
asin §8. Let N;<n<N. Then 


N oo n ae oa 
e-—4e-D = « 1+N— *) os (’ 1-+n *) τῆ; 
1 


r—l 1 r—l 
- eg PT et 
+E (EM 


Both the coefficients of sa, are positive ; and so the sum is certainly in- 
creased numerically by writing K throughout in place of sa,. Hence 


een cx Ἐ|{ΠἼΣ τὴ (THY 


r—1 r—l 


a Σ ea 
_ nS e149 n+l ( r—l ) 
1 r—l1 | 


< K(N—n) Pee +N— ea < K(N—n) N(N+1)...(N4+r—2) 
< K(N—N,) Ν᾿! 
(15) <1iK,KN'/K=34K,N’, 


where K, K, are constants which we may suppose greater than K, K, by 
as little as we please. From (14) and (15) it follows that 


ἐπ 5. ΚΝ N<n<Q), 


Κι being a constant which we may suppose less than K, by as little as 
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we please. Thus 


οἱ 1 Pee shan 
Σ ἐτὐδ' — > 4Ki ND Δ’ --- 
Ny Ν᾽ 


ν ν 


— ’ NTT (ye 1 . ana γος, ρας ee ἦς ΟΣ 
=a) πῆς N,+7r—1) TENT en WARES Te 
1 κ,. K | 
B eae ee Als δ 
" ΝΙΝ, ΕἸ). -(Ν +r) > Nt? EN 
kena, ew eee < 
(N+1)(N+2)...(N+7) N°’ 


K, being a constant less than 1 by as little as we please. Hence, finally, 


= 1 (Κ, 
Σ ἐπ Δ’ — > 4Ki(r—1)! (ke —1} > Ke, 
Ni ν - Ks 


say: and this inequality is evidently incompatible with the convergence 
of the series (18). 


6. It follows that, if | na,|< K, the series Xa,, if summable (C7), is 
summable (C, r—1): and so the series is summable (C1), and so conver- 
gent. That is to say, a series for which | na, |< Καὶ cannot be summable 
by Cesaro’s means unless it 18 convergent. 

The following examples of this theorem are interesting. 


(i) The series Sn-1-% (a Z 0) 


is known not to be convergent for any value of a. It follows that it is 
not summable by any of Cesaro’s means: 1.6., that the region of definition 
of the Riemann Zeta-function cannot be extended by Cesaro’s method of 
summation. | | 

This result has been stated by Riesz,* who deduces it from a general 
theorem in analytic function-theory. 

The simplest proof of this particular result, however, is obtained by 
considering the function 

> nat em, 


------------ a SEES 


* Comptes Rendus, June 21, 1909. 
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As z—> 1, this function behaves like* 
| 1\* 
ἘΞ 1οσ — 
Γς-- at) ( og ~ | : 


and so does not tend to a limit. It follows, by well known theorems, that 
the series cannot be summable by Cesaro’s means, nor yet by Borel’s 
exponential method, sinve summability in any of these ways would involve 
the existence of such a limit.t 


(ii) Fejér has shown that the Fourier’s series corresponding to any con- 
tinuous! function is summable (C1). Now suppose that f(x) is not only 
continuous, butalso monotonic. Then, by the second theorem of mean value, 


2π ξ Qr 
\ f(x) cos na dz = f(0) \ cos nx dx +f (27) Ϊ cos nz dx, 
0 0 


which is numerically less than K/n. Hence the Fourier’s series satisfies 
the condition | na,|< Καὶ, and is therefore convergent. This result may 
be immediately extended to any case in which /(z) is continuous and of 


᾿ jimited total fluctuation. 


In short, the theorem proved in the last section enables us to present 
Dirichlet’s classical result as a mere corollary of Fejér’s theorem. 


7. The theorem of ὃ 5 naturally suggests the following question: can- 
not Tauber’s theorem itself be generalised by replacing the condition — 
na, -» Ὁ by the more general condition |na,|< K; 1.6., is it not true 
that the conditions (i) that Da,x”" tends to a limit 5 as x > 1, and (ii) that 
| 2an|< Καὶ, involve the convergence of the series Xa, ? 

I have not been able to prove this theorem, and I am inclined to think | 
that it is not true. At the same time, 1 have been quite unsuccessful in 
my attempts to construct an example to the contrary. 


8. The fact that such finitely oscillating series§ as 
Di ΣῊ lop: τὸ 


cannot be summed by Cesaro’s means suggests a variety of interesting 
questions. The first is whether we can devise other analogous, purely 


2 re cree + = i nn nt ee ees ot re _———— 


* Proc. London Math. Soc., Vol. 8, p. 385. 

T Bromwich, Infinite Series, pp. 291, 313. 

} This hypothesis has been very widely generalised: see Hobson, The Theory of Functions 
of a Real Variable, pp. 707 et seq. . 

§ For proofs that these series oscillate finitely see a paper by Dr. Bromwich, Proc. 
London Math. Soc., Vol. 6, pp. 327 et seqg., where further references are given. _ 
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arithmetical, methods of summation which will be more effective in such 
cases. This question has in part been answered by Riesz,* who has 
devised methods of summation which are generalisations of all of Cesaro’s. 
In what follows we shall be concerned solely with the generalisation of 
Cesaro’s first method. | 

Let μὰ be the general term of a divergent series of positive terms 
which, from a certain value of n onwards, tend steadily to zero, so that, in 
the notation of Du Bois Reymond’s Injinitircalciil,t we may write 


Mn < 1.3 
And let An = My Met... +e, 
so that An+i/A,->1. Then we shall say that the series is summable 
(Bl, pn) if (ua 81t pg Soft μι ει δ) νει 


tends to a limit 8 as 7) - ©, and we ghall call s the sum of the series. 
An equivalent way of stating the definition is to demand that 


Sa— Ay Ay +Agdg+ 555) +AnQn -Ρ 


8 
λ,,.41 


as »-» @. 


If we put μι| = 0, με =1, μᾳ = 1, ..., An = ἡ we are led to Cesaro’s 
definition. The case of most interest after Cesaro’s is that in which 


1 


μι = 0, My = 1, Mg = 3, seg Pel ΞΘ ἃ δον 


when A,+1~ 1/n. Our sum is then defined as 


wy (S14. $2 3.) f "ἢ 
lim ( Gee og 2.8 


N—> 1 
It is known} that, if 2,, 2c, are two divergent series of positive terms, 


such that CnfCn+1 Σ5 On/bnai 


* Comptes Rendus, July 5, 1909. 

+ For an exposition of the ideas and notation of the Infinitdrcalciil, see my ‘‘Orders of 
Infinity ”’ (Camb. Math. Tracts, No. 12, 1910). 

{ This restriction on the definition is not essential: we might suppose μη, = logn, n, .... 
But a theorem quoted later in this section shows that if the definition is effective for such a 
form of μη it will also be effective when yu, = 1, when the definition reduces to Cesaro’s. Thus 
nothing can be gained by considering such cases. 

§ I had framed this definition before seeing Riesz’s note. 

| Quarterly Journal, Vol. 38, p. 271; Bromwich, Infinite Series, p. 386. Both parts of 
the theorem there proved (and not merely the first part, of which alone use is made here) are 
really due to Cestro [Rom. Acc. Lincei Rend. (1v), 4, 1888, p. 452). 
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for all values of 7, then the equation 


by 8: + be Sa+.--+On5n_. 
byt bo+...+bn 


8 


CS 7 048.-... τ δ _. 


α blgt as + Cn 


implies the equation ὅ. 


For practical purposes this is equivalent to the assertion: ἐΐ Σ ἄμ 178 
summable (R1, μι) ἐξ is swummable (R1, m,) for any form of mn, such that 


Mn < bhne 


For example, a series suwmmable (£1, 1) is certainly swummable (1, 1/n): 
ὦ.6., @ series summable (C1) is summable by the special form of Riesz’s 
method alluded to above. The efficacy of the method rises as the rapidity 
of decrease of μα rises—provided of course μη does not decrease so rapidly 
that Xu, ceases to diverge. Thus, by taking 

1 1 1 


a ar nlogn’ nlogn log log π᾿ 


we obtain a series of methods of summation of increasing efficacy. 


9. We have seen that Ση ἢ οὐ is not summable (C1). It is, however, 
as Riesz has pointed out, summable (R1, 1/n); as is almost immediately 
deducible from the formula 


ei esti ΡΝ nn , i 
Dy =—""+¢a+ai)+0(+), 


where, in Landau’s notation, O{¢(n)| denotes a function of 2 whose 
modulus is less than K¢ (1) for all values of 1 from a certain value onwards. 
Another simple example of a series summable (F1, 1/7) is 


1—1+0+4+1+0+0+0—1+0+..., 


where the non-zero terms occur in the 1st, 2nd, 4th, 8th, ... places. This 
series is not summable (C1) or (Cr) or by Borel’s method, since the series 


a—a?+a2'—ze+... 


oscillates as ὦ - 1. 


* Quarterly Journal, Vol. 38, pp. 276 εὐ seq. ; Bromwich, Infinite Series, p. 389. 
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10. The summability (Ri, u,) of 2a, does not, as we have seen, 
involve the existence of a limit for 2a,2” as z>1. But there is an in- 
teresting theorem with respect to summability (R1, w,) which is a 
generalisation of Frobenius’s theorem concerning summability (C1); and 
corresponding theorems which are generalisations of Tauber’s theorem and 
the theorem of §3 (so far as it applies to summation by Cesaro’s first 
mean). 

These theorems I shall now proceed to state and to prove. 


(i) Analogue of Frobenius’s Theorem.—If Xa, is summable (ΕἸ, pn) 


to the sum s, and 
Sne >” > 0, 


asn—>o, for any positive value of x, then Za,e~** ts convergent for 
xz >0, and 


Ane n> 5 


as z—>0.* 


(ii) Analogue of Tauber’s Theorem.—If Δ, αι {μα --» Ο, and the series 
~a,e~*” (then certainly convergent for x > 0) tends to the lumit 5 as 
x—>0, then Xa, ts convergent to the sum 8. 


(iii) Analogue of the Theorem of § 38.—If | An@n/Mn| « Καὶ, the series 
Ayn cannot be summable (ΠῚ, u,) without being convergent. 


The second of these theorems has been proved by Landau :+ I shall 
now proceed to prove the others. 


11. We have 


n n—1 
ape = Σ 6 he se". 
1 


* In Frobenius’s theorem there is no condition similar to the second of these conditions. 
In fact the existence of a limit for (8) + 82 + ...+58,)/n implies that s,e-"* —> Ο for any positive ὦ. 
This is not so when the divergence of Sy, 1s very slow. 

Suppose 2a, summable (#1, μι). Then it is easy to see that 


Ss, = (€n+1Ansi— €nAn)/ Masts 


where ¢, -- 0, and that the condition that s,e~*"*—»0 will certainly be satisfied if (to put 
the matter roughly) A,/u, increases more slowly than any positive power of 6". This condi- 
tion is satisfied if μ' = 1, A, = m: but not if uw, = 1/n, A, ~ logn. 


t Monatshefte fiir Mathematik und Physik, Jahrgang xvii, p. 12. 
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The last term tends to zero. Also 


(16) Rew = ew heme 


Ave] 
= ᾿ eh dt « xuy41e7*. 


A, 


Now Si A, * is convergent for € > 1 :* a fortiori Σμ, 16 5 is convergent 
for any positive z. Also, for any positive value of 7, | s,e~*"| « Καὶ, where 
Καὶ depends only on 7, and 


| Sy Ae~** | < Καμνειο στη, 


so that 2s,Ae~*” is absolutely convergent -for ὦ >v7: as r is arbitrarily 
small, this condition may be replaced by x > 0. It follows that 


(17) Σ ayes* = Σ s, Ae“, 
l 1 


00 ; D 1 
Hence Dye SS iad: ( 
1 1 μν-Ἰ 


Δε- 5) 


Σ (μ45.- -..τ-Ε μν. 18.) A ( Ae-**), 


μέν. 
provided only that 
(Mosit.. tues) (S— Ae~*n ᾿ —> 0: 


and aS fgS+...+énti8n ~ Angi$ aNd Anii/An—> 1, this follows at once 
from (16). Thus we have 


(18) 


- ἡ ὃ 


ἄν Ss Σ Gre) λνειδ ( : Ae-**), 
1 


My+] 


where e, > 0 as n—> @. 

If we had applied the same analysis to the particular case in which 
a—1, qa=a—...=090, 8, = 1, 

we should have arrived at the equation 


1 
(9) ere ML Δοτλ = DA, A ( 
Mo 1 My4+1 


Ae~**) ’ 


* Abel, Giuvres, t. τι, p. 198; Bromwich, Infinite Series, p. 32. 
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Before proceeding further, we observe that 


My +9 e~** . My+e (e4vr1*— 1) 
fy 41 Ae λ»εν» 7 My +1 (1 —e7 #42") ae 
so that 
1 
(20) A (= Ae) >0 
My+1 


for all values of ν and z. 


From (18) and (19) it follows that 


Da,e * — se“? — {18 Ae" = > ενλνειδ ( 1 Δο-Ὶ 
μὰ l My tl] 
|Zaye-%*—5| < ||) + δὲ [5 Ae 
2 
= 1 
ἜΣ errs ( Ae) | 
] My+l 
ra) 1 a 
ton BAA Ae~»*), 
1 My+ 


where dy 18 the greatest value of |e,| for n> N. The last term is less 
than dy {1+(u,/u,)}, and so N can be chosen so as to make it as small 
as we please. After N is fixed we can choose x so as to make the remain- 
ing terms as small as we please: and so 


Daye *" > § 
as « --» Ὁ. 


12. We have now to prove the extension of the theorem οἱ ὃ 8.1. From 
the equation 


Mg Sy + Mg Sgt... thént1Sn —s— Ay tAgAgt ... -Ἔληας 
-Ξ-----------ς-----  — Sn i nn 


An+1 And+1 


it follows that the necessary and sufficient condition that a series, known 
to be summable (#1), shall be convergent, is that 


Ny At rgdgt... KAnan er, 


δὶ. λ.9ᾳ:} 
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Let is Se 
nN b γη.-} 1 t 
Th =) = — 
’ a ame aa LE OG, 
aa 1 t Mo Sy... fungi $ t. 
>> tA oe fee Ei! a EOL n+19n — Mn+ lla : 
1 λ, ᾿ An An+1 AnAnd+1 


Now, ex hypothest, |b,|< Kun, and so |t,| « KA,: hence 


Mat+1 bil Ni An+1 -» 0. 
It follows that 


(22) ἐν ἃ 


-- ΜΆ 8 


εἰ: 
Ay 
is convergent: we have now to show that this necessarily implies (21), 
and so the convergence of Ya, As in §§ 3 and 5, we may suppose 
a, real. 

If (21) is not satisfied we can find values of N, as large as we please, 
and such that 

‘7 ἐν > Κιλνει 


(or ἐν « -- Κιλνει: we can, without loss of generality, suppose K,< K. 
Let N, be the least integer, such that 


K 
AN +1 = (i- =) Ana) = Κι λν.1; 


say. Then, also ἀν, < K3Ay+i, where Kg is another constant which we 
can suppose as nearly equal to K, as we please. 
li Ni,<n<N, we have 


EK (Ungitenset see + ty) 


ltv—t, | =| Onsitdngeot... bby | < 

< KB (Ay—An,) 

< K (wsi—Am41) 
< $K,\yui, 


K and K, being constants which we may suppose as nearly equal as we 
please to K and K, respectively. Hence 


tn > ty—|tw—ta| > ἐκιλνοι, 


where Kj; also is as nearly equal to H, as we please. 
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Thus SEA > 4K (-- : ) 
™ ν λ, QAllAN+1 Ay, as 

> ik; (1) = Ky, 

pe Ky , 


say: and this inequality is plainly inconsistent with the convergence of 
the series (22). Hence the theorem is established.* 


13. Suppose, in particular, that 
μι = 0, pw,=1/m—1) > 1). 


Then the series is summable if 


(+ es 5) flogn— s, 
and the condition |A,@n/un| « Καὶ takes the form |2logna,|< K. If this 
eondition is satisfied the series cannot be summable unless it is con- 
vergent. 

The analogue of Frobenius’s theorem in this case takes the form: if 
the series Lan is summable, and s,n-*->0 for all positive values of x, 
then Xann~* ts convergent, and La,n-*—>s as ὦ -» Ὁ. 

It follows from the theorem cited in ὃ 8 that by making Zu, diverge 
more and more slowly, we obtain more and more powerful methods of 
summation. The theorem just proved, however, assigns a limit to the 
efficacy of the method for any particular choice of μ,. 


Thus the series Yn 


is not summable when μα =1: but it is summable if μι = 1/n and, a 
fortiori, if un < 1/n. The series 


ἘΠῚ Ὁ 
γι(ζη.}}} αἱ 


is not summable when u, = 1/n, since now | 7 Ina, | = 1, but it is, as we 
shall see in a moment, summable when μα = 1/nln, and, a fortiori, if 
μη < 1/nln: and so on. In general, the slower the oscillations of a serves, 


i ͵ι͵ι. .͵... 


* In giving our definition we restricted ourselves to the case in which u,~< 1. All that 
we have actually assumed in §§11, 12 is that An41/A,~7 1, ἃ condition certainly satisfied 
when μ, «1, but satisfied also if, e.g., μη =n, 0, ... (not if μὲ = e"), But, as we stated 
before, the case of real interest is that in which μι <1. 
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the harder it is to sum: this, at first sight, appears paradoxical. But the 
paradox disappears when we reflect that, if there are no oscillations, 7.e., 
if all the terms are positive, no method of summation by mean values 
can be effective except when the series is convergent. 


14. Consider, in particular, the series 
(23) | Σ φ' (n) eto, 


where ¢(n) is a function which tends steadily to infinity, while φ' Οὐ) tends 
steadily to zero: so that, assuming ¢(n) to be in every sense ἃ croissance 
réegulvére, we have p(n) <n. 


Suppose further that 2{¢'(n)}? is convergent, as will certainly be the 
ae p(n) < nt, p(n) < nb (In)-*, ..., (6 > 0). 


Then it is known* that 
(24) Σ gly) sO = = eH 4046, 
1 


where C is a constant, and e,—>0 as 1—«. Hence the condition that 
the series (23) should be summable (A1, μι) is that 


[μῳ eto) Lug ent? ὦ ee ἜΜ, ene (n) | [n+ 


should tend to a hmit as 7 - @. 


Suppose that Mn+ = φ' (n). 


Then a renewed application of the formula (24) shows at once that this 
condition is satisfied, and that the limit is 0. Hence we can certainly sum 
the series by taki 

een Ie Pasi S $'(). 


If, e.g., p(n) = logm, we can sum the series by taking fri; <1/n, and 
so on. 
It is easy to extend this conclusion to more general series of the type 


Dx (12) ev, 


where ¢(n) < 2 and Zy(n) φ' 01) is convergent. In many cases of this 
kind it may be shown that 
ὑπ x (n) erid (2), 


αὐφ' (n) 


Sn 


...-.,... .... .....---.. .... --- 


* Bromwich, l’roc. London Math. Soc., Vol. 6, p. 330. 
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If we take | Mn+i = φ' (n), 
and suppose | x(n) < $'(n) εἴ Ὁ 
for any positive value of x, we see that 

| Dx (n) elsi-2) 8m) 


has a limit as x->0: and, with appropriate restrictions on x (72), this con- 
clusion may be extended to more general series of the type 


Σ x (2) 690} {7 0}}} τ", 


where yin) < οὐ, 


15. Euler defined the sum of the oscillatory series Xa, as the limit, if 
it exists, of Da,x" as ὦ -" 1. It is natural to generalise this definition by 
saying that the sum of the series is 


(25) lm Ya,e7*, 
a—>0 


if it exists. The theorems of the preceding sections give us a number of 
criteria as to the existence or non-existence of this limit. 

As X, is chosen so as to tend to infinity less and less rapidly, the 
greater becomes the probability that the series in (25) will not converge 
for all positive values of z—in which case there can, of course, be no 
question of the existence of the limit (25). This is obvious: the more 
interesting fact, which emerges from our previous analysis, is this—that, 
the less the increase of X,, then, if the series in (25) converges for all 
positive values of z, the greater the probability of the existence of the 
limit. Thus ᾿ ee eee 

him Da * 7 et | 


does not exist, but ΣΉ πο, 


does: and lim 227" (log 9). 1- 9-* 
does not, but lim =n! (log nN) ~~ (log n)~* 


does: and so on. As the definition becomes 1688 effective in one direction, 
it becomes, by way of compensation, more effective in another. 

As an illustration of this general principle, I shall prove the following 
theorem :*— 


If Σα,η ἢ 


* This theorem is independent of any assumption as to the summability of =a, by mean 
values. 
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is convergent for x > 0, and if the series La,x" tends to a limit as x—> 1, 
then the series Da,n~* will tend to the same limit as x > 0. 
That is to say, of the two series 
Lae" DSagn-, 


the convergence of the second for «> 0 involves that of the first for 
0 <x <1, but the converse is not true: but, if the second is convergent, 
then the existence of a limit for the first as 2 >1 involves that of a limit 
for the second as 2 — 0, while again the converse is not true. 


16. I shall base my proof on the following theorem, which I have 
proved elsewhere :*— 


If g(t) = Σα,6- 
1 
and R(x) > 0, then 


Ὁ 


1 
v —t γ-} ͵ 
La, = T@ [ p(t) δ᾿ dt, 


whenever the series on the left-hand side ts convergent. 


Since zI\(rz) >1 as x > 0, and it is given that ᾧ (ἢ tends to a limit, 
which we may denote by ¢(0), as ἐ-- 0, it is clear that what we have to 
show is that 


(26) " xt’! φί(θαι > φ(0). 
0 


Here $(¢) is a function continuous for ἐ = 0, and, as is easily seen, less 
than a constant multiple of e~’ when ¢ is large. 


Let — o()—¢0) = V(b), 
so that Y(t) > 0 with ὁ. Then we have 
ο: l D 
| at" φ(ὃ dt = #(0)+| rt?" W(t) at+| at’! p(t) dt. 
0 0 ] 
The last integral is numerically less than 


ie \ e-tdt < Kr. 
i 


* Messenger of Mathematics, Vol. xxx1x, p. 186. 
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and has the limit 0as x0. Again, if we choose ὃ so that | W(t)! <e, 
for O< t< 4d, we have 


} 
ὃ 


ὃ 
| at! (t)dt | < εἾ otdt-+e | #1 | w(t) | dt. 
0 0 


The first term is less than e; and when ὃ is fixed we can choose 2, 80 
that the second is less than ε forO « ὦ <2. Hence 


] 
(27) | xt? W(dt > 0; 
0 


and the truth of (26) follows. 
This result is capable of considerable generalisation. Thus in the 
note in the Messenger of Mathematics, quoted above, I proved that :— 


If p(n) ts any positive function of n which tends steadily to infinity 
with n, and R(xz) > 0, then 


“ {Zane} edt = Tay Se 
" A ) 2 ΩΝ 


whenever the last serves ts convergent : and from this it may be deduced 
that : 


If Xa,e7"*™ >s as x0, then 


rs εἰν τ 
ΤΟΝ 


as x—0. 


17. All the theorems that have been discussed in this paper suggest 
numerous generalisations. 


(i) Riesz has given a definition of summability (Rk) related to summa- 
bility (£1) as Cesaro’s more general method is to its simplest case. It is 
suggested that we extend Theorems (1) and (111) to cover this case : thereby 
obtaining analogues of Holder’s extension of Frobenius’s theorem and of 
the result of § 5. 


(1) The theorems of the last section suggest more general theorems as 
to the cases in which the conditions 


Daye ἜΣ 8) Ke < An 
imply Σα, 6, Δι" -- 8. 


(111) Our theorems are all capable of generalisations bringing in com- 


309 


910 


320 QUuMMABILITY AND CONVERGENCE OF SLOWLY OSCILLATING SERIES. 


plex values of x, and resembling in this respect Stolz’s generalisation of 
Abel’s original theorem on the continuity of power series. 


(iv) All our theorems have analogues concerning integrals of the type 


[ p(t) {ψν(8} ~* at. 


It is not my object, however, to work out a whole hierarchy of theorems 
of a similar character: my desire is rather to take a definite text—‘ the 
arithmetic methods of summation of more or less slowly oscillating series” 
—and to prove just those theorems necessary to throw a general light 
upon the subject. There will be time to work out proofs of the more 
elaborate theorems when the need arises for their application to some 
special class of functions. 


[Added April, 1910.—It is perhaps worth while pointing out that 
when, in ὃ 8, na, 0 (and not merely |”a,|< K), then a much simpler 
direct proof of the theorem can be given. For, if b, = na,— 9, it 


follows at once that 


t,/ = (bi +bo+...+b,)/n > 0, 


so that the condition (4) of ὃ 3 is obviously satisfied. A similar simplifi- 
cation can be effected in § 12, when λεαρμίμ" -» Ὁ (instead of merely 
| An@n/Mn |< K). For then b,/u,— 0, and so . 


ta Oy tht... tbe _, 0 
An μὰ ἘΜ... ten ' 
so that the condition (21) of ὃ 12 is certainly satisfied. 

The proof of §§ 4, 5 can also be simplified in the same way in this 
case. But the theorems obtained in this way would not be general 
enough to enable us to deal with any of the most interesting cases con- 
sidered in the paper. | 


CORRECTIONS 


p. 309, lune 5 up. For 1/n read logn. 

p. 311, lst footnote, last line. For μ read py. 
p. 320, line 13. For na, read na,. 

line 8 up. For pu" read p,: 


COMMENTS 


The idea of replacing Tauber’st condition a, = 0(1/n) bya, = O(1/n) occurs in 1908, 2, 
but in a different context (see the Comments on 1908, 2). The problem of replacing 
Cesaro summability by Abel summability in Hardy’s O-Tauberian theorem (see ὃ 7) 
was solved by Littlewood.} The O-condition in Hardy’s theorem, §§ 3-6, was replaced 
by the one-sided conditiona, > — K/nby Landau.§ Littlewood’s theorem is extended 
srmilarly in 1914, 4. Tauberian theory is further developed in 1913, 1, 2, 3, and 10; 
1914, 4 and 11; 1916, 8; 1920, 7; 1921, 6 (in Vol. II); 1924, 7; 1926, 5; 1930, 4; 1931, 8; 
1936, 1; 1943, 4. Except for 1913, 3, which is a continuation of the present paper, 
these are all by Hardy and Littlewood. 

In Landau’s proof (loc. cit.) of his one-sided analogue of Hardy’s theorem, his basic 
lemma (which is equivalent to the final result) may be expressed in the form: 1. > 0 
and P, > g (H,2), then P, +g (H,1). He recognized that this was analogous to a 
lemma that he had used in his proof of the ‘prime number theorem’, that: if f(x) is 
continuous and differentiable, xf’(x) increases and f(x)/z > las x > 0, then f’(x) > 1; 
Handbuch . . .,|| pp. 260-1 (cf. Lemma 1 of 1914, 4). 

Summability (#1, w,), ὃ 8, without the restriction μῃ < 1, is Riesz’stt discontinuous 
method (R*,A, 1), which is equivalent to his continuous method (R,A, 1), defined by 
ee lim Σ (1—A,/w)ay. 

W->0 An<w 
Hardy’s definition is obtained by taking ὦ = X,,,,. The remarks in ὃ 8, concerning the 
relative strength of methods, are further developed in 1916, 5. 

An argument used in §§ 6 and 9 is a corollary of the analogue for Borel summability 
of Abel’s limit theorem (1904, 4, § 7, and 1911, 8) and of the consistency (regularity) 
of Borel summability (1904, 3). This principle was independently formulated by 
Doetsch{f{ as a theorem. See also Knopp§§ for some related results. 

In Theorem (i) of § 10, the condition s, e—* + 0 as n > οὐ, for every x > 0, is 
equivalent to the convergence of Xn e-An® for every x > 0; see H.R., Theorem 7. 
Thus the theorem may be stated in the form: If Σ ας is summable (ΕἸ, μι.) to 8 and 
dX a,e-** converges for every x > 0, then 

Danze λυ». asx >. 
A more ἀδδοξάὶ result, stated in 1913, 3, § 2, is included in Theorem 23 of H. R.; ; see 
also 1911, 2, § 25. 

In Theorems (i)—(iti) of § 10, the restriction μη > 0 (or Ay41/A, > 1; ef. § 12, foot- 

note) is unnecessary. Landau proved Theorem (ii) without such a restriction, and 


{ Monatsch. fiir Math. u. Phys. 8 (1897), 273-7. 
t Proc. London Math. Soc. (2), 9 (1911), 434-48. 
§ Prace Mat.-F2z. 21 (1910), 97-177. 
|| Landau’s Handbuch der Lehre von der Verteilung der Primzahlen, Vol. 1. Teubner, 
Leipzig, 1909. 
tft For references, see the Comments on 1911, 1. 
tt Math. Annalen 104 (1931), 403-14. 
§§ Rend. del Circolo Mat. di Palermo (2), 1 (1952), 129-38. 
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there is no restriction in Theorem 23 of H.R., which includes Theorem (i). In the proof 
of Theorem (iii), § 12, the condition Ay,1/A, > 1 is used (a) to prove that | 
MnsttnlAn Anti > 9, 
(b) to prove that, for arbitrarily large N, 
Κιλν--λν,) < ἐκιλν μι. 
where K, is close to K,, K, < K, and 
dy, < (1—4$K,/K)Ay 41 < Any41° 
Now (a) may be avoided, if we use the formula 


Σ Per) Oe ree eee eee | nee 


the sequence in (a) being simply the nth term of the series on the left. But, if for 
some arbitrarily large N, Ay ,,—Aw is small and Ay—Ay_, is large (so that Ν᾽ = N—}), 
Woes (Ay—Aw,)/An ει ~ (ἀν τ-λν αὐίλν ~ 1 

as N runs through a subsequence of integers. Thus, if A, is unrestricted, (Ὁ) cannot be 
carried out, even if the factor 4 is replaced by a number close to 1. On the other hand, 
Ananda-Raul||| proved that the theorem is true with unrestricted A,,. The result is 
obtained by letting the role of the interval ((1—$K,/K)Ay41,Aw4:) be played by the 


interval (Ay 41) (1+$K,/K)Ay41). The result is needed to fill a gap in 1913, 3, which was 
noticed by Ananda-Rau; see the Comments on 1913, 3. 


\\|| Proc. London Math. Soc. (2), 17 (1918), 334-6. 


THEOREMS CONNECTED WITH MACLAURIN’S TEST FOR 
THE CONVERGENCE OF SERIES 


By G. H. Harpy. 


[Received and Read, April 28th, 1910.] 


1. In a paper recently published in these Proceedings,* Dr. Bromwich 
gave a very interesting extension of the theorem (usually but inaccurately 
ascribed to Cauchy) that, when f(x) is a positive decreasing function of 
x, the series 


(1) Σ f(n) 
and the integral : 
(2) | fede 


converge or diverge together. Dr. Bromwich proved that, af 
(i) f(x) ts positive and tends steadily to zero ; 
(li) g(x) ts positive and tends steadily to infinity, 


(111) φ΄ (x) tends steadily to zero, 


(iv) the integral Ι F(x) φ' (x) dx is convergent, then 
x CX] 
\ F(2)dx— Σ F'(n), 


where F(z) = f(a)e*™ and [|X] denotes the integral part of 
X, tends toa fimte imtas X>o. 


Roughly, it may be said that what Dr. Bromwich proved amounted 
to this, that the relations between (1) and (2), as regards convergence or 
divergence, established by Maclaurin and Cauchy when /(x) is positive 
and decreasing, still subsist when f(x) is multiplied by an oscillatory 


factor of the type 608 


sin (x), 
provided p(x) tends to infinity more slowly than x. 


* Vol. 6, pp. 327 et seg. 


1911, 1 Proceedings of the London Mathemattcal Society (2), 9, 126—44. 
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2. Dr. Bromwich’s theorem may be generalised and its proof simplified 
as follows :— 

THEoREM 1.--- (i) F(a) possesses a continuous derwative F' (x), 
(Gi) F(x) > 0 as “-» οὐ, (ili) the integral 


{ [1 (x) | dx 
Χ [xX] 
is convergent, then | F(x) dz— Σ F(n) 
0 


tends to a finite limit, viz., 


| ΞΞ a ᾿ ω--[Ἕ“}} (x) dz, 
as X—->@.* 
Let j,=[ Fod—Fo= | (r@—ro} ἃ 
ν--ἰ 


= dn (c—v+1)dz 


ΞΞΞ | (a—|[a]) F’ (x) da. 


Then lil <| | F'@)| de. 


Hence Σ΄7, is convergent (absolutely) and the result follows immediately, 


since x 
| 1 (4) ἀΣ > 0. 
[χ] 


8. In the case considered by Dr. Bromwich, we have 
Fa) = {f'@+if@) ¢'@)} 650, 


and the convergence of | |’ (x)|dx follows immediately from that of 


[ f' (a) dz , | F (x) φ' (x) dz. 


Dr. Bromwich points out to me that the last inequality of § 2 may 
be established with equal simplicity by the method of argument adopted 
by himself (loc. cit., p. 329). In fact 


= [ {Γ΄ )-- Fv) } dx =—| dx Ι F' (ὃ dt, 
v—1 x 


Paes i, <| [FO lat, 


So far as applications are concerned, there is practically nothing to choose 


* It is not difficult to establish a similar theorem relating to double series and integrals. 
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between Dr. Bromwich’s result and mine. For the sake of completeness 
I give an example in which my result applies and his does not. It is 
btained by taki 

Pe ee ee F(z) = x~* exp {159 cos (log 2}, 


where 0 «δ«.α «1. 


4. Kither theorem enables us, as Dr. Bromwich shows, to determine 
very simply the behaviour, from the point of view of convergence, of 
many interesting series, such as 2(logn)?n-'-*. But neither theorem 
is sufficiently general to deal with many other simple and interesting cases 
that naturally present themselves. 

Consider, for example, the series 

οἶα" 


n>’ 


where O0<i.a<1, }>0. The integral 


Ὁ οἶδ 
{ — dz 
ΗΜ 


is convergent if a+b > 1, and it is natural to suppose that the same is 
the case with the series: and this is in fact true. But the conditions 
of Theorem 1 are satisfied only if ὦ > a. 

It 18 therefore desirable to investigate more general theorems. 


5. It will easily be verified that, if we transform the expression 7, of 
§ 2 by a further integration by parts, we obtain * 


|_V@+i' @} dejo το ἢ op sr@rde, 


-1 


v 


or, say, P= | (y’—y) f" (2) dz, 
-1 


where | 7 y = z—[z]. 


And generally, if we denote by ¢,(x) the Bernoullian polynomial of degree 
k, so that t+ 


φι ΞΞ 5, gg =2(z—-1), gg =2(e-1)\@—-}), φ, Ξ α'αω--)}, ..,, 


* In what follows I revert to the notation f(x), f(n) instead of F(x), F'(n). 
1 Bromwich, Infinite Series, p. 236. 
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we have 
@ P= [ yotrot Pre P lowt.. 


+ Be pa)! da— fo) 


=— SEIT [. dorsi ly) fr (x) da 


OTT [, dor ε(0) (ἡ dae. 


These formule are, in fact, merely a slight transformation of one of the 
standard forms of the ‘“ Kuler-Maclaurin Sum Formula.” ἢ 
From (8) we at once deduce 


THeorem 2.—If ether of the wntegrals 
| | τ) (x) | da, | fO**2 (ar) | dz 
as convergent, then 
[Χ] (ς B, ) [ΧῚ 
Γ΄ Sr@+ap et 2 pr@—...! 4-- fw 
ἧ ! 
tends,as Χ >, toa finite lumit, viz., one of the integrals 


J κι 1 —_— ae \ φοιειία -- 4} FORTY (x) dx 


1 e ‘ 
Juss = GEER), Peele) Pde 
If also f(z) and tts first 2k derivatives tend to zero, as 2-—>@, then 
Χ [xX] 
| f@ae— Σ fo 
tends, as X—>@, to the limit 


im 


HO+S fO— δὶ 2 f(0)-+...4 Be por-vQ) 4 J, 


where | = 2k-+1 or 1 = 2k+2, as the case may be. 


We have, in fact, merely to observe that the maximum of | ¢x+1(y)| or 
| por+2(y) | depends on & only and not on [X]. 


* Bromwich, Infinite Series, p. 239. 
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I have not thought it worth while to encumber this theorem (or the 
others which follow) with explicit statements as regards the continuity 
of such derivatives of f(x) as figure in them. All such derivatives are. of 
course, supposed continuous: only conditions relating to their behaviour 
as 0) πὸ are in any way relevant to the problem. Sometimes, however, 
these conditions may be broken for z = 0 or some other value of z. 
Then the formule may need modification, but the application of the 
theorem to questions of convergence is not affected. 


6. If fle) = ae" 
where 0 <a «1, it is easy to see that 
f(a) ~ Gia) "τὸ ρα 
which yields an absolutely convergent integral if s(a—1)—b < —1 or 
s > (1—b)/(1—a). 


It is always possible to choose s so as to satisfy this condition: hence 
the serves and integral 


oa 


ze dz, Tn Pei O<a<l) 


mn all cases converge or oscillate together, 1.6., converge uf, and only tf, 
a+b > 1. | 

If b> a ws wmplied by a+b >1], 1.6., if a<d, but not if a >i, 
this result may be inferred from Theorem 1. 


7. Jt is naturally suggested by the preceding results that it should be 
possible to prove theorems of a similar character, but relating to series 
and integrals that are only swmmable and not convergent. The integral 


| f(x)dz 
0 
is said to be summable (Cr), to sum S, if 
onl x για 
ώ = (| at) γὼ -» 8, 


as Ζ -κ, οὐ .ἢ 


This definition is strictly analogous to Cesaro’s definition of the sum 


* Some properties of integrals which are summable (C1) are proved by Hardy, Quarterly 
Journal, Vol. xxxv, ρ. 22; Moore, Trans. Amer. Math. Soc., Vol. vit1, p. 299; Bromwich, 
Math. Annalen, Bd. uxv, S. 350. The above definition is an immediate generalisation of 
that adopted by these writers. 
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8 of an oscillatory series 2a,, which may be put in the form 


(5) a (3) a, >. 


ΓΝ νΞΞῚὶ 


Now, by a well known formula,* 
x r+l1 1 Ζ 
(| at) fdo= τ | (α: --- ὃ f(dat. 
0 7. Jo 


Hence our definition is equivalent to 


χ ἐλ. 
(6) ᾿ (1- =) f()dt > 8 
or 
(7) | [ x f (vu) (1—u)' du — 85. 
? 0 


And, when either of these forms is adopted, there is no longer any reason 
why 7 should be restricted to be an integer; we may suppose that 7 has 
any real value greater than —1. 

Suppose, ¢.g., that fla) = arent, 
where ὦ is real and not zero. Then the integral on the left-hand side 
of (7) 18 : 
gt} [ uP (1—u)" 6 du. 

0 


Now it is known that, when |x| is large, 


1 
[ uP(1—u) edu = ΞΡ 4-Ὁ} ~ SEE (te), 
where ε, e’ are small of the order 1/z, and the many valued functions 
in the denominators have their values fixed by conventions explained 
precisely in the papers referred to in the foot-note below.t 
It follows at once that Ἔ 
| a” eo dx 


0 
is summable (Cr), and has the sum 
DT (p+1)/(—ai)?* 
if, and only if, 7 > p. 
* See, e.g., Jordan, Cours d’ Analyse, t. 111, Ὁ. 59. 


+ Jacobsthal, Math. Annalen, Bd. tv1,8. 129; Barnes, Trans. Camb. Phil. Soc., Vol. xx, 
p. 253; Hardy, Proc. London Math. Soc., Ser. 2, Vol. 3, p. 401. 
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8. Now M. Marcel Riesz has replaced* Cesaro’s definition by 


(8) Σ (1-~)'a +s, 
v=1 n 

a definition precisely analogous in form to that adopted in equation (7) 
above for the value of the summable integral. This formal analogy 
renders it convenient to adopt this definition in the analysis which 
follows. | 

Before proceeding further, I may remark that I shall consider ex- 
plicitly only the case in which 7 is a positive integer. This is the 
really interesting case. But the definition (8), like (7), applies equally 
well for non-integral values of r, and, in a good deal of the succeeding 
analysis, the restriction that r is integral is in no way necessary. 


9. M. Riesz has indicated an important generalisation of the definition 
expressed by (8). Let A(z) be any function of x which tends steadily to 
infinity with «. Then we may define the sum s of the series La, by the 
relation 


(9) Σ 1-2 a +s, 


which reduces to (8) if A(z) = 2. If this limit exists, we shall say that 
the series 2a, is summable (Rr) with sum-function \(n). When r=1 
this definition reduces to 


n 


2 A(v)a, > 8 


ὙΠ X(n) = 


or to Ma ST Mg Sa Γ΄... FMnSn—1 


r (n) 5; 


where μν = A(v)—A(v—1); which is the definition that I considered in 
a recent paper in these Proceedings. 
The corresponding definition for the integral is obviously 


(10) | {1-28} poat > 8. 


* Comptes Rendus, July 5th, 1909. M. Riesz has established (as is easy enough when r 
is integral) the substantial equivalence of the two definitions. 
t Proc. London Math. Soc., Ser. 2, Vol. 8, p. 301. 
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If this limit exists, I shall say that the integral 
| f(a) dz 
0 
is summable (Rr), with sum-function r(x), to sum S. 


If we put A(t) = T, Nee 


and denote by ἃ the function inverse to A, we see that (10) is equivalent to 
(x PME = 
| (1- >) f {AD} X(Dar. 
0 
That is to say, | F(x) dx 
is summable (Rr), with sum-function A(z), if, and only if, 


ἔγιλωι λ' (x)da 


is summable (Rr), with sum-function z The adoption of Rresz’s general 
definition* instead of Cesaro’s 15, im the case of integrals, substantially 
equivalent to a change in the independent variable. 

Thus it is easy to prove that 


(11) \ (log x)?a—1+% dx 


is not summable (Cr) for any value of r. The substitution z = 6", how- 


ever, leads to the integral es 
Ϊ y? eu dy, 


which is summable (Cr) for r > p. Hence (11) is summable (Ar), with 
sum-function log z, for r> yp. We shall see in a moment that the same 
is true of the series E (log n)?n-1+4%, 


10. We are now in a position to establish the following theorem :— 


ΤΉΒΟΒΕΝ 3.—If f(x) ἐδ subject to the conditions of Theorem 1, viz., 
that f(x) -» 0 and és 
Ι 5 (a) | da 


* I call the definition: (10) Riesz’s because he has doubtless used it as well as the defi- 
nition (9). It would indeed be a plausible conjecture that M. Riesz was led to the definitions 
(8) and (9) through some consideration of integrals. 
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ts convergent, and X(x) is any function of x which has a continuous 
derivative and tends steadily to infinity with x, then 


π AO | wate 
Σὰ - [-- " — - 
vl Na) Te Kay 
tends, as n>, to the finite limit J, of Theorem 1, so that the 
summability of the serves Xf(v) follows from that of the integral, the 
definitions of summability being Riesz’s definitions of the r-th order, 
with sum-functions r(x), A(n). 


Let ψῶ = {1-- et f(t). 
Then Dn = Σ΄» 


» 


where 7, = { " ψ (ὃ αἐ---ψι ὦ) = -] " (ἐ-- 60) Ψ' (ἢ αὐ = u+r,+,, 


u,, V,, w, being defined by the equations 


(12) oe : (t~[¢) 7 wae, 
v—l 
= ΕΣ Ὡς Αἰ τυ 
(13) Vv, = .- (ἐ--ἐ}} (1 i x( τ ἽΝ (ὃ dt, 
ae es ae CO) περ; 
In the first place, lu,| < [ | f'(| dé, 
v—l 


so that Στὸν is convergent (absolutely). In the second place, 
1, <= ---- Ἑ Al (ἐ ἢ} dt. 
[,} « sa) vols 


But it is easy to prove that φί() -- 0 involves 


1 


! > 0: . Ἀ 
XG x |, p(t) λ' (ἢ αἱ 


* This is an immediate generalisation from the well known case in which A(n) =n. 


Choose N so that |p| < ε for «> N. Then 
1 [ φ ag < 


A (m) 
if m is large enough. 


2 [, lea" ides τε i aie ca | yah aianee Be 
A(n) Jo A (1) i A(n) \, 


Cad 
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and so Σ w, > 0. 


Finally, | Σὺν 
1 


<{ (1-{1- x) ΓΘ αι. 


Let | | 7’ (u) | du = B(z). 
t 
Then, integrating by parts, 


< — d(n)+ (1- 1-- wate )e@ 


Ee, x 


. γ [ῃ. λίγ", 
a \ Ἐ | r' (ὃ B(t) dt. 


The first two terms evidently tend to zero as n—>o. The last is 
numerically less than 


Lr 
—< λ' (ὃ | P (2) αέ, 
τς | Mole 
and so also tends to zero. 
It follows that 2, > Su, = —| (t—[t]) f' (dt, 
0 


and the proof of Theorem 8 is accordingly completed. 


11. A simple example of the theorem just proved is afforded by the 
case in which 
(6) = (log x)? “α΄ t+, 
Here f' (ἃ) ~ (ai—1) dog x)? τ +%, 
and the conditions of the theorem are certainly satisfied. It follows from 
§ 9 that the series 
(log n)? π᾿ "οὐ 


is summable (fr), with sum function log”, if, and only if, r > p. 


12. The question now arises as to whether we can prove a still more 
general theorem related to Theorem 8 as Theorem 2 is related to 
Theorem 1. 
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I shall content myself with proving this in two special cases, viz., 


(1) when 
A(z) = ὦ 


(so that we are using definitions substantially equivalent to Cesaro’s), and 


(2) when A(z) is arbitrary and k= 0. The absolutely general case appears 
to require rather elaborate preliminaries. 


18. The formula (8) of § 5, applied to the function 


vo = (1-) γώ, 


gives 


a 


(15) Ψ ἰψῶ ψ'- Βέψηω--...- Ps pro} dt—4o 


= GK | _, eee —LeD yO wat, 


Suppose now that, as in Theorem 2, 
Pipl ae, 
and is convergent, and also that f+» (t)->0. Then we can prove that 
ΣΙ φικε(ἐ-- [) y+? (t) dt > [ φικεο(ἐ-- {7} fe 2 Ὁ dt. 
We have, in fact, 


P+) (8) = fek+2) (4) — — (1- τ | FO 
+ carer #4) () me (0-2) pve, 


where σ is the lesser of the numbers 24+ 2 and 7. 


We may therefore write 


Γ gaesalt— [Dyer PUtndt = ute, Ew? 
ν-}Ἱ s= 
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where τὐν = ᾿ porra(¢—[t]) f+ (d) at, 
ν--ὶἰ 
ΟΝ ὁ [ ἐλ") μῶμ.2) 
ὃν ΞΞ --}  puse(t—[t]) .1-- [1-- --ὶ | fOr (ὃ αὐ, 
»--} j 
ww? = Conf dasa(t—[é])(1— τ) TT" fORH-D (ἢ ἀέ, 
v—-1 
C; being a number dependent only on &, r, 8, and not upon ν or 7. 
Since [ἐν < μ᾽ | f P+ (4) | dé, 
v—1 


where M is the maximum of ¢x+2(y) for O<y <1, it follows that Du 
is convergent (absolutely). 


v 


Again, | Συ, « Μ᾽} 1—(1- =)" | fet (8) | at. 
1΄ υ n/ ) 


Let b(t) = | | F*(0) | ἄμ. 
t 


" ᾿ t r ee ae nN rT—1 
Then | {1 (1— Ὁ | FC*+ (0) [αἱ -τφρ 5 }} (1- τὴ ® (t) dt. 


οἱ n 


The first term on the right-hand side has the limit zero. The second is 
less than 


γ ἦν 
Ζ ) b(t) dt, 
and so also tends to zero. It follows that 


(16) > v,—> 0. 
1 
Finally, | Ew | « Κη" Ϊ [,,4 5:2: (ὃ | dé, 
] 0 


where K is independent οὗ m. I shall prove in the next section that the 
expression on the right-hand side tends to zero as n>, for s=1,2,...,c. 
It will then follow that 


(17) Lw—>O0 (s=—1, 2,..., 0), 
1 


and from (16) and (17) will follow the truth of the assertion made at the 
beginning of this section. 
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14. Since μα τε ( +0, it follows at once that 


t 
: | | fOF+Y (uy) | du iy 0, 
0 
as ἰ-»οο. Hence 


LF < LPO +] | FM U)| du = te, 
0 


where e,-—>0O. Hence 


τ. [ | F (u)| du > 0, 
0 


and from this we deduce as above that 
κω) | = Ce; 


where «> 0. It is evident that a mere repetition of this argument is 
sufficient to prove what we require. 

It is therefore proved that the sum from ν = 1 to ν = n of the right- 
hand side of the equation (15) tends, as n> οὐ, to the limit 


J x42 = SETI \ porse (t—[t]) fOr (δ αἱ. 


15. We have now to consider the left-hand side of (15), which is 


Ent ψουτψ} + ΣῈ (ye) —W'0)} — 22 (ym --ψθ +... 
$+ ABs f ysse— oq) — yD (0)}, 


where Σ, = [ (ι-- Φ)᾽ foat—3 (1— +)" fo. 


Now (= = (—1)* «! (°) (1 π"" (1— op. f-9(8, 


where A is the lesser of the numbers 7, s. From this it follows at once 
that 


(18) ¥ (0) = f%O) +e, 
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where ¢,—>0 as no. Also 
(19) VO(n) = 0 (r>s), 


since, if r > 8, every term in y(n) contains a factor which vanishes for 
t=mn. On the other hand, if r « 85, there is one term in W(n) which 
does not vanish for ¢ =n, viz., that for which « = 7, and 


(20) y(n) = (— 1) r! (*) n-* fen) (r <8). 
From (18), (19), and (20) it follows that the left-hand side of (15) may be 


expressed in the form 


ee Dr 


1 
Eaten B/0)— Bt pO) + F3 £0) =... — FFE ZO OO) +00), 


where x(n) ΞΞ (--1 rin" oo eas ἢ fon), | 
the summation extending to all the values of p (Gf any) which satisfy the 
inequalities r <2p—1 < Bk—1. 
We therefore assume, in addition to the conditions already imposed upon 
j, that | got fer-1-)(z) -> 0, 
for r<2p—1 < 2k—1. Thus, if r = 1, we must have 

f(a)/z>0, 5). οῦ, ..., fP (a) /a> 0; 
if r = 2k—1, we must have 

f(a)/2*"" > 0; 


while, if r > 2k, no conditions of this type are needed. If, eg., k = 1, 
the only case in which one of these conditions is required is when r = 1, 
the condition then being fla)la > 0. 


16. We have thus proved— 
ΤΉΒΟΒΕΝ 4.—If 


(i) Ϊ | ,β3}Ὲ9.(}} da ts convergent 


(ii) f*** (x) > 0, 


(iii) fO?—'-" (x) [4 +0 
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for such values of p, uf any, as satisfy the inequalities 


r< 3»--1 < 21--1, 


then [(- =) foat—3 (1-4) Fv) 


tends, as n—> οὐ, to the limit 


2/0) + 1 7'0)— 2 FOO)... 


( 2k— a= 2k + 2) 
ἘΞ B μαι απο πε ξαπί, Parse (t—[t]) fOr Hdl, 


so that the summability (Rr), with sum-function n, of the series Xf (n) 
follows from that of the integral | f(a) dz. 


In the simplest case, that of k = 0, the theorem takes the form 


THEoREM 5.—If (i) | |" (@) | da is convergent, (ii) f'(z) > 0, then 


[ (i—+) joa 3 Σ (1— +) "Fo > 374 ὦν al, $o(t—[t]) 2" (δα, 


uy r>O0; and if γΞξ 0, the result is still true, provided only 


F(x) > 0. 


17. Let us consider, for example, the case in which 
7 =a" O<a< 1). 
Then 1" (a) ἊΣ (1α)" χϑί(α--Ἰ)-ὖὸ εἰ, 


which tends to zero, if s(a—1)—b « 0, and possesses an absolutely 
convergent integral, if s(a—1)—b<—1. This last condition will be 
satisfied for s = 2k+2, if 


2k+2 > (1—d)/(1—a). 


This is certainly so for sufficiently large values of k. 
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The condition that f@**+” (x) > 0 requires 
2k+1 > —b/(1—a); 
and, as 1/(l1—a) > 1, this is a consequence of the former condition. 
The condition f(a) /x” > 0, 
reduces to (29—1—r)(a—1)—b—7 « 0. 


This is least likely to be satisfied when p has its smallest possible value, 
viz., that given by 7 = 29—1. It then reduces to 


b+r> 0. 


But the condition b+r>0 is certainly a necessary condition for the 


summability of os 
=n δεῖν, 


by Cesaro’s r-th mean.* Hence there is no loss of generality involved in 
this set of conditions. | 

We can now apply Theorem 4, and we see that the problem of the 
summability of the series is reduced to the corresponding problem for the 


integral Ι ee 


We have therefore only to determine whether 


tends to a limit as »>o. Putting 


— lia — Ι; 
t= nu’ = (Nu)*’, 


1 
we obtain eo N aon | (1 --- aly" μα --ῦ)γα}--Ἱ eiNu day, 
a 0 


Now it may easily be proved, by a slight modification of the argument. 
used in establishing the asymptotic formula quoted in § 7, that 


i.+ POH) ἐν G22), 


— pg l/4yr p,LA—),4]—1 piu = 
| (1 u ) U é du αἵ (@N)"*! 


; (--ἸΝ χι- να 


ee ............................ . .. .΄ ὁ ......... .. ...-....-.-..-.-.-......-........ ....--.--.-. ..........- So a cs aoe dons 
am - 


* Bromwich, Infinite Serres, p. 318. 
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where ε ande’ are of order 1/N when N is large. It follows that tbe 
integral 


is summable (Cr), and has the sum 


ΠΣ 


if, and only if, r-+1 Ὁ» ( -τδ)α; ἐ.6., if 
b+(r+1l)a>1.* 


And so the same is true of the series: that is to say, the series and 
untegral 


es) 


ΣῊ et. | a e“dzr (0 « α « 1) 


are both convergent ἀξ a+b> 1, both summable (R1) if 2a+b 1, both 
summable (R2) of 8a+b > 1, and so on, with sum function n. 


18. The last question which arises is as to whether there is an 
analogue of Theorem 4, when Riesz’s more general definition is adopted. 
The answer is, of course, in the affirmative; but, for the reason stated in 
§ 12, I content myself with considering the simplest case, the analogue of 
Theorem 5. 


ΤΉΒΟΒΕΝ 6.—/f (i) | | f" (a) ‘dx is convergent, (ii) f' (zw) > 0, (iii) (a) 


ws a steadily increasing function of x, tending to infinity with 2, and 


possessing a continuous derivative, (iv) {X'(x)/A(a)} f(a) > 0, then 


᾿ {1— wall ‘fodt—z [1- ΧΡ "FW 


0 


tends, as ἢ - οὐ, to the limit 


4f(0) +4 ᾿ da(t—[#]) 2" dt, 


uf r>0; and the conclusion remains valid for r = 0, provided f (x) > 0. 


* Of course we suppose ὃ <1 in order that the integral should converge at the lower 
limit: this is quite irrelevant to the main issue. Τῇ b>1, the integral is absolutely conver- 
gent as regards the upper limit. 
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We have, in fact, if 2, denotes the expression whose limit we are 
considering, 


Σ Ἐξ YO-YO} =o Ϊ φι(ἐ--[)ψ"(ὃ ἀ!, 


where W(t) = | 1 ᾿Γ. 


Clearly y(n) = 0, unless 7 = 0, in which case we impose the additional 
condition that 


ve (a) = f(x) > 0. 
Again, 


my -- £4 — OY" prey BPD 65 AD 
Ven τ A(n) } 7 (n) & d(n) } ΓΘ 


r(r—1) [λ΄ (Ὁ }3 ( __ A(t) \*7 
a {A(n) }? iG r(n) J So 


__ γλ"(ἣ _ A) γ7--} 
A (n) | st 70. 


The reader who has followed the arguments of the preceding paragraphs 
with care (especially those of §§ 10, 18) will easily convince himself that 
everything reduces to proving that F(z) ~ 0 involves 


@ xo coal A(t) (δ αἱ > 0, 


1 
A(z) |? 


) 


(6) :}, {λ΄ (Ὁ }3 f(dt > 0, 


1 


(c) XG@) 


wal A" flO dt > 0. 


Of these relations the first has already been proved. Again, 


1 (* yn d’ A (2) _ λ΄ (0) = ; 
τς [ mo float = δι fe) -- FO fo) τ]. MHF Od 
and so also tends to zero if the condition 


A! (2) 
A (x) 


f(t) >0 
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18 Satisfied, as we have supposed. Also, if this condition is satisfied, we 


can find X, so that 
| f@)|<eArA@)/rA'’(@) @ > X). 


1 
Then ROE 


᾿ \! 2 1 ᾿ ! 2 
J morroa| <p tal wo} ΠΟ] αν 


ς € z ᾿ 

ws.  λί(θλ' (ὃ dé. 
+ Tape |, ONO 

The second term is less than $e; and by choosing ὦ large enough, when 

X is fixed, we can ensure that the first term is also less than }e. The 

relations (a), (b), (c) are accordingly established and Theorem 6 is proved. 
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CORRECTIONS 


p. 131, line 2 up. For )?+ read )?*}, 

footnote, last line. For Vol. 3 read Vol. 2. 

p. 138, line 8 up, and p. 139, line 7. For ‘left-hand side of (15)’ read ‘left-hand side of 
(15) summed from 1 to n’. 


p. 142, line 4 up. For X(x) read An). 


COMMENTS 


Riesz defined his discontinuous typical means (R*, A, 7) in 1909,} and his continuous 
typical means (R, A, 7) later the same year.{ The method defined by (9), ὃ 91s (R*, λ, 7), 
and that defined by (8), ὃ 8 is (R*, n, 7), The footnote to § 8 refers to an assertion by 
Riesz (in paper (1)) that the (R*, n, 7) means are ‘entiérement equivalentes aux 
moyennes arithmétiques’, i.e. to the (C, 7) means. Riesz found later that his assertion 
was incorrect,§ and showed that there are series which are summable (R*, n, 5) 
r = ὃ or 3, but not summable (C, 7). He also established the equivalence of (R, n, r) 
and (C,r) forr > 0,|| and the equivalence of (R*,n, 7) and (C,r) for —1 <r < 1;see 
Riesz (4). It is now knownff that (R*, n, r) and (C, 7) are equivalent for -- <r< 2, 
but not equivalent for r > 2. The (Rf, n, 7) method has no useful meaning for r < 0; 
see Agnew{t and the Comments on 1911, 2. 
It follows that the summability (C, 7) of 

Σ n-*ei® (0 < a < 1) 
for b+(r+1)a > 1 (ran integer) is not completely established by Theorem 4, ifr > 2. 
In D.S., p. 147, Hardy remarks that ‘it is not difficult to modify the argument so as 
to take account of non-integral w, and prove that the series is summable (R, , r)’. 
He also gives (Theorem 84) a proof, not depending on the equivalence theorem, that 
the Cesaro means of order 7 (r > —1) are of the form 


n-T—O+(r+1)(1—a)gin4( Καὶ + 0(1))+ C+o0(1), Καὶ Ξ 0. 


+ Riesz (1), Comptes rendus 149 (1909), 18-21. 

t Riesz (2), ibid. 149 (1909), 909-12. 

§ Riesz (3), ibid. 152 (1911), 1651-4, footnote; for details, see Riesz (4), Proc. London 
Math. Soc. (2), 22 (1924), 412-19; D.S., p. 114. 

\| Riesz (3). Some further details are given in Hobson’s Theory of functions of a real variable, 
Vol. 2 (1926), Ch. I; see also Gergen, Duke Math. J. 3 (1937), 133-48 ; D.S., Theorem 58 (for 
r an integer); Ingham, Pub. Ramanujan Institute 1 (1968-9), 107-13. 

+t Peyerimhoff, Proc. American Math. Soc. 7 (1956), 335-47, for r = 4, 5,...; Kuttner, 
J. London Math. Soc. 37 (1962), 354-64, in the general case. 
ti Trans. American Math. Soc. 35 (1933), 532-48. 


(AST) 
A GENERAL VIEW OF THE THEORY 
OF SUMMABLE SERIES. 
By G. H. Harpy and S. CiarMay. 


CONTENTS OF THE PAPER. 


I, 
INTRODUCTION AND BIBLIOGRAPHY. 
§§ 1-3. Introductory remarks and list of memoirs 
II. 
GENERAT, PRINCIPLES. 
§§ 4, 5. The partial sum-function S(n, »). ‘he modes in which its 


limits may be taken. Limiting paths in the positive 
- and negative quadrants . ‘ ; : . . 


111. 
EXAMPLES OF THE GENERAL METHOD. 
§6. Methods of. Cesaro- Riesz ᾿ 
δ 7. Some extensions of ‘Tannery's theorem . 
$8. The repeated limit of S(”, p) . ; ‘ ‘ ‘ : 
89. Limits οὗ S(n, p) along paths in the n—p plane. Curvilinear 
and rectilinear orders of summability ὃ : δ : 
δ8 10, 11. Some particular cases ; statement of results, and general con- 
clusions relating to the methods of Cesaro- Riesz : 
§ 12. Methods of Le Roy; equivalent definitions corresponding to 
a particular case of the methods of Cesaro- Riesz 
§ 13. A new and simpler system of definitions 
δὲ 14, 15. Applications to the series Σ (— 1)" ν᾿, Σ (-- Τὴν ev 
§16. Methods of Borel . . : 
IV. 


SOME GRNERAL CONSIDERATIONS RELATING TO DOUBLE AND 
REPEATED LIMITS. 


§ 17. The power of the various methods of summation. ὅπ πο 


§§ 18, 19, London’s theorems on double and repeated limits, and their 
bearing on the theory of sammability ‘ . 


Vv. 
~ 
GENERAL THEOREMS ON THE METHODS oF Crsaro-Rtesz. 
§ 20. The condition of consistency for convergent series 


§§-21, 22. Proof that the methods of Cesdro- Riesz, for the region of the 
positive quadrant, satisfy this condition . : ᾿ 

§§ 28, 24. The generalised condition of consistency; proof that the 
methods of Cesdro-Riesz under certain restrictions satisfy 
this condition : 


VI. 
SOME COROLLARIES AND ADDITIONAL RESULTS, 
§ 25. Application of the theorems of Part V. to Riesz’s method 
§ 26. Methods of summation applicable only to convergent ¢eries . 
§§ 27, 28. The summability of some special series: In*cosna, Unt sin na, 
Σ (- 1) ev ‘ . . . . . . . . 
§ 29. The summability of diluted series . : . : ‘ 
§30. Summable integrals . ᾿ 


PAGE 
182 


185 


187 
188 
189 


190 
191 


193 
194 
195 
197 


199 


200 


1911, 2 (with 5. Chapman) Quarterly Journal of Mathematics, 42, 181— 


215. 


333 


994 


182 11». Hardy and Mr. Chapman, A general view 


I. 
Introduction and bibliography. 


§1. HE results contained in this paper are, for the 
most part, applications of a general principle 
formulated by one of us in two papers published in 1904,* 
“a general principle which may often guide us in our choice 
of a convention as to the value to be attributed to an other- 
wise meaningless expression.” ‘I'he principle is that, “‘ when 
a number of limit operations, performed in a definite order on 
a function of several variables, lead to a definite result, but 
do not do so when performed in another definite order, we 
are to agree that the result of the formal carrying out of the 
second sequence of operations means the result of the first 
sequence.” | 
These remarks have reference (in so far as our present 
applications of them are concerned) to the problem of the 
summation of oscillatory series. Since the time when the 
papers in which they occur were written, the arithmetic 
theory of summability has developed rapidly: new definitions 
have been framed and old ones generalised, and important 
and unlooked-for applications of the theory have been tound.t 
In the present paper we propose to discuss some very gencral 
classes of definitions, which number among their members 
the definitions which are most familiar and wlich have been 
most widely applied. It is possible in this way to obtain 
a clearer insight into the nature of these definitions, and 
to coordinate them as particular cases of the general principle 
already quoted. It will also be found that the point of view 
here adopted suggests a considerable variety of further 
questions, and leads simply and naturally to interesting 
generalisations of a number of well-known theorems. 


§2. There is another question which we shall discuss along 
with this one, viz., the application of methods of summation 
to convergent serics. 

The object of the ordinary methods of summation is to 
correlate a definite number, a “sum,” with a series which has 
no sum in the ordinary sense. All such methods, if they are 
to be useful, must obey a condition of consistency—when 


* G. H. Hardy, “On differentiation and integration of divergent series,” 
Cumbsidge Philosophical Transactions, vol. X1X., Ὁ. 297; ‘Researches in the 
theory of divergent series and divergent integrals,” Quarterly Journal, vol. XXXV., 
p. 22. See also Bromwich, /nfinite Sertes, pp, 257 et seq. 

t See the bibliography in §3. 
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applied to convergent series they must yield the number 
which is its sum according to the ordinary definition. It is 
easy to imagine methods—such methods will be found in this 
paper (¢.9., § 26)—which satisfy this condition but are wholly 
ineffective for the summation of oscillating series: methods, 
that is to say, which are capable of summing convergent series 
only. But it is possible to go further,* and to imagine methods 
which will not sum even all convergent series, but only 
particular classes of them; such metliods also will be con- 
sidered in this paper, and possess properties of considerable 
interest. ‘They also must, in so far as they are applicable, be 
subject to a condition of consistency. But their interest is 
quite different in character from that of the methods useful 
for oscillating series; there is naturally no particular object 
in attributing a “sum” to a series which already has one 
in the ordinary sense. We apply methods of summation 
to convergent series because of the light which they throw on 
the nature of the convergence of such series, and on the relation 
of their convergence to the non-convergence of oscillatory but 
summable series. 


§3. It will be convenient to append a list of memoirs 
dealing with methods for the summation of series. his list 
does not profess to be complete: we have included in it only 
(a) memoirs later in date than those quoted in §1 and 
(ὁ) memoirs to which we shall refer in the course of the 
paper. 

(1) H. Bour: “Sur la série de Dirichlet,” Comptes Rendus, 11 January, 1909. 


(2) —— “ Bidrag til de Dirichlet’ske Raekkers Theori,” Dissertation, Copenhagen, 
1910, 


(3) Εἰ. Bonen: ‘Mémoire sur les séries divergentes,” Annales de [ Rcole Normale 
Superieure, t. XVI, p. 1. 


(4) T. J. Pa Bromwicu: “ Various extensions of Abel’s lemma,” Proc. Lond. 
Math, Sec., vol. V1., p. 58. 


(5) —— “The relation between the convergence of series und of integrals,” @id., 
vol. VI., ἢ. 326, 


(6) —— “On the limits of certain infinite series and integrals, J/ath. Ann, 
bd. LXV., 5. 350. 


(7) —— (and G. H. Hany): “Some extensions to multiple series of Abel's 
theorem on the continuity of power series,” Proc. Lond. Auth. Soc., 
vol. IL., p. 101. 


(8) 8. CHapMan: “Non-integral orders of summability of series and integrals,” 
Proce. Lond, Math. Soc. (unpublished). 


(9) L. Frave: “Untersuchungen tiber Fouriersche Reihen,” fath. Ann., 
bd. LVIir., 8. dl. 


* S$. Chapman (8)—see the bibliography in §3. 
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(10) L, Fezen: “ Ueber die Laplacesche Reihe,” 2id., bd. LXVIL., 5. 76. 


(11) —— “Sur le développement d’une fonction arbitraire suivant les fouctions de 
Laplace,” Comptes Kendus, 3 February, 1908. 


(12) ——“[Lebesque’sche Konstanten und divergente Fourierreihen,” Crelle’s 
Journal, bd. CKXXVIIL, 8. 22. 


(13) ΔΓ, Fexgerye; “Sur les séries de Dirichlet,” Comptes Rendus, 25 April, 1910. 
(14) G. H. Hanpy: “Further researches in the theory of divergent series and 
integrals,” Camb, Phil. Trans., vol. XX1., p. 1. 


(15) —— “Some theorems concerning infinite series, Math. Ann, bd. LXIV., 5. 77. 

(16) —— “On certain oscillating series,” Quarterly Journal, vol. XXXVIII., p. 269. 

(17) —~ “Some theorems connected with Abel’s theorem on the continuity of 
series,” Proc. Lond. Math. Soc., vol. 1V., Ὁ. 247. 


(18) —— “Generalisation of a theorem in the theory of divergent series,” ἰδία, 
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1. ἑ 


General principles. 


§4. Let J (a, », ν) 


be a function of the three variables x, », v, defined for all real 
values of n (or all values numerically greater than some 
positive number V), all positive values of p (or all values 
greater than some positive number P), and all positive 
integral values of v (including 0). Suppose further that 
J (a, p, v) has the following properties :— 


(1) /=0 for v> [η|, so that 


lin f=0; 
(i) lim f= Φ, ν) 
and lim γε ψ (ρ, v) 


exist for all values of p and ν in question; 


(ili) lim f=1; 
pre 

(iv) lim lim /=0, 
y=> 00 1->-+00 

lim lim f=; 
ν -ὸ 0 2.-> —00 

(v) - lim lim /f=1, 
Pron +o 

lim lim f=1, 


p> 0 5.9 ττοὸ 


We now define S(n, p) by the equation 
[7] 
S(n, p)= Σ yf (n, p, ν)» 
pO 


where [rn] denotes the greatest integer less than or equal 
to |2{, so that [7] is always positive. ‘hen 


[7] 
lim S(n, p)= Σ᾿ τῷ; 
po 0 
and therefore 
(i) lim lim § (nm, p) 
N-> 0 P-> 0 
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(iy’ = lim lin S(n, }) ΞΞ 8, 


ἢ -ὸ —0 P-> 20 
if and only if the series Yu, ts convergent, with the sum 8. 
The general principle of δ 1 suggests that, when Zu, 1s not 
convergent, we should define its “sum” s by one or other 
of the equations 


(2) lim lim S(n, p)=s, 
pO N->+00 
(2)' lim lim S(n, p)=s 


pro n>—-a 


if either of these repeated limits exists. And, moreover, 
as explained in ὃ 2, the general principle may also be applied 
to convergent series so long as the “‘suin”’ so obtained is not 
different from the ordinary sum 


7} 
lim = w,. 
ἢ. -» oo v0 


n 
We shall call s = Su, the x partial sum of the series 
0 


Zu, f(n, p, v) the summing function, and S(n, p) the n®™ 
partial sum-function. 


§5. It is possible that a function such as S(m, p) should 
possess a double limit in Pringsheim’s sense—a limit obtained 
by making ἢ and » tend simultaneously but independent!7 to 
infinity. Here we must distinguish between two double limits, 
one in each of the two upper quadrants of the plane (n, p). 
We shall confine ourselves for the moment, in the interests of 
clearness, to the positive quadrant. 

It is well known that if S(n, p) has a limit when p->o 
(as is the case here), then the existence of the double limit 
involves that of the repeated limit 


lim lim S(n, p), 


N->0 p>» 


t.e., the convergence of the series Su, Only in this case, 
then, can the double limit exist.* But although, save in the 


* It will generally be the case that 


lim S (η, p) 
7 => 00 


exists for any fixed p and is equal to 


Luv p (ν, }). 
0 


{f this be so, the existence of the double limit would also necessarily involve the 
existence of the repeated limit (2). 
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case of convergence, the double limit cannot exist, there is, of 
course, no reason why S(n, ») should not tend to a limit 
when n and p tend to infinity simultaneously, but <n some 
special manner, @.e., so that some functional relation 


(3) F'n, p) =0 


holds between 2 and p. If any such limit exists, it may 
be taken as a definition of the “sum” of Su, We shall then 
say that n and p tend to infinity along the path (J), and 
refer to the sum s as corresponding to that path. We have 
thus to consider not only the definition by means of the 
repeated limit (2), but also an infinity of definitions by means 
of double limits corresponding to particular paths. 

Thus far we have been confining our remarks to the 
positive quadrant. In this quadrant the coefficients of the 
terms τὸν in the expression S(n, 2) are less than unity; they 
are, in a sense, convergence factors introduced to smooth out 


the oscillations of Su, and to make it likely that S(n, p) 


v—0 
will tend to a limit related in a useful manner to the series 
Zu, The main object of the limiting processes which are 
confined to this quadrant is to find this limit or “sum”; 
a secondary object is to examine the nature of the oscillation 
or non-convergence of the series. 


When n and p lie in the left upper quadrant, however, the 
coefficients of the terms u, will in general be greater than 
unity: they are not convergence-factors but divergence-factors. 
They are not inserted in S(n, p) with the object of finding 
the sum of the series, for that we may assume already known. 
The question of interest is to determine, to put it roughly, 
how divergent the factors may be taken ere S(n, p) ceases 
to tend to a limit—a limit which may be a repeated limit (2’), 
a double limit, or a limit taken along some path in the negative 
quadrant with an equation such as (3). In this way we shall 
be able, to some extent, to classify the possible modes of con- 
vergence of the series. 


Ill. 
Examples of the general method. 


§6. It will probably make these general considerations 
clearer if we illustrate them at once by means of some 
particular examples. 
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A. Methods of Cesdro-Riesz. 


Let X(n) be a function of πὶ which possesses a continuous 
and positive derivative \'(7) for all positive values of , and 
which tends to oo with ἢ: and let 


(1) A(n)=—Aln}| (n<0), 
so that A(z) is an odd function of n.* 
Let 
= Χ (ν)) M)/P 
(2) f(r, Ρ: ) εξ - θη 
for 0 “Ξ νΞ[η"|], and 
(2) ST (1, p, v) =0 


for v>|n|. Then it is obvious that conditions (i) and (iil) 
of §4 are satisfied. Also 


lim f=), lim f=ed/p, 


N => +00 ῃ-» πιο 


so that conditions (ii), (iv), and (v) are also satisfied. 

The repeated limit (1) of § 4 exists if, and only if, Sw, is 
convergent. Let us consider in what circumstances the 
repeated limit (2) of §4 exists. 


§7. We require the following theorem, related to what 
Dr. Bromwich calls ‘Tannery’s theorem, in the same way as 
Abel’s and Dirichlet’s tests for the uniform convergence of 
series are related to Weierstrass’s. 


THEOREM. Let (1) Za, be convergent to sum 8, 


(ii) 0<,(n) <1, 
(iii) b,(n) increase or decrease steadily as v goes from Ὁ to n, 
(iv) lim },(n)=1. 
1 => 90 
2} 
Then will F'(n) = a,b, > 8 
0 
asn—>oO. 
We have 


N-1 » 
F(n)=(2 +2) ab = Fn) + FO) 
0 


ἘΔ will be discontinuous at the origin unless A (0) =90. 
+ Infinite Series, pp. 113, 123. 
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say. Choose Ν go that 
ms 
|Za,|<e (m,2m,>N). 


Then | F(n) | <e.* 


When Ν is fixed we can choose n, so that 
: N-1 
| f\ (11) — 3 αν «ε 
0 
for n=.2,; and we see at once that 
N-1 τὸ 
|F(n)|S|F,(n) - Σ a,|+| Ba, +| Fn) | <3e 
| N 
forn=n,. Thus the theorem is proved.t 


§8. Suppose in particular that 


a, = er) /P u,, 


A(n 
p= δ {1 _A a} (ἡ! 


λ]η} 
| [n] r( ae [n] 
é = 1— = b. 
so that S(n, p) Su, | x In| = a,b, 


Then, writing ἃ for ἃ (ν) and A, for X(n), we have 


λ᾿ a 
b, = exp (— 2p, —_ ϑρλιἷ -...] 3 


and it is clear that 5, satisfies the conditions of the theorem. 
Thus 


lim §(n, p)= Σ u,ev)/P, 


ἢ...» 0 


* Bromwich, Infinite Series, Ὁ. 54. ; ; ; 
ἡ There is no difficulty in extending the theorem to the case in which 6, (5) is 
complex: we replace conditions (ii) and (111) by the conditions 


(ii)’ | by (nm) | <K, 


Meo 
(iiiy Σ᾿ 16, (π)-- ὅν (π)} <K. 
my, 
It is easy to frame analogous theorems for products. 
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provided only that the series on the right-hand side ts convergent. 
And hence the repeated limit (2) of §4 exists, and equals 9, 
whenever the Dirichlet’s series 


(3) Su, e-#d) 


is convergent for «>0 and tends to s as x—>0. We shall 
express this shortly by saying that Abel’s limit ectsts for the 
Divrichlet’s sertes (3). 

If X(n)->o with sufficient rapidity, the series (3) will 
have the property that its lines of convergence and absolute 
convergence coincide. In this case (which occurs, e.g., if 
A(n)=n) the proof can be simplified by using Tannery’s 
theorem in place of that of § 7. 

Similarly we prove that, ¢f the repeated limit (2') of §4 
as to exist, we require not only that the series Xu, should be 
convergent, but also that the series (3) should be convergent for 
some negative values of x. 

Thus, in particular, when >(n)=n, the existence of one 
of the three repeated limits (2), (1), (2’) corresponds to one of 
the three hypotheses :— 


(2) Abel’s limit 


lim Suv” (0 «ὦ «1) 
xc>1 


exists (as for such series as 1—1+1-...,1—243-..., ete.) ; 
(1) Zu, is convergent; 
(2) Zu,x” has a radius of convergence greater than unity. 


§9. So much for the three repeated limits: we must now 
consider limits along paths 1 (§5). Suppose, for example, 
that the path F’is defined by 


(4) λ (n) =ap, 


where α is a constant. The corresponding definition of the 
sum 18 as 

, [5] λ (ν)) 4 

lim Su, it _ ot . 

n> oo 0 Δ | 72 | 


Thus the limits corresponding to paths (4) are precisely the 
limits adopted by Riesz* to define the sum of aseries. When 
X(n)=n and a is a positive integer, these definitions are 


* See his memoirs, (31)—(33). 


of the theory of summable series. 191 


known to agree with Cesaro’s. In this case, if the limit 
exists, we shall say that Zw, is summable (R, X, a). Generally, 
when n and pare restricted to move along a path F, we write 


X(n)/p =o (n) ; 
and, if the corresponding limit exists, we say that Sw, is 
summable (ft, 2», ὦ). If X(n)=n we may write (C, w) for 
(fi, n, ὦ). 

We shall describe the whole system of methods of sum- 
mation as the Cesdro-Riesz system of type Ἃ, and we shall call 
w (n) the order of the particular method considered, 

It is sometimes convenient, for purposes of graphical 
representation, to regard X(n) and p as our independent 
_ variables rather than n and p. The curves (4) then become 
straight lines. We may then speak of rectilinear orders 
of summability and curvilinear orders—the rectilinear orders 
are those of Riesz’s methods. 


§10. We shall consider these methods of suinmation in 
greater detail later on (ὃ ὃ 20-27). We may however mention 
here one or two particular results that throw some light upon 
their range of applicability. 

(1) The series 

PaO acs Goa) 
is summable (f,,s+e) for any positive e, but not summable 
(fi, n, 8). This is still true if % is substituted for ἢ, provided 
(to put it roughly) the order of A, as n—> 00, is less than that 
of some power of n. 

The series is finite (A, n, s) or (R, 2, s)—that is to say, 
S(n, p) oscillates finitely as n and p tend to infinity along 
the curve n=sp or ἃ (n)= sp. 

(2) The series 

e(log 1)? —. (log 2)? 4. e(log 3)’ _, , , 
el? — 2 + δ τς 
where 0<s<1, are not summable (1, A, a) for any value 
of a. But they may be summed by methods of curvilinear 
order. 

(3) Any convergent series Yu,, such that vu -—>0, is 

suunmable (#, n, —1+) for any positive ¢.* 


The rectilinear paths X%=ap, where a<—1, cover an 
angle fa bordering upon the negative axis of A. Paths 


* S. Chapman (8). 
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which lie within this region are abnormal, and present 
peculiarities which can hardly be taken account of im a 
general theory. Thus divergent series of positive terms 
may be summable (with sum 0) along paths lying in this 
region.* 

(4) The series Σὶν Δ is not summable (A, x, a) for any 
value of a. Abel’s limit does not exist for the series Sv" τ", 
and it is probable that the series is not summable (2, ἢ, w) 
for any form of w, though of this we have at present no 
formal proof. On the other hand the series is summable 
(R, dr, €), when A=log| x], for any positive εὖ 


§11. The discussions which precede will have suggested 
to the reader the following general conclusions. 

Given a Cestro-Riesz scheme of type r, the corresponding 
methods of summation are more or less powerful according as 
the paths F, to which they correspond, approximate more or less 
closely to the positive axis of n (or of %)—or, tn other words, 
according as the increase of 


o=)/p 


as more or less rapid. The MOST powerful method, in any 
such scheme, is that defined by the use of the. repeated limit (2), 
which corresponds to the positive n-axis itself. 

A series summable (RB, X, w), to sum 8, 1s summable (fh, d, ὦ) 
of ὦ ὦ forn=n,: and inall cases of summability the repeated 
limit (2) erists and is equal to 8. 

It will be well to say at once that we have not succeeded 
in establishing these conclusions in their full generality; and 
it may be that further conditions are required before they 
become universally valid. But there can be no doubt that 
they are generally true in the sense in which “ generally ” 
means “in all cases of interest ’’—and that they apply not 
only to these “‘ methods of Cesaro-Riesz” but to many other 
systems of methods of summation. Certain interesting cases 
in which they are certainly true will be discussed in §§ 23-24. 


* §. Chapman (8) 

+ G. H. Hardy (20); M. Riesz (32). In connection with the assertions of 810. 
see also δὲ 27-29. When we say “A=logn” it is convenient to regard A as being 
defined, more precisely, by the equations 


A(n)=log|n| (|n|= 1) 
A(n)=0 (-l<n<1) 


in order to avoid irrelevant complications near n= 0. 
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B. Methods of Le Roy. 


§12. A particularly interesting definition of the sum of an 
oscillatory series is that given by Le Roy, who defines the 
sum of Su, as 


I (vt +1) 
lin Ss —~——— u,.* 
t->1 1 (ν 1)" 


This method is an exceedingly powerful one; far more 
powerful than Borel’s or Cesaro’s or Euler’s (which amounts 
practically to defining the sum of Su, as lim Σὰ α").} Thus, 


zl 
if Xw,= Za,” is a power-series which has a finite radius of 
convergence, Le Roy’s definition gives its sum at all points 
of the “étoile”’$ of f(a), the analytic function which it repre- 
sents when convergent; thus it gives the sum 1/(1—«) for 
=x’, save when ὦ is real and greater than (1). 

A definition substantially equivalent to Le Roy’s is that 
by means of the limit 

(2) lim Zu,esv logy, 

ὃ -Ὁ Ὁ 
which has, in the case of power series of finite radius of 
convergence, precisely similar powers. 

To prove this it is only necessary to consider the series 
=x"; the extension to the general power series may then be 
effected precisely on the lines adopted by himself.§ 

‘The series in (2) is convergent for any positive 6: also 


dz 


ν,--δνῖοσν — Zp~Ozlogz_ Ὁ 
axe ἔντεα | at rc ane 


where C is a contour enclosing the points 1, 2, 3, ... (but not 
the origin) and going off to infinity in a direction roughly 
parallel to the real axis (fig. 1), This contour may be 
transformed into the contour Οὐ shown in fig. 1, consisting 
of two lines making acute angles ¢,, φ, with the positive real 
axis of 2. 

It is easy to see that, unless x 1s real and positive, ¢, and 
¢, can be chosen so that 


dz at dz 
oze—Szlogz —_____._ => ---------. 
σ' 60“πΊ2 = σ’ οπὶῖς a 1 


* Te Roy (34); Bromwich, Infinite Sertes, p. 299. 

+ Bromwich, Infinite Series, Ὁ. 266. 

¢ The region bounded by lines drawn from the singular points to infinity 
directly away from the origin. 

§ Le Roy, /e. 
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as δ..»Ὁ, and that the value of this integral is a/(1- 2). 
Hence our conclusion is established.* 
If now, in the investigations of §§6—11, we take 
Δ (01) =n log |2|, 
we see that the repeated limit (2) assumes the form 
lim Du,e—~log») /p, 
pwn 
a limit equivalent to (2) above. Thus Le Roy’s definition, 
or rather the substantially equivalent definition by which we 
have replaced it, 7s equivalent to the definition by the repeated 
limit (2) of the Cestro-Riesz system of type nlog|n|. In this 
system there are, of course, included an infinity of definitions 
of less range of applicability. In particular, those corre- 
sponding to paths 
nlog|n|=ap 


do not differ materially in range from the corresponding 
definitions of the ordinary Cesaro-Riesz scheme of type 2. 
The wider range of the system as a wholef is entirely 
accounted for by the wider range of the methods for which 
@(n)—>o, 7 

The results of this and the preceding section may be 
extended to a considerable class of forms of \(n)—roughly 


to the class 
A(n) ξξ πὶ (n), 


where @|n| is a function which tends to infinity with |n|, but 
more slowly than any power of [ἢ 


C. <A new system of definitions. 


§13. An interesting particular case of our general definition 
of §§4—5 is that in which /(n, p, v) does not explicitly involve 
n. We may then write 


FT (np, v)=o(p,v) (OSvSn) 
= 0 (v>n), 
if n 13 positive, and 


F(2, Ps )=0(p,¥) OSvS|nl) 
= (v>|n|), 


* Cf. G. H. Hardy (the second paper quoted in §1) for an analogous discussion 
for integrals. 
+t The series l-—x+a?—... (x>1) 


‘is summable by methods of this system, though Abel's limit obviously does not 


exist for it or for any power-series whose radius is less than unity. 
; The repeated limit (2’) exists for this system if, and only if, Σιν" is an integral 
unction. 
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if 2 is negative, If 


lim ¢=0, lim P=o, 


v=>oo v=> 90 
lim @=1, > lim ~=1, 
p> 00 pro 


it is clear that the conditions of § 4 are all satisfied. 
Thus a natural choice is | 


φ = eA) ip, p= ede)/p.* 


Then 
[1] : 
(1) S (2, p) = > Uye—Ae)/P} sgnn + 
0 


The existence of the repeated limit (2), as in the case 
of the Cesaro-Riesz system, corresponds to the existence of 
Abel’s limit for the Dirichlet’s series Su,e-*A@), Similarly 
the interpretation of the existence of the repeated limit (2) 
is the same as in §8. ‘Thus, for the series 


1—1+1-..., 

we have, when A (01) =n, 

1+ (—1)["Je-([}+1) 
1+e—1/p : 

which tends to the limit 4 if, and only if, 


[n] | 
S(n, p) = 2 (-- 1)» 6" = 


nl/p->o. 


814, The great simplicity of this definition makes it worth 
while to examine a few special cases. First, let us consider 
the convergent series 

1°*—2%*+3%... (O<s<1). 
Using the familiar formula 
1 1 [- 
ae ere, e— (v+1)uys—1 du 
(ν-1}" V(s)J, 
we obtain 
1 7? _, yy Leen (7Ὲ1}0ὦ- ὃ) 
S(n, P)= 5) Ι. aoe 1+ e-(u-8) uy 


* Or e AP )" @(A/P ye etc. 
+ Here sgnn is “the sign of n,” ὁ 6. αὶ {{π|. 
t Here n «0, and f=et”/P 
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where §=1/p and the ambiguous sign depends on whether 
[n] is even or odd. It is very easy to prove that, of the two 
parts into which this integral falls apart, the first tends to the 
limit 


ety! 


(2) sal i du, 


and that the second will tend to zero, provided 


δ") fr” 
—[n]ups—1 -- e6[”]l |-s 
TG) 6 ws! du τε el"][ η] 
does so, or if slog|n|—(|n|/p)—->o. 
This is satisfied, e.g., if 
“ὌΝ | κ 
pre ΓΗ (k « 8). 


We may apply a similar method to the oscillatory series 
1°—2°+3°-... (s>0) 


if we use loop-integrals instead of linear-integrals. We then 

obtain results resembling some which will be found later 

(ὃ 27) in connection with the Cesaro-Riesz system of type ἢ. 
We shall find, in fact, that the series is summable if 


(n/p)—slogn—>o. 
There is, however, a different method, less simple but more 


powerful, which leads to wider results. 


§15. Consider the series 


65) — οὐ o> — 


[7] 
Here S(n, p) = 3 (—1)"ev-/P) 
: Z 


μεῖοο, A+i% 
={4—— — (| - [ τῷ ev2-(z/p) dz, 
πε μ-ῖοο λ--ἴοο / 810 7π 


me A, wate constants such that 0<A<1, [n]<w<([n]+1 
(6... X=4, w=[n] +3). ‘This follows at ounce from Cauchy’s 
oe if we observe that cosecz7, where z= ἕ +n, tends 
to zero, as |n|—>0o, like 2e-l"l7, In 65", of course, we take 


* When n is negative (t.e., if we are dealing with convergent series) then 
increasing p (as compared with m) increases the efficacy of our method. When 
n is positive, of course, the reverse is true. 
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the principal value of γα. It is easy to see that the second 
line-integral tends to the limit 
1 A+¢20 T 


2. 
---- : edz. 
271 J \-io SIN ZI 


As regards the other line-integral we have only to observe 
that, if z=p~+4+2n, 


< Ke-|nl, 


Sin 27 
| e-@/P)| = e-#/P < e-[n]/p, 
| ev@ | = eN(u?+n?) < elutlnl < Kelle} Hilal, 


and we see that the integral certainly tends to zero if 


e-[n] pHEn] | e-[nlatdlnlty 


does 50, @.¢., if ([11|}} -- Μ[1]-» ὦ, 
or if (n/p)—V/n>o. 


This method may be extended (under very general conditions) 


to the series 
φ (1) -- (2) + φ (3) --... 


where φ(ν) is a function of π, which tends to infinity more 
slowly than e*, however small be 6—the general condition is 


(n/p) —log gd (1) > ec. 
It is very interesting to compare these results with those 
which we shall obtain later for the methods of Cesaro-Riesz. 
We observe finally, with a view to this comparison, that 
the convergent series of §14 is summable along any line 
n/p=a (a positive or negative), while the oscillatory series 
of §15 are not summable along any such line. 


27. Methods of Borel. 
§16. Another interesting system of methods of summation 
is included in those of §13. 
We confine ourselves in this case to positive values of 1, 
and take 


17 
φ Φ: v) =~ ] 6 “αἰ. ἢ 


V 


1 » 
* oy +6 a τς, ,.  Σ., ya Lay AY 
More generally, φίρ, ΞΡ ἢ [ αν αν. 
This assumption would lead us to consider Le Roy’s generalisation of Borel’s 
method (Bromwich, /ufinite Series, Ὁ. 299. Le Roy appears to confine himself to 
the case in which a is an inteyer). 
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Here | 
: yp ED tye PP cee ge 
lin S(a, p)= lim = — [- wide = | eu (x) dx, 
! 
1 => 90 noo 0 Ve J, 0 


if Borel’s associated function 


is an integral function. Hence the repeated limit (2) takes 
the form 


[ e (x) dx, 


0 
so thai the definition by the repeated limit (2) ts equivalent 
to Borel’s definttion.* And once more we obtain an intinity 
of other definitions corresponding to simultaneous limits along 
particular paths. 
Consider, e.g., the series 


1-1+1-—-.... 


If we use the formula 


1 POs 7 _ p »" 
ει tg? f - 
v1 fe cdx=1—e (tp th tet aE 
we find that 
=e? (n+ 2. ps 
S(n, p) =e (» τῷ Ἔν..Ὦ oi) 
= p plnj-1 
Ξ-1 --πκπ ἘΠῚ ἘΠ 4...4+ -π΄---- 
δῇ oe (45+ = (ale) 


according as [n] is odd or even. 
Now it is not difficult to prove that 


p pe 2" Pr nd 
Tat Ἔ...ὮῈ 911 OPT 81) +...+ (2k+1)1~ se, 
if pro, k/p—> ὦ 


—more precisely if 
k=p+q,  q/Np->o. 


* Borel (3). Borel’s definition is /ess powerful than Le Roy’s, but on the 
whole more powerful than Euler’s. But it will not sum all series for which Abel’s 
limit exist; not even all series summable by Cesaro’s simplest method (see 
G. H. Hardy, first paper quoted in §1, and Bromwich, Infinite Series, Ὁ. 820). 
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Hence if n=pt+gq, qg//p>o, 
the series is summablo to sum 4. 
It may be shown without difficulty that 


γ" ᾿ 

1+ p +e bet ἢ wn de?" 

Using this result we can prove that, if [rjJ=p, S(n, p) 
oscillates between the limits 4 and ὃ, By taking n=p+ 4, 
where 


q|V/p—>B, 


8 being a suitably chosen constant, we can make S(n, p) 
oscillate between y and 1—¥y, where Ὑ is any positive number 
between 0 and 1. ‘The limits of oscillation are in fact 


1 oo 
1 1:--.-- —— »—h0? ‘ 
? ἘΣ}. a 
LV. 


Some general considerations relating to double 
and repeated limits. 


§17. The reader will have by now (cf. §11) a sufficiently 
clear idea of the general relations subsisting between the 
various methods of summation included in a general scheme 
such as was defined in §§ 4, 5. In fig. 2 we have represented 
these relations roughly by a figure. ‘he lines 1-6 corre- 
spond to methods of increasing efficacy; the line 6 to the 
most powerful definition (Abel’s limit for the Cesaro-Riesz 
scheme of type ἢ or for the scheme of §13, Le Roy’s or 
Borel’s definition for the schemes of §§11, 12, or §17). The 
line 3 corresponds to the ordinary definition of the sum of 
a convergent series; the tines to the left of it to methods 
which apply only to convergent series. In this section we 
propose to indicate the relation to these ideas of some ex- 
pounded by Εἰ. London in an extremely interesting paper 
on double jimits.T 


* Mr. Littlewood informs us that the property that the terms up to the greate:t 
term are asymptotically equivalent to half the whole series is a characteristic of large 
classes of integral power-series. 

+ “Ueber Doppelfolyen und Doppelreihen,” Afath. Ann, Bd. Lit, 8. 322. 
This paper should be compared with two by Pringsheim (“Zur Theorie der 
zweifach unendlichen Zahlenfolgen,” tbid., 5. 289, and “ Klementare ‘Theorie der 
unendlichen Doppelreihen,” Minchener Sitzungsberichte, Bd. xxvii, 8. 101). 
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§18. Let S(n, ») be any function of two positive integral 
variables n and p.* Let there be a functional relation 


F(n, p)=0, n=N(p), p=P(n), 


which possesses the following properties :— 

(1) To every integral value of ἢ (p) corresponds at least 
one (not necessarily only one) value of p (2). 

(2) N and P are steadily increasing functions of p and n 
respectively.t 

(3) Nand P tend to o with p and x respectively. 

The functional relations can evidently be represented by 
an infinity of points 

(1,5 p.) %=0, 1, 2, 6, 

where n,n, Sn, +1, DEP =P +15 


and is graphically represented by a broken line Z (fig. 3). 
We shall call this broken line the path F (cf. §5). Should 
S(n, p) tend to a limit when ἢ and p tend to infinity along 
the line Z, we shall say that S converges jor the path F. 

The region Hy between the axis of n and the path # we 
shall call the horizontal region for Κ΄. the region Vp between 
the axis of p and the path 2 we shall call the vertical region 
for Ff. 

The double sequence 


(S(n, p)) 
will be said to be horizontally convergent if it is possible so to 
determine / that S converges for all paths δὰ which lie 
ultimatelyt inside or on the boundary of Hy, Similarly we 
define vertical convergence. 
Then London has proved that, on the assumption 

lim S(n, p) 

N> DH 
exists for every particular value of p, the necessary and 
sufficient condition for the existence of the repeated limit 

| lim lim S(n, p) 


PPro π- 
lies in the hortzontal convergence of the double sequence (8). 


* There is no difficulty in applying London's results to the case in which 
p> continuously, or through an enumerable sequence of values not necessarily 
integral, or to the case in which negative values of n are taken into account. 

+ If p,>p, any of the values of V (}4) is at least as great as any of the values 
of N(p,). 

t For values of ἡ (or p) greater than some definite value. ‘There is no loss of 
energy in supposing these paths subject to the same restrictions as F itself. 
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§19. This conclusion remains valid if » and p are con- 
tinuous variables, as the reader may easily satisfy himself 
by an examination of London’s argument. 

Similarly the necessary and sufficient condition for the 
existence of the other repeated limit lies in the vertical 
convergence of the double sequence. From these results, 
and the corresponding results for the quarter plane n<0, 
p>, it at once follows that ¢f the repeated limit (2) exists, the 
serves Xu, 18 summable for all paths F lying ultimately in 
a certain region above the positive axis n; and similarly for 


the repeated lint (2°). And if the repeated limit (1) exists, 


1.6.) uf the series is convergent, then the series vs summable for 
all paths F lying ultimately in a certain region enclosing on 
both sides the axis of p. 

Finally, if we assume that S(n,p) is a continuous function 
of n and p (as will usually be the case), we can apply 
a modification of London’s argument to show that 7¢f the 
sertes 18 summable along any path F, ἐξ is summable along all 
paths lying ultimately within a certain region enclosing F on 
both sides. 

This remark is of importance as showing that, to put it 
roughly, the region of summability of the series is essentially 
an OPEN region. 

In the light of these general remarks, we proceed to 
consider more particularly the most interesting* of our 
general systems, 


V. 
General theorems concerning the methods of Cesro-Riesz. 


§20. We recall the expression for the n™ partial sum- 
function corresponding to the methods of Cesaro-Riesz, viz., 


[π] ; A (v)) λα». 
So p)= Sultry 3 
[nx] and ἃ (1) have the meanings explained in §6. 

An important property which every method of summation 
of oscillatory series should possesst is that of applicability to 


* In spite of its comparatively narrow range, the especial interest of this 
system is due to the fact that it includes so many paths corresponding to familiar 


definitions. ; 
Τ For example, if we were dealing with the sum of a convergent series and 


a summable series, it would obviously be convenient to treat the two series together 
by one method of summation. ἢ 


353 


354 


202 Mr. Hardy and Mr, Chapman, A general view 


every convergent series: any method of summation which can 
be considered as at all natural may be expected to have this 
property. Furthermore, the value so arrived at for the 
“sum” of the convergent series must be the same as the 
value of the ordinary sum (which we denote by s), Evident 
complications will arise if the latter conditions be not satisfied. 

A method of summation which has these two properties 
combined is said to satisfy the “condition of consistency.” 
We proceed to show that the methods of Cesaro-Riesz, in 
their most general form,* satisfy this condition. 

We shall prove, in fact, that the existence of the repeated 
limit 

(1) lin lim S(n, p)=s, 


1, “590. p> 00 


or, what is the same thing, the convergence of Xu, to the sum 8, 
involves the existence of the Pringsheim double limet 


(2) lim S(n, p) 


2, Dre 


in the posttive quadrant ; and therefore involves the existence of 
a limit for ALL paths F, and the existence of the other repeated 
limit (1.6., of Abel’s limit for the Dirichlet’s series Due*), 
and the equality of all these limits to s. 


§21. This will be deduced from the following general 
theorem. 


THeoREM. Let 
7: 
S(n, p)=Zahy (n, p), 
0 


where ὃν (n, p) satisfies the following conditions : 
(i) 0S6,(n, p) 51; 
(ii) whennand p are fired the sequence b,(n, p), δι (2, 0)... 


b(n, p) ts monotonic, whether increasing or decreasing ; 


(iii) by (n, p)—>1 as p->o, and, moreover, when N has 
been fixed, we can choose n, so that ὃν (n, p)->1 uniformly for 
y=1,2,..., N—1 (nZn,). 


* “The most general form” means that the limit of S(n, ») may be taken along 
any path whataver in the positive quadrant of the A(n)—p-plane. The negative 
upper quadrant is excluded from consideration here. 
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Then the existence of the repeated limit (1) involves the 
existence of the double limit* (2). 
Let cy(n, p)=1—0,(n, p), 


T(n, p) = Zaye, (n, p). 
0 


We have to prove that if Sa, is convergent then, given e, we 
can find »,, p, 80 that 


[1 (ι, p)|<e (n2n,3 »Ξρω); 
for T'(n, p) = Xa,—S(n, p) 
0 


=s+te—S(n, p), 
where ¢,->0 as n—> oo, independently of p. 


N—1 n 
Now T (n, p) = Σ a,c, + Xa,c,, 
θ Ν 


and by Abel’s well-known lemmat 
| Sa,e,| <He< H, 
N 


where é is the upper limit of the terms c, and is therefore not 
n 

greater than 1; and His the upper limit of a, for m=N+1 
N 


to n. Since Σὰν is convergent, we can choose NV, so that 
H<e, t.e., 
ῃ 
(a) | Σανον |<e 
N 


for ΝᾺ N,, ἘΞ Ν᾽ and all values of p. a 
Also, when JN is fixed, in virtue of condition (111), we can 
choose n,, p, 80 that 


|cy|<e 
for y=0, 1, ..., N—1, ἈΞ προ p= p,, and therefore 


N—-1 
(8) | Ayly | «ε. 


* And therefore, of course, if lim S(n, p) exists, the existence and equality 
31.» ὦ 
to 4 of the other repeated limit. Evidently lim S(n, p) does exist in the case 
fi => 00 


of the Cesaro-Riesz methods when Στὸν is convergent. 
+ Cf. Bromwich, Infinite Series, ὃ 23. 
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From (a) and (8) it follows that 
T(x, p)|<2¢ 
forn2n,, pp, Thus the theorem is established. 


§22. In the particular case in question we have 


y(n, p) = i} a pyro 


Since n and p are in the positive quadrant, A(n) and p are 
positive, Heuce, conditions (i) and (ii) are satisfied. Also 
by (γι, p) —>1 as p—> oo, and we have therefore only to verify 
that condition (iii) is fully satisfied. 


ἢ λ (ν) A(2)/p 
2 oO 
X(N )) Me) /p 

Δ (2) 


if OSv<N. When n is fixed we can choose », so that 
A(n)>2rX(N) fornan,. The last expression is 


τόσα | PD) NOE 
exp} » 2» ΧΆ) | 


ACN) ACN) | 
p pr (r) 


Si ee 2 
πιταρ ποτ΄ τρρτ απ 


<1—exp - =), 


which tends to zero as p->oo. Thus condition (iii) is fully 
satisfied. 

We have therefore proved that, if Za, is convergent, and 
has the sum s, then 


-. λ (ν)) λα) 
S(n, p)= Σιν {1 - eat 


tends to the limit s when » and p tend to infinity ὧν any 
way whatever, simultaneously or successively, in the positive 
quadrant 


Now 0<c,(n, p)=1~4 


3 


«τ|ι- 


<1—exp - 
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_ Ifwe make n—> oo first we obtain the well-known general- 
ization cf Abel’s theorem, that the convergence of 2a, involves 


Ya, e-2\) => 9 


as ->0. If we make A(n)=ap we obtain the condition 
of consistency for Riesz’s most general definition with index a. 


§23. The methods of Cesdro-Riesz thus satisfy (in the 
positive quadrant) what we have called the “condition of 
consistency.” But the conception of consistency may be 
generalized, along the lines adumbrated in §11, so as to 
require that a series summable (2, Δ, w) along any particular 
path F shall be summable (with the same sum) when the 
limit is taken along any other path Fy ultimately lying in 
the region between 1 and the positive axis of A (n).* 


As we stated in §11, we have not succeeded in showing 


that the methods of Cesaro-Riesz satisfy this generalized con- 
dition of consistency when / and Fg are quite unrestricted. 
If, however, we restrict F’ to be a straight line, so that 


A (n)/p=a, 


where a>—1 (de., the path / makes with the positive A (7)- 
axis an angle which is less than 37/2), it is not difficult to 
establish the desired result: and this is so without any 
restriction on the form of the path Fy, provided that this 
lies in the region specified. Thus, if the equation to the 
path ΜῊ is expressed in the form 


λ, (n)/p=h (n), 
the only condition which Fy must satisfy 18 


h(n)>a, 
for n27,. 

We therefore state the following theorem >— 

If Su, is summable along any path F corresponding to the 
equation X(n)/p=a (a>—1), then ἐξ is also summable, with 
the same sum 8, along any path Fy ultimately lying im the 
region between F and the positive X(n)-axis, so that uf Fy 
corresponds to the equation X(n)/p=h(n), we have h(n) >a, 
for π 3. Ἢν. 

“τὸς τς πα I ὦ τίν - κ-- -δε. εὐ ε τα τως 


* We are now considering the negative as well as the positive quadrant. | And 
we are now regarding A(n), and not n, as one of the independent variables in our 


geometrical representation (§ 9). 
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In the succeeding proof, for convenience in writing out 
our formule, h(n) will be frequently abbreviated to ὦ, where 


no confusion is likely to arise; ὦ will therefore always mean 
h(n). 


§24. Our proof will be based on the formule 


,“»,4᾽» (A+1) ee ee 
(πα ΞΟ α τ [« ky (kD) dk, 
h r(A+1) 
A MOS= ξα τα 


x [Αι ὦ τον WH db, 


which hold for —1<a<h. 
Summing from 2=0 to /=[2], and inverting the order of 
summation and integration, we obtain the equation 


T(A+1) 


["] 
ata ἫΝ |n | —X (Z)} An) ΞΞΞ T'(h—a) I (a+1) 


γα] [2] 
Χ] δ σλ Ἴ ΣΝ ὦ πα.) Ὁ dh 
0 = 
Now, by hypothesis, we have 


[1] 
E u{4(B) —A(D}= (+e) AEH)! 
where ¢,->0 ask—->oo. Hence 


| Tr (h+1) 


[n] 
Σ u,{d|n|—2 OPO = ay PGE) 


x [Alma (yr G)is(e+ ων Wat 
=o {d\n b+ 7, 


where J denotes the expression 
I (hA+1) |n| 
T(h—a)V(at+1) Jo 


Choose k, so that, for k2k,, |e,|<e, the latter being 
an arbitrarily assigned small positive number. Divide the 
range of integration of the last integral into two parts (0, £,) 


fA] n]— (kat (a (k) ee,’ (ἢ αἱ. 
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and (4,, |n|), and denote the corresponding two parts of Z by 
1, aud J, respectively. Then 


T(h+1) th 
L= EGR OED |, Alt-A @I-A Weer Wa 
and 
eg ee wa, “Πα =A.) λα, 


r(h—a)P'(a+1) J, 


In J, a finite upper limit K can be found to the expression 
€, {A (k)}* over the range (0, /,). Hence 
Ι (h + 1) ἄς 
Γ(λ-- α) ΓΙ(α -- 1)}0.0 
Γ(λτ1), 
Γ(λ--α)Γ(α 61) 


1|«Κ (Χ{η|-- χ()} τ α-ιχ' (1) dk 


K' 


ΠΛ 


{A|n|jret, 


where JC’ is independent of n. Consequently 


Γ(λ- 1) 
Γ(ἀ -- α) Γ (α 1) 


There are now two cases of importance to consider:— 


[2 [Ν᾿] Ss Χ' {A 15}. 


_ (a) If ὁ (1) has a finite upper limit as n->o, the same 
is true of 


(A +1) : 
T(hA—a)P(a+1)’ 
if h—a should tend to zero, Γ (ἢ -- αὐ -ροῦ, and the above 


expression tends to zero. Also, since —-a—1<0, {Ar |n|} -»Ὸὺ 
as n->0o, fur as ἢ τῶν οὐ so does Ajn|. Hence, in case (a), 


lim 1. 1A. |n|}*=0. 


115} 00 


(b) If, however, h(n)—>o as πγροῦ, we proceed as 


follows: A constant WN can be found such that, for n= N, 
Γ(λΈ1) Ἐπ 

-- --- - <2 ‘ 

Γι᾿ -- α) = 


Therefore, for n = N, 


ΠΝ 2 h(n))°" 
PANU) albstresars thes) ae 
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which tends to zero as n—> 00, since a+1>0 and 


h(n) [> (n)=1/p, 
while p> 0 asn>o. 
These two cases are the only ones of any particular 
interest. But it is of course possible (even when p is a 
monotonic function of n) that 


h(n) =A(n)/p 
should oscillate as n=>0oo., In this case we can combine the 
arguments used under (a) and (δ) above; we can, in fact, 
determine A and WN so that 


Le ee 
[Geno (n2 NV), 


and the argument proceeds substantially as before. ‘Thus, 
in all cases, 
lim J, {a ||} "= 0. 
Again 


nl 
[, Blel-A@Pr" a ΟἸ λ ® ak 
Ἶ Γ (λ-- αὐ P(a+1) 
γΓάτ. 
Hence [17 « εἰν {||}. 


But (as we have just seen) we can determine ,, when ἦν is 
fixed, so that 


{A | 20 |}A("), 


[Z,]<e{r|n]})  (n20,). 


Hence [Z| <2 {rA|n|}*~ (nZn,), 
and so, finally 
Ι; [n] r(1)) em) 
oy ae ὅκὼω 
Thus the theorem is proved. 
VI. 


Some corollaries and additional results. 


§25. The general theorem of ὃ 24 includes as a particular 
case :— 


I. Lf Su, ts summable.(R, r, a) with sum 8, tt is summable 
(BR, dr, 8), with the same sum, for B>a>—1. 
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II. Jf Su, as summable (R, dr, «), and the sertes Ser) 
as convergent for x>0, then 
Suye~*Ar(v) -» ς 
as ὦ-»0." | 
For then lim S(n, ») exists, and so, in virtue of London’s 


1% => οὐ 
results (§§ 18, 19), the repeated limit 
lin lim S(n, p) 
PO N->oo 
exists and is equal to s. 


ΠῚ. Uf lim Su~e-) as, the series Suy is summadle (i, A, w) 
x->0 
for SOME ὦ <X. 
This is an immediate corollary from London’s results 
of §§18, 19. 


IV. If χ' Οὐ Ὰ (n) tends steadily to zero, and 


r 
x) ¥en 0, 
λ, (2) 


then the evistence of the repeated limit 
lim lim §(n, p) 


pre n->% 
(1.6... of lim Zu,e-™)) involves that of the Pringsheim double 
x->0 
limit and of the other repeated limit of Su, (t.¢., the convergence 
of Xty). | 
This follows at once from Landau’s extension of Tauber’s 
theorem, that na,->0, together with 2a,0"->s as x->1, 
involves the convergence of Σὰ, ὁ It is not difficult to give 
a direct proof of the existence of the double limit; but this of 
course follows from the convergence of Za, and the theorem 
of §§ 20—22, 
For further extensions of T'auber’s thearem we may refer 
to a paper by Mr. Littlewood.t | 


§26. The following theorem is of interest, serving as it 
does to substantiate the remark made in §2 that there are 
methods of summation which will sum any convergent series, 


but no oscillatory series.§ 


a a ee 

* This is proved in the special case of a=1 by G. H. H ardy (20). The above 
two theorems are no doubt familiar to Dr. Riesz. — 

+ Εἰ. Landau (24), @. H. Hardy (20). 

1 J. E. Littlewood (25). 

§ Strictly we should say no finitely oscillatory series, for that is all we prove in 
the succeeding theorem ; but it is improbable that any infinitely oscillatory series 
(of a natural character) will be summable in the region defined, if no finitely 
oscillatory series is so summable. 
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No finitely oscillatory series is summuble (R, A, w) tn the 
region immediately adjacent to, and to the right of, the p-aats, 
such that . 

N (nr) /p ΞΞ ὦ (n)<1/logr (a). 


kor, suppose K to be the upper limit of the absolute 
values of the partial sum of any finitely oscillatory series 
which is summable (2, A, ). 

We have 


[rl 
lim BDuy{A(n)-AM eMss, 


n->oo v=0 
ifs is the “sum.” Also we may write 
Ln] [5] 
Σ τνΓ{Ὰ () —A(v) eM -- 1] = = τιμόν. 
v=-0 v=0 . 
As v increases ὃν decreases and therefore, by Abel’s lemma, 


[5] 
| 3 των] <Ib,= ΚΙ (n) — A (0) fo) — 1],* 
νΞ 


which tends to zero as ἢ - οὐ if 


w (rn) <1/ {log dr (n)}. 
But lim Σ w,b,= 0 
n> ὦ v0 


is equivalent to Σ w—>s as n—>0o by reason of the definition 
of b,. Hence, within the region 


w(n) <1/{logr> (nr)}, 


no finitely oscillatory series is summable. It is easy to assign 
a region within which any assigned infinitely oscillating series 
cannot possibly be sammable (£, A, ὦ). ‘Lo do this, we now 
regard K as a function of 2 (1.6., If, is the upper limit of all 
the partial sums of Zu, up to the x), then the condition, that 
the expression on the right of the inequality 


[7] 
ΙΣ u,b,|< [fd Οὐ) — > (0)) "ὦ — 1] 
v=0 
may tend to zero is evidently 


w (nr) <1/ {log r (n)}. 


I - ““-------- 


* Bromwich, Infiiite Series, Ὁ. 54. 
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Therefore the assigned series cannot possibly be summable by 
any method of Cesaro-Riesz, for which the path along which 
A(z) and p tend to infinity lies in the region thus defined. 


§27. It has already been shown* that the series 
Vnsextn, 


where s may be any real or complex number whatever and 
0 «α «2π, is summable (A, n,7) if the real part of 7 is greater 
than that of s. In this result complec orders of summation 
are considered, but no very interesting results seem to follow. 
Such orders evidently cannot be represented on our {X(n), p} 
plane, and we shall therefore not consider them here. 

The analysis used in the paper cited may easily be made 
to yield more general results than are there enunciated. As 
these generalizations afford a good illustration of the ideas set 
forth in this paper, we shall discuss them now. 

We shall directly quote the formula for S (xn, p) arrived 
at in the place already mentioned, referring the reader thither 
for the details of the proof. We have, when 2/p=7, 


S(n, p) 


T(r) TP (s) ( (— x)~8-1 e—(x-ai) ΓΝ 
=a as Se — y)—r-lye-ny ὦ 
ἀπ΄ bs | C 1--εὐο.-αὴ de | Ἢ ang 


(—y)7 ey 
a Prat .. “4 ν a oe 
: i Ἵ 1 --- ο“--οαἰ ρ--ἴ dy ( x) is 8 dx. 


Here C is a contour in the plane of the complex variable 2, 
commencing at +o, circulating round the origin in the 
counter-clockwise direction, and returning again to +03 and 
(—2%)-§ is to mean e~slog(-«), where the real value of log (— a) 
is to be taken when ὦ is negative, and the logarithm is to be 
rendered single-valued by the stipulation that the variable 
is not to cross the real axis at any point on the positive side 
of the origin. Οὗ is a similar contour in the plane of the 
complex variable y, and a corresponding convention applies 
to (—y)”. All the integrals are absolutely convergent, on 
account of the presence of e~ or e” in the integrand. 

The first term in the above expression for S(n, p) may be 
transformed, by writing ny=y’, into 


Τ' (7) r (s) ( x )—$—le-(x-at) ΒΕ 
εἰ Aa? σ' ty 1 — ey/"e—(x—at) ae (—y) mie " da, 


* S. Chapman (8). 
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where, for convenience, the accents have been dropped. It is 
then easy to prove* that, as 1 τῷ οὐ, this tends to 


(-- α)-5- οι 


στ- ε-ταὴ ἀνα. 


tex! 
og FG) 
provided that » (which we consider to be not a constant, but 
a function of x) has some finite upper limit.t 
The second term can similarly be written 


nar —yjrle- 
+ erat T(r) Γ' (6) | Sed (—a)-+-1e-# de, 


nes 4πἢ ΟἹ -- ετὺοτ-αἱ ex/n 


Owing to the presence of the factor θαΐβ' this term is an 
oscillatory function of ἡ, and can therefore only tend to a 
limit by its modulus tending to zero. This, therefore, is the 
condition that the series Ensez” may be summable (RK, ἢ, 7), 
and the sum, if it exists, will be 


(-- x)-8-1 τὰ 


σ ps ο- (α- αὴ da. 


aera 

a, 1 (5) 
The integral in our last expression for the second term of 
S(n, p) has, when multiplied by ['(7)IT(s), a finite upper 
limit as n=>00. Hence the second term tends to zero, 
provided that n°” -Ὁ 0, z.e., that 66") logn-5 0, This is true if 


r(n)—s>1/logn. 


This condition is both necessary and sufficient. Also, it is 
easy to see that the convergence of the second term to zero 
is uniform if 0<e<a<2ar—e <27; thus the series 


Tn‘ cosan, =Zn'sinan 


are uniformly summable over the range e<a<27 —e. 

These results should be compared with those obtained 
in §§14—15, where a different method of summation was 
applied to the series 1°— 2°+-3°’—..., which then proved not to 
be summable along any rectilinear path. 


§28. More general results may be obtained by a method 
already used in §15, which we shall illustrate, as there, by 
an application to the series 


Oe ον οσς 


* Loc. cit., ὃ 28. se 
ft It would be easy to state a less restrictive condition. 
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We have 


[5] y\"/p 
— _ 1)" pv” eee 
S(n, p)=1+ 2( 1)’e (1 ~) 


—n N-+100 -ἴοο 
Ξ σεν, Ip { -[ ) one a(n —a)"edel, 
21% π--ῖος 4-ico / 5:0 2πΠ 
where νῷ is positive when z is positive, and (n—2)"/P is 
positive for 0<z<n.* 
Arguing as in §15, we see that everything depends on 
proving that 


n-"lp | 7 _ ok (n—2)ledz—> 0. 
n—tcoo SIN 27 


We use the inequalities (§ 15) 


<Ke-inim, [688] « οε πὶ; 


sin 2π 
Since, when z=n+2n, 
ln —2|"/P =| |P/P, 


we have to formulate conditions under which 
n-"/P oh | en πηι /P dn -—> 0. 
0 


It is easy to see that 
(n/p) —/n-> c 
is a sufficient condition; and, more generally, 


(n/p) — log ¢ (n)-> οὐ 


is, in a large class of cases, a sufficient condition for the 
summability of 
φ (1) --φ (2) + (8) — oT 


§29. Suppose we have any series Zu,, convergent or not ; 
let it be so dilutedt that the » term takes the μ (v)™ place 


a 


* Strictly speaking, the singular point z=n should be excluded by a small 
semicircle, whose radius is then made to tend to zero. The amplitude of (n —z)"/P 
suffers a discontinuity at =n. ; 

+ Cf. §15. ‘These conditions are unnecessarily stringent, and may easily be 
widened. 

t ‘This term was introduced in the paper by S. Chapman (8). See §27 of that 
paper. 
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where, of course, « (v) is an integer greater than vy. Let =v, 
be the new series; then v,=u, when n= (vy), and when x 
has not this form, v,=0. 

Let A be the function inverse to uw, so that if 


n=p(v), 
then v=X(n). 


Evidently (7) is less than 2. 
Apply the method of summation (R, A, ) to the series 2v,. 
Let S(n, ὦ) be the corresponding 2 partial sum-function. 


Then 


[n] Δ (πηι) ,o(n) 
S(n, w) a 2 Ne (1 = Go) 
[vo] @ (v9) 
=> Uy (1 ὅδ ~| 3 
νΞΞῸ Vo 


where y,=A(n) and ὦ (v,)=w[u(v,)]. But 


[v] y \ wl) 
(0-2) 


v=0 Vo 


is the v," partial sum function for the series Su, with the 
method of summation (2, n, ὦ). Also it is to be noted that 
the curve on the plane {X (n), p}, represented by the equation 


w(n)=A(n)/p, 


is exactly the same as the curve on the plane (ν, p), repre- 
by the equation 


wo (v)=v/p, 


since w(v)=@(n) and v=A(n). We thus have proved the 
theorem that the necessary and sufficient condition that the 
diluted series Xv, may be summable (R, Δ, w) along any path 
w(n)=A(n)/p tn the {rX(n), p) plane ts that the original, 
undiluted series Σιν shall be summable (fh, n, @) along the 
geometrically identical path w(v)=v/p, where ὦ (ν) =a (n) 
and v=2X(n), tn the (n, p) plane, provided that the v term of 
the original series takes the w(v) place in the diluted series, 
and that ἃ 1s the function inverse to v. Also the two sums are 
the same. 
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We shall consider, aa an example of this theorem, the case 
when w(v)=2", Then A(n)=logn (the base of the logarithm 
being 2, of course), Hence, if Zu, is summable (BR, n, w), 
then Xv, is summable (AR, logn, @). If we suppose that 
Zu, is the series 1—1+1-—..., which, as we have shown, 
is summable (R, n, w), provided that 


w=n/p > 1/logn,* 
it follows that the diluted series =v,,, for which 
Dv, e" ΞΕΣ (— 1)" a", 
is summable (R, logn, ὦ), where 
o=logn/p > 1/log logn. 


This series well illustrates the greater power of Riesz’s 

logarithmic method of summation (10, logn, p), as compared 

with the method (R, 2, p). ‘The series 2v,, 18 not summable 

by the latter method,t though it is summable (R, log n, p). 
Lhe Dirichlet’s series 


—cA(n) — —x 1] pee - 
Συ͵, 7AM) = Dv e-tlogn — Su, e-ve 


is evidently convergent for x>0 and tends to 4 as e->0, 
as might also have been inferred from the theorem proved 
above, 


§30. The substance of the preceding sections can of course 
be applied, with modifications of detail, to the theory of sum- 
mable integrals, But the general theory runs on lines so 
nearly the same that it is hardly worth while to go over the 
ground again, even in the form of a statement of results. 

Integrals are almost always more. tractable than series, 
and we have obtained some results concerning them, the 
analogues of which for series we are at present wholly unable 
to prove. But, in view of the length to which this paper has 
already extended, we think it better to reserve these theorems 
tor discussion on some future occasion. 


a a ϑΨῬΨῬῬ’ῃ᾿ 


* In the notation of the Infinitarcalciil (for an exposition of which see the 
Cambridge Tract on the subject by G. H. Hardy) z>y means that z/y—> 0 as 
x -> 0, if z and y are positive monotonic functions of x, tending to infinity with a. 

t Lime” = Σ (—1)"22" has no definite limit as n -Ὁ o [G. H. Hardy (16)]. Hence 
(§25) it is not summable (R, 2, a) for any value of a. M. Riesz (32) has stated 
the theorem that summability (R, n, a) always involves summability (R, log n, a). 
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CORRECTIONS 

p. 185, last line. For (i) read (1). 

p. 186, line 1. For (i)’ read (1)’. 

p. 187, line 15. For ‘are less than unity’ read ‘are in general less than 
unity’. 

p. 189, line 7. For |F(n)| read | F(n)—s|. 

p. 190, line 18. Here, and throughout the paper, for repeated limit 
(1), (1)’, (2) or (2)’ read repeated limit (1), (1)’, (2) or (2)’ of § 4 
(the 2nd (i), (i)’ of § 4 being taken to be (1), (1)’). 

p. 193, line 5. Insert (1) on the left. 

line 13. For (1) read 1. 


line 16. For lim read lim. 
d—> oo 8-0 


p. 200, 3rd footnote. For ‘energy’ read ‘generality’. 

p. 201, line 4 up. For + read —. 

p. 204, line 12. For n read N. 

p. 207, line 3. For { }, read { }+. 

p. 209, line 10. For ὦ < A read ὦ > I; see p. 215, footnote. 

p. 210. In the imequalities w(n) < l1/logX(n) (3 times) and 
w(n) < 1/{K, logA(n), for < read <. 

p. 212, line 17. For e8—loen read e(s—nlogn, 

line 18. For > read >. 

Fie, 8. Read Hy» and Vz. 


COMMENTS 


The methods of summability defined in § 4 are based on ‘Hardy’s 
principle’, that of using an inverted repeated limit, where the 
initial repeated limit evaluates convergent series only. The paper 
was written shortly before Toeplitz’s theoremt was published. 
After Hahn’s prooft that the conditions of Dedekind, discussed 
in 1907, §2, are necessary and sufficient for a series-to-function 
transformation to preserve convergence, it is easy to replace the 
conditions here by ones that are necessary and sufficient. For 
example, necessary and sufficient conditions for the repeated limit 
lim lm Σ᾽ f(n,p,v)u, 
po προ von 
to be a regular summability method are: 


} Prace Mat.—Fiz. 22 (1911), 113-19. 
1 Monatsh. fiir Math. ὦ. Phys. 32 (1922), 3-88. 
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(a) Dae SSDs") = d(p,v); 
(b) Σ [f(n,p.v)—f(n, p,vt 1)[+ [fn p, [n})| < K(p), 


von-—1 
for the inner limit to exist and equal > 4(p,v)u,, whenever > u, 
converges, and 
(6) lim d(p,v) = 1, 
p—> ὦ 


(a) 2, ἰφφ,ν)--φίρ,ν-Ἔ1)} « Κ, 
for the repeated limit to exist and equal > u,, whenever this con- 
verges. Since only sufficient conditions are considered, there is no 
loss of generality in replacing (b) and (d) by 

(ὦ), K(p) >f(n,p,v) > f(m, pv +I) > 9, 

and (d/’ K > d(p,v) > φί(ρ,ν- 1) > 9, 
as in the Abel—Dirichlet conditions ; cf. the theorems of δὲ 7 and 21, 
where monotony conditions are introduced. 

The extended Riesz means defined in § 6 by the factor (2), with 
An) satisfying (1), are unsatisfactory when n > —o, since the 
index is negative and the factor becomes unbounded, whenever the 
continuous variable n passes through a negative integral value 


—N, even if the value n = -- Ν itself is omitted. Thus the inner 
me lim S(n,/p) 
n—>— 0 


cannot exist, except in the trivial case where wu, = 0 for ally > A, 
Similarly, the means (R,A,«), « < 0, can only sum terminating 
series; see the Comments on 1911, 1. On the other hand, the 
discontinuous means (R*,X, «), obtained by restricting the variable 
n to integral values and taking the sums over 0 < vy < n— 1, do 
have a meaning for a < 0. 

The main investigation consists of examples, in which the 
parameters n, p either tend to infinity separately or together ‘along 
a path’. In the extended Riesz case, the ‘type’ A(n) is given, while 
the ‘order’ w = A(n)/p is variable. Some tentative conclusions, based 
on London’s theorem,|| § 18, are obtained, concerning the relative 
strength of methods with different ‘variable orders’ (curvilinear 
orders); see the propositions in §§ 11, 19, 20, and 23. In 1916, 5, 
Hardy obtains roughly analogous results concerning the relative 
strength of methods with different ‘types’; cf. remarks at the ends 
of §§ 12 and 19. He says, in 1916, 5, that he ‘had conjectured the 
truth’ of the ‘second theorem of consistency’ ‘when engaged, in 
collaboration with Mr Chapman’, on the present paper. 

The method defined by (2) of ὃ 12 is Lindel6f’s method;ff see 
D.S., pp. 77-9 and 190-1. An analogous method for integrals is 
given in 1904, 4, § 18. 


§ See also the Comments on 1907, 2. 
| Math. Annalen 53 (1900), 322-70. 
tt J. de math. pures et appl. (5), 9 (1903), 213—70. 
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NOTES ON SOME POINTS IN THE 
INTEGRAL CALCULUS. 


By G. H. Hardy, Trinity College, Cambridge. 


XXX, 
A theorem concerning summable integrals. 


§1. THr following theorem, concerning series summable 
by Cesaro’s method of mean values, was proved independently 
by H. Bohr and myself.* 

If (i) Xa, is summable (Cr), (ii) f,—> 0, (iii) the series 


an" | ATF | 


as convergent, then the series Xa, f, is summable (Cr), and its 
sum ts equal to that of the absolutely convergent series 


TSA. 


* See Proc. Lond. Math. Soc., vol. vi. (1908), p. 257, and vol. viii. (1910), p. 277; 
and Bohr, Comptes Rendus, January 11, 1909, and Bidrag til de Dirichlet'ske 
Raekkers Theorie, Copenhagen 1910. 


1911, 7 Messenger of Mathematics, 40, 108-12. 
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Here S,” is defined by the equations 
S=a,t+a,t..ta, ΚΞ 8. +8, +..+5,, 
k k-1 k- k-1 

ΘΒ ΞΘ, τ τοῦδ, 
so that rl! S"/n"—>s, 
where s is Cesaro’s sum of the series £a,. 

§2. This theorem suggests the truth of an analogous 

theorem for integrals. 


Suppose f(z) integrable and absolutely integrable through- 
out any finite interval, and let | 


A(@=f SO, πῶ - [ AO ds 


so that we may write symbolically 
ik 


fe)=(f at) 70, 


then we shall say that the integral 


(1) [γώ 
is summable (7, Φ.)" to sum 8 if 


(2) rl f.,(@) [a> s 
as 2 -Ὡ οὐ. In virtue of a well-known formulaf this definition 
may also be presented in the form 


(2') [{ -Ὥνω dt ->s. 


The theorem then runs as follows:— Suppose that (i) the integrad 
(1) ὦ summable (r, x), (ii) ¢(x) has a derivative p”"” (a) integrable 
and absolutely integrable in any finite interval, (iii) the integral 


[ ler" @| ae 


ts convergent, (iv) (x) -» Ὁ as ἃ -ῷ 0; then will the integral 


(3) f F@)$@) ae 


be summable (7, x), and its swm will be equal to the value of the 
absolutely convergent integral 


(4) (19 fF.) 6 (@) de 


* J hope in a later uote to develop more systematically some properties of 
integrals summable by this and by more general methods the reason for this 
notation will then appear. 

+ Jordan, Cours d’ Analyse, t 3, p. 59 
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It is convenient to suppose a> 0, and it is easy to see that 
no generality is lost by this assumption. 
In order to prove this theorem we require certain lemmas. 


8. Lemmal. Jf the tntegral (1) is summable (r, x) to 
sum s, wt is summable (r+1, 2) to the same sum. Tf tt ts 
convergent and has the vulue 5, it is summable (r, x) to sum s 
for any value of r. 

In fact, from (2), it,follows, by the use of familiar theorems, 
that 


(rt1)I f(x) /a"*—>s. 
LemMa 2. The formula 


({4)φ τ - (ἢ (fa) te) 
+ (3) ([4)ωφΎτ οὐ (f ae) horn 


as true for all positive integral values of r. 
To prove this we observe that 


tg 


(fal) ρος (far) (foe 


= (J ᾿ it) (4.6 = | Su ™ at) 
=(f ay cr.0 (fa) 9) 


If now we assume the truth of the lemma for r=s, integrate 
once more, and apply the formula just proved to each term, 
we find that the lemma is true for r=s+1. As it is plainly 
true for *=1, it is therefore true in general. 

Lemma 3. The conditions (iii) and (iv) of the theorem 
amply 

p > 0, p> 0, ..., p>, . 
and the convergence of all the integrals 


(p=1, 2,...,7). ‘This was shown in Note ΧΧΙΧ. 


Lemma 4. If x(a) ts limited and integrable in any finite 
anterval, and tends to zero as 05 ---» οὐ, απαᾶ a and B are real and 
greater than —1, then 


aR" | ἐδ (ee — ty? y (ὃ dt > 0. 


a 
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‘Tf we put t=.u, we obtain 


| | “(1 -- ε)βδχ (xu) du, 


which is numerically less than 


fu —u)?\y (au) | du. 


Choose τ so that |y(t)|<e for t27. When τ is fixed 
we have 


ly (au)|<K (0SuSt/2). 
Hence 


{ u*(1—u)P | y (xu)| du < K [urd + e | wu) de, 


which is less than a constant multiple of ε when ἃ is large 
enough. 


§4. We can now proceed to the proof of the theorem. 


‘We have 
Ge) one Yoo γα, 
=" 2 (- 1)’ δ ᾿ ἢν» 


say, by Lemma 2. Here the operation (| dt , operating on 


a function of ¢, is to be interpreted as a substitution of ὦ for t. 
Now the integral (4) is absolutely convergent, since 
| 7..,()| < Ka”. It follows from Lemma 1 that 


r! ze . , 
or We > | ier (x).9' ω, (2) dx. 


In order to complete the proof of the theorem, we have 
thercfore ouly to show that 
[ev -—>0, (v=0, 1, ..., 7), 
In the first place 


ἢ. [χ᾽ =| Fu (2) @ (@)/2"| < |p (@)| > 0. 
When ν; 0, 


which is numerically less than a constant multiple of 


C= | a —t)’*t" |o™| αἱ. 
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Leto ()= | “|g (u) | dus 


the convergence of this integral follows from Lemma 3. ‘Then 


if y=1, we have 

=—| 10 ὦ ἀετε ἐφ, (α)-- ὐφ, (a) Ἐν | ΚΦ (ὃ dt, 
and so ᾧ, [«7-» 0. Ifv>1, we have 
E=— | (a -- ἐ)" δ ®,'(t) dt 

=(e—a)"a"" φ,()-- ὦ - ἡ ὦ-- OE O(a 


Ἔν Ἐ1) ]. (α -- )" τ’ b(t) dt=F +0455 


say. It is evident that ζ,͵ [“"-Ὁ 0, and that ἕ,, [αὐ and ¢ ,/@” 
also tend to zero follows from Lemma 4, by putting first 
a=v—2, B=r—vt+l1, a+PB+1=r7, 
and then 
a=v—l, P=r-v, at+PB+1=". 
The theorem is thus established. 


§5. Suppose, in particular, 
φ (ω) =a", 
where s 18 complex and has its real part positive. Then 
go ' (x) ΞΞ (-- 1)" 5 (9 -- 1)...(8 Ὁ γ) ar," 
and the conditions of the theorem are plainly satisfied. It 
follows that ¢f the integral 


(5) | eae: SO) 


as summable (r, x) for any particular value of s, then it ts 
summable (r, x) for all values of s whose real part is greater. 
From this we deduce the existence of lines of snmmability 


A(s)=s, RK(s)=s, K(s)=s,, 
such that 8.-- 1 3 8... 8,1} 


the integral (6) is summable (7, ὦ) to the right of the line 
R(s)=s,. All this corresponds precisely to what Bohr has 
proved concerning Dirichlet’s series. 
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COMMENTS 


The theorem in ὃ 2 is an analogue for infinite integrals of the Bohr— 
Hardy theorem; see 1908, 1 and 1910, 1, and the Comments on 
1908, 1. As in the Bohr—Hardy theorem, hypothesis (1) may be 
replaced by: (i)’ the integral (1) 1s bounded (r,x), or alternatively, 
hypothesis (iv) may be replaced by: (iv)’ φ(5) > limas x > oo. 

Cossart extended the result to non-integral orders of sum- 
mability, and Borwein{ showed that the conditions are (in a sense) 
necessary and sufficient. 

The proof of Lemma 3 is given by Hardy in 1911, 6 (in Vol. V). 


+ J. London Math. Soc. 16 (1941), 56-68. 
t J. London Math. Soc. 25 (1950), 302-15. 
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NOTES ON SOME POINTS IN THE 
INTEGRAL CALCULUS. 


By G. H. Hardy. 


XXXI, 
Lhe uniform convergence of Borel’s integral. 


1, Boke defines the sum of the power series 


(1) >a,0" 
as 
(2) $ (a) = | eu (te) dt, 
where 
a,x” 
(3) u(x)== ἜΤ. 


In applying this definition we have to distinguish two cases. 


(a) The radius of convergence of (1) ts positive. In this 
ease (3) is convergent for all values of x. 


(6) The radius of convergence of (1) is zero. In this case 
(3) may converge for all values of ic, for some only, or for 
none. In the first case the original definition applies. In 
the second case (3) defines a branch of an analytic function, 
regular about #=0, and it may happen that this branch is 
regular along the line described by tx, when a has some 
particular value and ¢ varies along the real axis from 0 to οὐ. 
We can then still apply the formula (2), regarding wu (tx) as 
defined by the power series (3) and its analytic continuation 
along this line. In the third case the sum of (1) can only be 
defined by soime extension of Borel’s definition. 


2. It has been proved by various writers* that, if the 
integral (2) as convergent for «=1, it ts uniformly convergent 
for 0<8=x<1, however small be δ, It has been stated 


* See Phragmen, Comptes Rendus, t. 132, p. 1396; Hardy, Quarterly Journal, 
vol. xxxv., p. 44; Bromwich, Infinite Series, Ὁ. 291 (where the result is made more 
complete). 


1911, 8 Messenger of Mathematics, 40, 161-5. 377 
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that the integral is uniformly convergent for 0<#<1, and 
application has been made of theorems in this form.* But 
the argument used for the interval 6<a2<1 does not apply 
to an interval which includes the origin. My object in 
writing this note is to fill up this gap in the theory. 

I observe first that in Case (a) the desired extension of 
the proof presents no difficulty whatever, For, suppose that 
the radius of convergence of (1) is ρ. Then, if o is any 
number greater than 1/p, 


| α, | ΞΩ €,0", 


where ¢,—>0 as n=>003 and from this it follows immediately 
that 

e-otz | y (tx) |—> 0 
ast->oo. Thus 

|u (tx) | < Kestz, 


where Καὶ is a constant. We can choose ὃ so that 
o6<4; 


and it follows, by comparison with 
Ϊ Κεῦ dt, 
0 


that (2) is uniformly convergent for 0 Ξω. Ξδ. As it is 
known to be uniformly convergent for 6.1, it is uni- 
formly convergent for 0<a#<1. 

An extension of this argument is sufficient to prove that 
Borel’s integral ts uniformly convergent throughout any closed 
region lying entirely inside the “ polygon of summability.” t 


3. In Case (δ), however, when there is no circle of con- 
vergence for (1), nor polygon of summability for (3), this 
argument breaks down. And as the origin is in general 
a singular point for the function defined by the integral (2), 
this is not surprising. I shall therefore prove the following 
theorem. | 


* E.g., by the present writer, Proc. L.AL.S., vol. viii. p. 282. 
+ Bromwich, 1.6.) p. 296. 
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THEOREM. Let (u) a be a real function of x, continuous 
Jor all positive values of x. Then of the integral 


eu (tar) dt 


ts convergent for «=1, it is uniformly convergent for 0<aS1;, 
that 1s to say, given e we can find H, so that 


H, Ε 
fee u (tx) <e 


Jor f,= H,2 H, 0SaS1. 

As the integral is known to be uniformly convergent for 
6<x<1 for any positive ὃ, we may replace 1, in the in- 
equalities contained in the enunciation, by 8. 

We can choose & and K so that 


(4) |u(a)| «Καὶ, 


for 0Sa<&. We can then choose positive numbers 8, βὶ 
so that 


(5) 6+ (1/8) <3, 
(6) Bx log (1/x) <&, 


for0<a<6. Thus we might take (3=3, and then choose ἢ 
so that | 


d<}, 3xlog(1/x~)<—& (0Ξα:-Ξ δ). 


Then 
(7) | u (tx) | <K, 
for 0<t<Plog(1/v), 0 Ξ. 3 ὃ. 
Now 


A, Blog (1 /zx) A, 
u(t at = (| +{ wu (tx) dt 
(re a 2) H, ν- ξ ( τὸ 
if H, <P log(1/a)<H,. .If 4 βΊορ (1/x) or H,<Plog (1/a) 
no such splitting up of the integral is necessary, and the 
argument is simplified. 

In the first place 


log (1/2 00 
(8) [ ποι ἐν u ( tx) ae! < a e‘dt= Ke-H,, 
Η ι 


1 
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In the second place 
H, H, 
[ tute) are | whew (w) dew 
Blog (1/x) Ὁ J Pxlog(1/x) 
Writing ew—(w/x) e—w 
for e-“/* and applying the second Mean Value Theorem, we 
obtain 
W 
αβ-ὶ ex log (1/a) | eu (w) dw, 
Ba log (1/2) 
where W> Bx log(1/x). Since 
Pl =x e-(B-l)log(1/x) < eB -1)H/B, 
this is less than 


(9) MeE-(6-1) 4/8, 


where M is an upper limit for 


[Pew u(w) dw. 


τι 


Thus, from (8) and (9), we obtain 
[2 
(10) | [, e'u(te) dt | < Kei + Μεξ-(6- ΠΗ, 


So far we have supposed Η <Blog(1/a)<H, If 
HT, 2 Blog(1/x), we have 


2 


: ; t ee ᾿ ! d 
τὲ t= — —w/x 
[ sf u (tx) | ον u(w) dw, 


which is numerically less than 
(1 ΜΠ ΗΠ /g < Μὸ- Πυ Ηιδε(Η, 8) < Μετ δι, 
since 1/a=elog(i/e) << e/B, 8+(1/B) «ξ. 
Finally, if H, <P log(1/a), we have 


(12) | [jeu(e) ay < ει. 
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From (10), (11), and (12) it follows that 

Ha Ἵ 
] a u (ta) dt 
is less than one or other of the numbers 


Ke-),  Me-*4%,, Κι, 4. MeE-(6-1)4,/6. 


It is evident that, when K, ἕ, β. and ὃ are fixed, we can 
choose H, so that each of these numbers is less than e for 
Hz H,= H,0S«2<8. Thus the theorem is proved. 


4. In order to establish the uniform convergence, for 


0251, of Borel’s integral (2), we have only to split up 
u (tx) into its real and imaginary components and apply the 
theorem to the two integrals thus obtained. 
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CORRECTIONS 


p. 162, line ἃ up. Omit ‘for (3)’. 
p. 163, line 1. For (u)x read u(x). 
line 17. For ἡ read ὃ. 


COMMENTS 


The theorem in §3 supplements the results of Phragmént and 
Hardy (1904, 4, ὃ 7) concerning the analogue for Borel summability | 
of Abel’s limit theorem, as well as the account in Bromwich 
(1st edn.); see the Comments on 1904, 4. The theorem fills a gap in 
1910, 1, where it is assumed; see the Comments on 1910, 1. Asimple 
proof of the theorem, due to Landau, { is given in D.S., Theorem 130. 

The extension of Borel’s method, used in case (δ)}» is called the 
(B*) method in D.S., p. 192. It was given by Borel§ as an extension 
of absolute summabdility (in the sense of 1904, 4), i.e. with the integral 
(2), and the integrals with wu’, w’,... in place of u, all assumed to be 
absolutely convergent. , 

In case (δ), if the integral (2) converges for x = 2, (+ 0), then it 
converges on the segment (0, z,) and defines a branch of an analytic 
function regular inside the circle on (0, 29) as diameter ; Phragmén 
(loc. cit.), D.S., Theorem 132. The point x = 0 is a singular point 
for the branch. For otherwise the branch would be expansible in a 
power series (1’): > 6, x" near the origin. But it would follow, by 
Lerch’s uniqueness theorem,|| that > ὃ, αὐ t"/n! = u(x,t) for small 
t > 0. In case (6), this is contradictory, since u(x,t) has no power 
series expansion. In case (6); or (δ); we would have 


Σ on ari"/n! = Σ᾽ a,xht"/n! 


for small ¢ > 0, and hence a, = ὃ, (n > 0). This is contradictory, 


since (1) has zero radius of convergence. Borel (loc. cit) obtained 
the same result under his more restrictive conditions. 

The result stated at the end of § 2 is proved in D.S., Theorem 133. 
The proof in Bromwich (1st edn.) is incomplete; see the Comments 
on 1910, 1. 

Hardy gives some illustrative examples in 1914, 9. 


t Comptes rendus 132 (1901), 1396-9. 

t Acta Math. 42 (1920), 95-8. 

§ Ann. del’Ecole norm. sup. (3), 16 (1899), 9-131 (89-91) ; Borel (2nd 
edn.), p. 143. 

|| Acta. Math. 27 (1903), 339-51; Widder, The Laplace Transform, 
Ch. IT, ὃ 6. Princeton University Press, 1941. 


ΟΝ THE MULTIPLICATION OF DIRICHLET’S SERIES 


By G. H. Harpy. 


[Received May 18th, 1911.—Read June 8th, 1911.} 


1. In this paper I propose to generalise some results communicated 
‘to the Society in 1908.* 
As in my former communication, I denote by A and B the series 
A, +ag+a3st..., δι δ. b3+..., 
and by C the series Cy +cgt+cst+...; 
where c,, is a function of the a’s and b’s, to be defined more precisely in a 


moment. I shall also use the letters 4, B, C to denote the sums of the 
‘series, when they are convergent. 


I shall denote by A, 
the finite sum Σ An; 


here ὦ is not restricted to be integral. Similarly I define B,, C,. 


2. When the series C is the product-series of A and B, formed in 
accordance with Cauchy’s rule, we have 


Cp = Ay bgp + Agbpit... Gd, = Σ  aAmbr. 


(m+n=p+1) 
This was the only case that I considered in my former paper. 
Cauchy’s rule for multiplication is, however, only one among an 


infinity. We are led to it by arranging the formal product of the power 


series 
Dan0",.. ΣΝ 


in ascending powers of z, and then putting z= 1. It is the same thing 
to say that we arrange the formal product of the Dirichlet’s series 


Lage ™. Doe ™ 


* “The Multiplication of Conditionally Convergent Series,’ Proc. Londen Math. Soc., 
Ser. 2, Vol. 6, p. 410. 


1912, 2 Proceedings of the London Mathematical Society (2), 10, 396-405. 
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according to the ascending order of the sums 
m+n, 


associating together all the terms for which m-+z has the same value, 
and then put s=0. It is clear that we arrive at a generalisation of our 
conception of multiplication by considering the more general Dirichlet’s 


series 
An Db,e7 8 * 


Ame 


and arranging their formal product according to the ascending order of 


the sums 
Amt An-t 
Let Diy Vay. 4s ps 


be the ascending sequence defined by the possible values of An+An. Then 
the Dirichlet’s product of the series A, B, according to the rule defined 
by the sequence A,, 1 

y i a rs C+Cgtest+..., 


where C= > γι ὦ),.. 
(An, tay = Vp) 


Thus, if A» = log m, so that the Dirichlet’s series are ordinary Dirichlet’s 
series, 
vy» = log p, 


and Cy = z am bn ἘΞ Σ La boa: 
(ὦ 


ἩγυΞε:} 


the summation being extended to all the divisors of p. 


8. The three classical theorems relating to ordinary multiplication 
have their analogues for the general form of Dirichlet’s multiplication. | 


(1) Analogue of Abel’s Theorem.—I/f all three series are convergent, 
then C = AB. 


(2) Analogue of Cauchy’s Theorem.—I/ A and B are absolutely con- 
vergent, then C ts absolutely convergent. 


(3) Analogue of Mertens’ Theorem.—I1/ A is absolutely and B con- 
ditionally convergent, then C vs convergent. 


* Here, of course, (A,,) is any increasing sequence whose limit 15 infinity. 

+ For a general account of the theory, see Landau, Handbuch der Lehre von der Ver- 
teilung der Primzahlen, Bd. 2,.S. 750. Landau remarks that there is no loss of generality 
in adopting the same sequence (A,,) in both series: for if we had two sequences (Am), (u.), We 
could combine them into one, regarding some of the a’s and 6’s as zero. 
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Of these results (2) is almost obvious, while (8) was deduced by Landau 
as a corollary of a more general theorem of Stieltjes.* The analogue of 
Abel’s theorem was also proved by Landau, by considerations drawn from 
the theory of analytic functions. An elementary proof was afterwards 
found independently by Phragmen, Bohr, and Riesz,+ who deduce it from 
the following theorem :— 


(4) Analogue of Cesaro’s Theorem.—IJ/ 4 and B are convergent, then 
C ws summable (R, 1, v) to sum AB: that is to say, 


Wg vy) ΟἹ (»5--- νοὴ Cob + Fp mm Cr-1_, gp 


Vp 
as p>, 


4. In my former paper I proved the following theorems (for multipli- 
cation by Cauchy’s rule). 


(5) Lf A and B are convergent, and 


NAn—2>90, nb,—- 0, 
then C 1s convergent. 


(6) The same result holds under the more general conditions 


| nan| « Καὶ, | nb, |< K. 


I propose now to establish the analogues of these theorems for the 
general form of Dirichlet’s multiplication. It might be thought that, as 
(5) is a special case of (6), it would not be worth while to prove it inde- 
pendently, as in my previous paper. This view would, I think, be 
mistaken. Theorem (5) above, and its generalisation, can be proved by a 
very much simpler argument than seems to be called for by (6) and its 
generalisation ; and the simpler proof of the less general theorem affords 
a good deal more information about the behaviour of the product series 
than can be obtained in the more general case. It therefore seems worth 
while to keep the two distinet.t 


* Stieltjes, Nouvelles Annales, Sér. 3, t. v1, p. 210; Landau, Rendiconti di Palermo, 
t. xxIV, p. 81; Handbuch, 8. 752. | 

} Landau, Handbuch, 5. 762 and 904; Riesz, Comptes Rendus, July 9, 1909; Bobr, 
Nachrichten der Konig. Gesellschaft der Wiss. εἰν Gottingen, 1909, S. 247. 

1 These theorems may be compared with Tauber’s theorem (the converse of Abel’s theorem 
on the continuity of power series) and its extension given recently in these Proceedings by 
Mr. Littlewood—a similar distinction presents itself in the case of the two latter theorems. 
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5. ΤΉΒΞΟΒΕΜ 1.—If A and B are convergent, and 


An An An bn 
——_——. > 0, a δ 
An—An-1 An—An-1 


— 0, 


then the product series C, formed by the rule of Dirichlet’s multiplication 
corresponding to the sequence (Ax), 18 convergent. 


_ We have Co 2% Ambn, 
Am + An =p 
and p = Lm On, 


the summation being bounded by the inequalities 
m>1, n>1, AntAn <p. 


I shall suppose that A,=0; this hypothesis in no way affects the 
generality of the result, and simplifies the expression of the proof a 
little. 


(0, 1) 


(0,0) 4.0) bi 


Let us draw the curve Amn+Ar. =p 


in the (m, n) plane (see the figure), and on it take the point P whose 


coordinates are ~ 4 
My = Ny = λ(β»,), 


where A is the function inverse to A. Then 
Cyp—Am, Bn, ΞΞ > An Ons 


where the summation extends to all points (m, n) inside the regions D, D’ 
shaded in the figure, including those on the curved (but not on the 
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straight) boundaries of those regions. Now 


Σ ΘᾺ ΞΞΞ Σ δι Axw,—a,) 
(D) A (Arp) < NKA (vy) eon 


There is a constant K such that 
Ι4,|«-μβΚ 
for all values of z. Moreover we can choose p so that 
| Sn] < €(An—An-1)/An 
for n >A (sp). Then 


[Zambn[<eK Σ (Ae) 

(D) A (4¥p) <2 SA (vp) ᾿ 
«Κ΄ Σ᾿ log (535. 1" 

A (dp) +1 < ni (rp) nl 
AA) } | 
<ek Τρ a) 
= eK (1+log 2). 
It follows that % dm ὃ. > 0 


as p—> oo. Similarly we can shew that the sum of the terms inside (D’) 
tends to zero. Hence 
(1) Cp—An, B,, > 0, 
aud the theorem follows. 
It should be observed that the same argument proves that 


(2) Cyp— ἄχ, Βχρν, =a 0, 


if a and β are any positive numbers such that a+8=1. Moreover the 
truth of (1) and (2) depends only on the existence of an upper limit for 
| A,| and | B,|, and not on the actual convergence of A and B. Thus we 
have in reality proved more than is actually contained in the enunciation 
of the theorem. 


6. 1 shall now proceed to the proof of the generalised form of 
Theorem 6 of § 4. Here we find it necessary to pursue an entirely 


* For, if πὸ = (An—An-1)/An, We have 0 < % < 1, and 


u < log (77) = log (**-). 
n— 


. 
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different and much less direct form of argument, and the touch of extra 
precision, pointed out at the end of the last paragraph, cannot be obtained. 
We shall also find it necessary to subject the absolute generality of the 
sequence (A,,) to a restriction, viZ., that 


An—An-1 
Ἢ, )ι 0.* 
rn 
7. ΤΉΒΟΒΕΝ IIl.—If AeA -» 0, 


then the result of Theorem I is still valid when we assume only that 


An On 
An + An- 1 


Anan 


ee τ ae K. 
An—An-1 es 


< KA, 


We know, by Theorem 4 of § 4, that 
(Y¥g— V4) Cy+ (v3— Vo) Cot vee = (ν»--- Vp—1) Cy-1 


Vp 
tends to the limit 4B. This expression may also be written in the form 
C τοῦ Vy οι Vela eee +p Cp 
Pp Vp : 

Hence the necessary and sufficient condition that the product series 
should be convergent is that 

C, = Vy Cy tig Cot... bt pep 6; 

Vy Vp 


Now Cy a Uy. - Qin On = Σ (AmtAn) Gm θη; 


Am +An= Up 
where the summation is bounded by the inequalities 
m>1, ἨΣΞῚΊ, AntAn<». 
That is to say, 
Cyp= Σ Anbn Σ Amt Σ bn. 2% Ann 


An ΚΞ ν» AmtAn ν᾽ λὲς ν»» An Ἔ λης Up 


* γρύσση to the subject of this restriction later on. It is interesting to observe that 
Mr. Littlewood has found it necessary to make a similar restriction in one of his theorems 
concerning the converse of Abel’s theorem. 


1911.] ΤῊΞ MULTIPLICATION OF D1RICHLET’S SERIES. 402 


say.“ I shall first prove that 
(1) Lhe Ὁ. 
Let m, be the largest integral value of m for which 
Amt An < Vp; 


and q the largest value of » for which A, < vp, 80 that m =q. Then 


-- 


, 
be 2 An bn Am,« 


Since A is convergent, we may write 


A= 4-Ἐε; (ε, —> 0), 


ἃ ἢ 
ΠΗ = A,+Aj, 
A é 
where A, = — Trlr > 0,t 
Vy 1 
and 
Y 
(2) a ea 
Vp 1 
Choose M so that le|<e (@>M). 


Then we shall have m, > M, if 
| Amt An <S νρ; 
or if nm < A(vp—Ay). 
Suppose that this condition is satisfied for πὶ = 1, 2, ..., N, but that 
An+1 > My—Axm. 


It is plain that, when M has been fixed, N > ὦ with p. 
Then the right-hand side of (2) is less than 


N aa mee 
eK Σ Ose EK (wey) 2 S OS 
Vi 1 “p ἐπὰν 


rm ee wr a a no ce pat ey ec oe χων ξεν Bie, cing se i Satay ὡς a . 


* In the special case when 
Am = ™, An = nN, Vp Ξ- pr 1, 
i", and 9Γ, reduce to the expressions X and Y of my former paper (J.c., pp. 415, 416). 
Τ᾿ Since B is convergent, so that (a,b, + λοῦ; + 02. + Aydg)/Ay> 0, and Ag < vp. 
1 It is convenient to agree that a, = a, = 0. 


389 


408 Mr. G. H. Harpy [June 8, 


(where K’ is any number not less than the product of Καὶ by the greatest 


value of | e,|) 


< eK+K oa ee 
A N+1 Vy 


ee t 
< K+K (was Ὁ Av) 4 Aa, 
Ant Vp 
since | Ng <M, An41 > Yyp—Am- 
But when M has been fixed, each of the last two terms tends to zero as 


p— ©; and so At > 0, 


which establishes the truth of the assertion (1). 
It remains to prove that 


(8) gD p/vp > Ὁ. 


Now ol,= 2% bn 2 = AnGn 


An S vp Am +AnSvy 


=b, Σ Anand, Σ Am Ont... +b, > Aun Om 


Am KS »» Am SVp— Az Am vp—Aq 
Yp—Ag< Am < Yp Yy— Ag < AMS Vyp—Ag 
+ By-1 Σ Ne An+By_ Σ Anita 
Vp — Ag <Am< Vp —Ag- 1 Am < Vp Aq 


If in this equation we write 
B, = Bez, 


80 that ες > 0, we obtain = = A,+A,, 
, > 


B 
‘where A,=— 2 Ann > 9, 
Vy Am <p 
| | : m— An— ee 
and vp |Ap| < Καὶ |e, | et ees (A p+ 
> λιι Am— eee 
+K | en | ape ere ( a 
am Nw e 
+E leah. Fo, ) 
Choose Ν so that leJ<e (DN). 
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Then 
| A, | = = = (ey ee = Σ (An —Am—1); 


Vy ¥yp—AN<Am< Vp Vy Am <¥p— An 
where Κ΄ is defined as before. 
Let M be the largest. value of m for which 


Ant An < Vy» 


so that AM+1 > Vp—Ay. 
, Κ' ΚκΚ' : 
Then | Ap | < ek + = (Am+1—Am) + a 2 (Am —Am—v 
Vy Vo M+2 
< εΚ- Κ' (Awe) 4 ΚΣ, 
AM+1 V p 


and it follows, as in our previous discussion of ,I’,, that A, — Ο and that 
the assertion (3) is true. Thus the proof of Theorem II is completed. 


8. It will be observed that the condition that (Nn—An-1)/An _, 0 is only 
used twice in the above proof, and then in a way that rather suggests the 
possibility of avoiding it. But I have not been able to free Theorem II 
of this condition. Nor does the point seem to be of importance. 

When the sequence (A,) does not satisfy this condition, the conditions 


Anan 
An τς An —1 


tell us nothing (in any interesting case) except that |a,| and | },| have 
finite upper limits. But this is, of course, already involved in the fact of 
the convergence of A and B: we know, in fact, that a, and b, tend to 
zero, so that the conditions of Theorem I will be satisfied. Thus there 
appears to be no particular purpose to be served by attempting a proof of 
the more general theorem.* 

Tf (An—An-1)/Ax tends to a limit other than zero, Theorem I suffices 
to tell us that any two convergent series may be multiplied by the corre- 
sponding rule of Dirichlet’s multiplication. It is interesting to verify 
this conclusion in a particular case. Let 


An = 2”. 


< K, 


* In all cases of interest (An—An-1)/An tends to zero or to some limit (obviously not greater 
than unity). This limit is zero if An < δὲ» 


positive but less than unity if A, is (roughly) of increase 64", unity if 


Ay > eon, 


Here ὃ and A denote respectively arbitrarily small and arbitrarily large positive numbers. 
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Then Amt An Φ ἀμπέλι, 
if M>n, w>yv, and m>u. 
The Dirichlet’s product of A and B is 
by + (ay bg + ας by) + Ay bg + (αι bg+ Ag by) + (dg bg + ας δ.) + Ag bg 
+ (a, b,+a,6,)+..., 


the principle of the method being that a suffix m does not appear at all 
until all possible combinations of two lesser suffixes are exhausted.* It 
will easily be verified that the mere convergence of A and B is enough to 
ensure the convergence of the product series. t 


* The rule is exactly the same for 
= 8", 4", 04, Ὁ 
+ It is perhaps worth pointing out that the reasons which make Theorem II (as an addi- 


tion to Theorem I) trivial in the case of very “‘ high ’’ indices A,,, do not apply to the problem 
of completing Mr. Littlewood’s results concerning ‘‘ Tauber’s theorem’’ in the case of such 


high indices. 


CORRECTIONS 


p. 397, line 10 up. Read p/d. 
p. 399, line 1. For Theorem 1 read Theorem I. 
last line, and . 400, lst line. For ‘ including those on the curved (but not on the 
straight) boundaries of those regions’ read ‘including those on the boundaries of those 
regions, except for the horizontal boundary of D and the vertical boundary of D’’; 
ef. 1914, 11, p. 139. 
p. 401, lene 9. For § 4 read § 3. 
D 
line6up. For Yv, > read σν >. 
: mtAn=Vp 1 Am+An=Vr 
p. 402, last line, and p. 403, lines 3-4. For K, in the middle term, read K’. 


COMMENTS 


The restriction (A, —A,_1)/A, > 0 in Theorem II, ὃ 7, was removed by Rosenblatt,t 
and the theorem was further generalized by Neder,t with the conditions 
> la,| = O(1), > |b,,| = O(1). 
| ἐσάλικα ἐχζλιξα 

In 1914, 11, Hardy and Littlewood use conditions similar to N eder’s, with o in place 
of O, in the proof of their Theorem B, which also include the conditions of Theorem I 
here. | 

If the condition on ὃ... in Theorems I or II, is given with μῃ nm place of A,, it does not 
follow that, by inserting zero terms, the sequences A,, and [kn may be replaced, without 
loss of generality, by a single sequence. For the ratios (A,—Apn_1)/An and (Ln—Pn—1)/n 
will, in general, be decreased by this process. Landau’s remark (§ 3, footnote) does not 
apply in this context. However, Hardy shows in 1927, 10 that the theorems do remain 
true with the modified hypotheses, multiplication being defined with A,, + μη In place 
of A, +A,. He remarks that the modified theorems can be obtained from Neder’s 
theorem. In fact, if Neder’s conditions and the multiplication rule are restated, with 
sequences A,, and μ,» zero terms may be inserted, without altering the conditions or 
the product, and so the 4, and μῃ may be replaced by a single sequence. 

In the proof of Theorem II, the expression ,I, is the same as ,I,, with a and m 
interchanged with b and n, and both may be treated similarly. 

The remark in ὃ 8 shows effectively that if lim A,,,/A, > 1, then the conditions of 
Theorem I are satisfied, whenever >a, and >, are convergent; cf. H.R., Theorem 
36, and 1926, 5, Theorem 1. 


Τ Jahresber. d. Deutschen Math.-Verein. 23 (1914), 80-4; see also Landau, ibid., 29 (1920), 
238. 
1 Proc. London Math. Soc. (2), 23 (1925), 172-84. 
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GENERALISATIONS OF A LIMIT THEOREM 
OF Mr. MERCER. 


By G. H. Harpy. 


1, |? was proved by Cauchy that if 


(1) ει ὦ, ΤΣ 5) 
as 2, - oo, then also 
(2) xe, /n—>s; 


or, what amounts to the same thing, that if 


(1°) 8... Ὁ 8, 
then 
(2’) bit Saar nhs 


The converses of these theorems are, of course, in general 
untrue.* 
From (1) and (2) it follows that 


(3) 0 1.,—-,—a(x,/n)—>(1—a)s. 


2. It has been shown by Mr. Mercer that, if a is real and 
less than 1, (1) and (2) are both consequences of (3); but ifa>1 
this is not the case. This theorem of Mr. Mercer’s seems likely 
to have interesting applications to the theory of summable 
series, with which it is obviously connected. But I have 
found myself that when the relation (3) occurs in this theory 
it is with a>1, exactly the case excluded in Mr. Mercer’s 
theorem. In the attempt to extend the theorem to this case 
(naturally with some additional condition imposed upon ὦ.) 
I have been led to a series of theorems which seem to me 
of some intrinsic interest. 


RR 


* In the Proc. Lond. Math. Soc., vol. viii., pp. 802 οὐ seg, IL proved that 
(17) follows from (2’) if sa=a@,+a@_+...+@, and |na,|<Z. Landau has extended 
this theorem to the case in which the last inequality is replaced by the less 
stringent inequality na,>—A; see Prac Matematyczno-Fizycenych, pp. 97 et seq. 

+ Proc. Lond. Math. Soc., vol v., pp. 206 εὐ seq. 


1912, 5 Quarterly Journal of Mathematics, 43, 143-50. 
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3. {shall write, after Landau, 


J (n)= 0 (φ) or f(x) =0 (9) 


if φ is a positive function of πὶ or ὦ, and 


IJ | < Ke 


88 n or ὦ tends to infinity; and 


J (n) Ξ ο(φ) or f(x) =0 (9) 
if f/¢—>0. Thus f=0(1) means the same as f-> 0. 


ΤΉΒΟΒΕΝ 1.* Jf a is a real or complex constant whose 
real part is not equal to unity, and 


ζω - = f(z) =0 (1), 


then ST (x) = ὦν +0 (a), 
where C ts a constant. If the real part of a ts less than unity, 
C ts zero. 
Let f= ox". 
‘Then J — (af/x) = ¢'x* =0 (1), 


and so, ifa=a+t+7P, φ =0(x-*). 
Ifa<i,wehave o=¢(0)+ | ὁ ({-«) dt 


= 0 (x!-«), 


SJ = ox =0 (x). 
If a>1, [ φ' dx is convergent, and so ¢ tends to a limit C as 
αι. Also 


o= c-{ o (t-) dt 
= C+0(a!-2), 
J = ot" = Cx" +0 (x). 
If a= 1, we can only prove that 
Te oO (ic log i). 


That the result of the theorem is not true in this case may be 
seen by considering the example 


= altP (log a)?, 
where 0<p<l. 


* We suppose f and /’ continuous in any finite interval; the same spplies 
to f, /’, /”, ... in some later theorems. Ifa is complex, χα has its principal value. 
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The theorem may be transformed into a variety of forms. 
Thus, if we put (ὦ) Ξ Σ᾽ (2), we find that 
wl" (2) -- AF (%)=0(1) 
involves I(x) = Cx4 +0(1). 
Corollary. If 
hee 
J (#)~ = f(#)=l+0 (1), 


then F(x) = ὧδ + 


foe): 


4. THroreM 2. Jf 
fat —f (2) ~ Sf (a) =0 (1), 


anda#l, then f(n)=C ay” +o(n), 
where Cis a constant. Ifa<1, (ts zero. 
_T(n+a) 
Let 10 T(r) φ (2). 
Then 
r(n+at+l 
Fe + =SO=EF(n) = [9 (+1) = 6 OD) EE, 


Hence, as eae, η΄, we obtain 
I‘(n +1) 


4 (n+1) —9 (n) =0(n-), 
If a<1, we have 
n—1 


ὁ (ἡ) =9 (0) + B 0-9 
=o (vi), 
and f(n)=o(n). Ifa>1, the series 
Σ (φ (ι Ὁ 1) --τφ (ὴ] 
is convergent, and @(n) tends to a limit asn->a. Also 
ὁ (n) Ξε φ (0) -- Bol) 


= C+0(n!-2), 
(n+) 


and S(n)=C rin) 


+ 0 (n). 
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Corollary. If 
SF (n+1)—f/(n) —= f{ n)=l+o(1), 


Γ (n+ a) 

then 70) Ξ Ὸ “Tay oa +0 (n). 

If a is real and Jess than 1, this is Mr. Mercer’s theorem. 

Theorems 1 and 2 may be generalised by replacing ὁ (1), 
in the formula from which we start, by o(@), where y is an 
increasing function of ἃ or 2; but the theorems thus obtained 
seem to be less interesting. ‘lhere are, however, two other 
directions in which interesting generalisations may be found. 


5. THeorem 3. If the roots r, s of the equation 
ῷ (ὦ --- 1) το αὐ -- ᾧ τε ῦ 


are distinct, and neither has its real part equal to 2, and 


Si ὌΝ b 
χω —£F' (a) — γώ ποι), 
then ST (%) = Οὐ" + Dx’ + 0 (x’), 
where C and D are constants. 
Let J= ox’. 


Then fi - -, -τ- φ᾽ a+ (2r—a) pu, 


'" —r—l , 
and so φ ~——¢ = 0 (xP), 


where p is the real part of +. 
Now let p= v0". 
Then we find, as in ᾧ 8, that 
parr ola), 
Yi =o(e'-), 
where σ᾽ is the real part of s. Hence, provided o £2, we get 
~=D+0 (2-2) 
o = Dz" *+0 (xl), 
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and, provided s #7, p#2, 
p= C+ 12)" +0(x*-),* 
f= Cu" + Dui + οἷ. 
Corollary. Ifr=s, 
F(a) =a" (C+ Dlogx) +o (x’). 


It is easy to see that the result of the theorem ceases to be 
true when p or o is equal to 2. Thus, if a=3, b=—4, 
we have r=s=2. Jt will be found that 


f=x (loga)" (0<m<2) 
satisfies the original relation. 


6. T'HeorEeM 4. If 


os a : b 


aero a te Fee AT), 
n sai Ws (7 + 1) oe οἱ ); 


then f= a+ ra ee 
Here Δ΄, SF hy 


and 7, s are defined as before, and are subject to the same 
restrictions. 


Let ἘΞ = aan ?, 

We find, by easy calculations, 

Βυ πη ὦ γ Cin+r) 

~  T(n+1) a ae ΓΙ ae ” bu 

reer το r T(rntr41) Ἢ 
Γ (n+ 2) ᾿ n+l U(n+1) 

r(r—1) P(n+r) 
(1 - 1ὴη (rn) ὁ" 


Δ n 


Af, = 


Hence 
Vtrt2) , 2r—a V(ntr41) 
gol Lae LE το A (1), 
Γ (n+ 2) τ τῷ C(n+1) ὑπ O) 
getgnaet 
or ἰόν. : Ag, ΞΞ ο(ιητ). 


n+r+l 


* The value of the arbitrary constant D is changed, of course, on integration. 


1418 Mr. Hardy, On a limit theorem of Mr. Mercer. 


Γ (n+ 3) 
Now let Ao.= Fi prety ἤν 


Then, substituting in the last equation, we find 
[T'(n+s+1) : 
T'(n+r +2) Ay, = o(n p), 
or Ay), =0(n!-2). 
Hence, provided neither p nor o is equal to 2, we obtain 
p,=D +0(n2*), 
_ 7 Pints) " 
το πω Γ (ι Ἐν Ὁ 1] χω 
I (n+ 5) 
Γί(η -Ἐν- 1) 
= Γ᾽ (2 +s) Ἔν 
Ξο (re +0 (n2-P), 
[C(n+r) Γ (n+s) 
Ξε τ 7)... τ τ᾿ 
Tare Γ (2) ᾿ Γ (x) 
If +=s, the result is slightly different, viz., 


r+) 


eae } n+r 0 (n° 


¢,=C+ Dz + 0 (n?-p) 


+o(n’). 


where W (wu) = us log Γ' (uw). 


7. It is clear that we may proceed indetinitely in this way, 
and establish corresponding propositions relating to functions 
defined by approximate differential or difference equations of 
any order. 

There is also a corresponding series of propositions related 
to the differential equation 
d*y qk? 


y 
de age 


as those already proved are to the equation 


d*s . diy 
Αὐτὰ + Ba τ Ἐς, ἀξ 


Thus, to take only the two simplest cases, we have: 


A 


* The value of the arbitrary constant D is, of course, changed on summation. 
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THEoremM 5. Jf 


f (e)— af (x) =0 (1), 
and R(a)#0, then f(x)=Ce'*+0(1). 
THeorem 6. If Af, —af,=0(1) 


and |a+1|£1, then 
J,=C(at1)"+0 (1). 

If, in Theorem 5, we put a=—1, we obtain the result that 
727-12) 0 involves f->0, a result employed in Bromwich’s 
Infinite Serves, where an alternative proot is given.*  T'rom 
‘Theorem 6 it follows a 

oe = 47,5» 0 
involves f,—>0, if |Al<1. If f,,-Af,—>J, then of course 


8. There is another line of generalisation which leads 
to more interesting results. 

I suppose that A(a) is a function of 2 which has a con- 
tinuous derivative and tends steadily to #0 with a. 

THEOREM 7. Jf 


Fe) 21 
fe eg Gil), 
dX (2) λ, (a) 

and a#1,T then f=Or+0(A). 

This is merely a repetition of Theorem 1, as appears 
at once if we take A as a new bes an variable. It 1s 
inserted to lead up to the corresponding theorem concerning 
functions of an integral variable. 

I shall now subject ἃ to a restriction, viz., that 


rr 
5) 


where A, =A (2), 15 convergent. 
Let Py = (πολ) /® 
Φ͵ (a) = (1 + ap,) (1 +ap,)--(1 + ἀρ.) 
so that ,(1)=(1+ ,)(1+p,)---(1 + 2,.1) = rn/ re 


Then 
..--- 


log ®, (α) —alog®, (1) = & {log (1 + a9,) —alog (1 + p,)}, 
1 


n? 


* py. 272: see also Hardy, Quarterly Journal, vol, xxxv., pp. 31 et seg, for 
an equivalent result. 
+ a is, as before, the real part of a. 
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and the series on the right-hand side is convergent when 
extended to infinity. Hence 
log Φ͵ (a) — alog(d,/A,) 
tends to a limit as ἢ - οὐ, and so 
P, (a) ~ Ad,’ 


where A is a constant. 
Now consider the equation 


Putting I= φιΦ, (α), 


and observing that 
Φ κε (α) = ® (a) Φ (α) 


a — a—— = 0 
λ μι καὶ λ, X,, ' 
we obtain Pasi Pn (a)=o(1 
ΒΕ τὰ r, ?, 4) \ ) 


Ἀν ean aw 
Pnsi— Pn= 0 Gm, 


There is no further difficulty in completing the proof of 


the following theorem. 
THEOREM 8. Jf A, ὦ an increasing sequence such that 


2 Nn = λ, 
Bp,= Σ({5.- 9] 


n 


2 


as convergent, and 


ΑΞ: = ey, 
ae r, λ 
then F,= C®, (a) +0(2,), 
where ® (α) =(1+ap,) (1+ap,)+...(1 +a, ,). 


We can at once write down the generalised forms of 
Theorems 7 and 8, in which o(1) on the right-hand side 
is replaced by 7+0 (1). In particular, we have: 


THEOREM 9, Jf 
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CORRECTIONS 
n—1 


| n—1 
p. 145, line 8 up. Ifa # —1, —2,..., for φ(0)- read g(1)+ 2D; 
0 1 


n—1 
$(0) is not defined. Ifa = —M (M = 1,2,...), readg(M+ ΠῈΣ : 
+1 


¢(n) is not defined for n < M. 
line 7 up. For o(v!—*) read ο(η 6). 


COMMENTS 


A Mercerian theorem is, broadly speaking, a statement about the 
inverse (or inverses) ef a given transformation. A typical proof is 
one that obtains the result without actually finding the inverse. If 


ἃ -ὸ --ἸΙ, —2,..., Mercer’s theorem may be associated with the 


transformation (i): t, = 2n4y1—V%n—AX,/n (n > 1). The inverse is 


n—-1 
T(n+a) T(r+1) 
ss I'(n) (c+ T(r+i+a) 


where z, = CI(1+a) is arbitrary. Ifa = —M (M = 1,2,...), and 
the transformation (ii): ἔμ = 2n41—%,+Maz,/n is defined for 
n > Μ-Ο1, the inverse is 


(n—1—M)! | 
Ln = (n ae ae σε" >. (r— ΦΞῊΝ q (n > M+1), 


where x M41 = ΟΜ ΙΒ ee ὃς the other hand, if (11) is defined 
forn > 1,thenzy,, = ty, which is not arbitrary, and the inverse 1s 


1 


(n—l1—M)! ~ r! | 
t= “eat 2, Σ΄ mi” forn Μ- Δ, 


Ci οὐ (σε ς ἘΠ ἢ ἢ) forl<n< M, 
1 


where x, = C is arbitrary. 
In 1913 Schurt made an important modification in Mercer’s 
theorem by introducing the matrix transformation 


T, = al+(l—a)H, a> 0, 
where y = T,,(s) denotes 


7 (n > 1), 


80. oe tSy 
n+l 


+ Math. Annalen 74 (1913), 447-58. 


Yn = αϑῳ. Ἐ(1--αοὶ (n > 0). 


This corresponds to (iii): t,, = Lp»—2p__1—4%,/(n+1) (n > 0), where 
a< 1 and x_, = 0. Schur’s transformation is regular and has 
a unique inverse, which is also regular. He showed that, for k 
a positive integer, the Cesaro means ΟἹ are transformed to the 
Hélder means Hé, by the succession of reversible transformations 

Tins ΤΊκα..1)».... T,. This gave a new proof of the Knopp—Schnee 
equivalence theorem; see the Comments on 1907, 6. Schur’s form 
of Mercer’s theorem is adopted by Hardy in D.S., pp. 104-7. 

A theorem of Mercerian type is given in 1904, 4, § 4; see the 
Comments on 1904, 4. The ‘high indices’ theorem (1926, 5) may 
also be regarded as a Mercerian theorem; see the Comments on 
1926, 5. See also 1912, 7, ὃ 3. 

In the proof of Theorem 3, it would be natural to put x = e’, 
f(x) = g(t), xd/dx = d/dt, so that the differential equation becomes 


Ge- ἢ ΤῊΣ Jo) g(t) = o(e*), 


But the proof given is a model for that of Theorem 4. 
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NOTE ON A THEOREM OF CESARO. 
By G. H. Hardy. 


1. On p. 53 of his Introduction to the Theory of Infinite 
Series Dr. Bromwich states and proves the following theorem : 


Let a, be a positive and steadily decreasing function of n, 
whose limit, as n-> 0, ts zero; and let p, be the number of 
positive terms and q, the number of negative terms in the first n 
terms of the series 


(1) +a,+4,+4,+..., 
so that p,+q,=n. Then of the series (1) ts convergent, but not 
absolutely convergent, the ratio 


Pal Qn 


cannot tend to any limit other than unity—or, what is the same 
thing, the ratio 


(Pa— Jn) |” 


cannot tend to any limit other than zero. 

The theorem is due to Cesaro (Rendiconti della Accademia 
dei Lincet, ser. 4, t. 4, p. 133). The proof given by Dr. 
Bromwich is based upon one given by Bagnera (Bulletin des 
Sciences Mathématiques, sér. 2, t. 12, p. 227). 

I find that Cesaro proved a good deal more than this; 
and, as the theorem in question is an exceedingly curious 
and interesting one, I think it may be worth while to make 
a few remarks about it. 


2. The theorem itself assigns no criterion for the existence 
of the limit »,/¢,3 it merely states that ¢f it exists it must be 
unity. Cesaro, however, went on to consider the question 
of the existence of the limit, and in the paper already quoted 
states the further result: “1 the series 3a, ts not less divergent 
than the harmonic series, ¢.e., of na, ts ultimately greater than 
some positive constant, then p,/q, certainly tends to a limit 
(that is to say, unity).” 

The proof that he gives appears, however, to be faulty.* 


* See the argument (i.c., p. 185) beginning “S’ il est impossible de trouver...” ; 
and that beginning “ En effet, si (ει + εχ τε... &n)/” n’admet pas une limite...” 


1912, 7 Messenger of Mathematics, 41, 17-22. 
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Cesaro, however, returned to the subject in a later paper 
(Nouvelles Annales, sér. 3, t. vii., p. 405), and gave a valid 
and much simpler proof as follows. Let 


U,=ta=E4,, 8,=U tut... τὸ 


Then, as n-> 0, 8 —>s, say; and by a well-known theorem 
of Cauchy and Stolz, if A, is a function of n which tends 
steadily to infinity with n, we have 


A,s, ne (A,— A,) oe (As A,.,) Sn oy 8, 


ΕΞ ἐς eee ἘΌῚ 
A 


n 


or 


A,u,+ Ata toot A walle 5G, 


n 


or 
But also, as u,->0, we have 


A,u,+(4,—A,) at (A, Ay) Ha 9, 


n 


and combining these relations we obtain 


(2) fis a 


n 


Now let 4,=1/a,, and we obtain 


(3) (e,+¢,+...$€,)a,->0, 
or 

(82 (»,-- In) α ΣΡ 0. 

If na, > K, for n>n,, it follows that 

(4) (P.—9,)/n => 0, 


and the theorem is proved. It should be observed, however, 
that Cesaro has proved more than the theorem, the relation (3’) 
giving in general more information than (4). 


3. The following proof of the theorem of §2, though per- 
haps less elegant than Cesaro’s, is in some ways more direct 
and even simpler. 
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We have* 


n—1 


(5) $,= Σ (2»ν -- 4ν) Δαν (p,- In) a, 
and 


(6) 5,--8,Ξ-- (2,.-- Fn) Foner 
n—1 
+ = (p> - qu) Aa + (», ne Qn) ay) 


Suppose that, if possible, (v,—g¢,) a, has not the limit zero. 
Then we can find a positive number ὃ such that either 

(P.- In) a> δ 
for an infinity of values of n, or 


(»,-- In) %M<— 8 


for an infinity of values of ἡ; let us say the former. Let 
n,m, ... be such an infinity of values of n. Then, unless 
P,—4, 1s ultimately of constant sign, we can associate with 
each n, the greatest m, for which p .—g, <0, and m,->0 
with n, But then, froin (6), 


Sn; oe Sn; > δ, 


which contradicts the hypothesis that s, has a limit. 

If, however, p,.—gq, is ultimately of constant sign, let 
U, 1, be the maximum and minimum limits of (p,—4,) 4,; 
so that ΟΞ 2<U. Then we can find an infinity of values 
n, such that 


(Pa 4,)α,» U-e (n=n,), 
and another of values m, such that 
(Pu Im) Im<L+te (m=m,), 
e being an arbitrary positive number; and, from (6), 
Sn; — 8m;> U— L— 2e, 


for all pairs n,, m, such that n,>m, And this again contra- 
dicts the hypothesis that s, has a limit, unless V=Z. There 
remains only the possibility that 


(Pam In) a,—> l> 0. 


* Bromwich, Jnjinite Series, p. 53. 
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But then it follows, from (5), that 


αν — Ay.) 


= 


αν 


is convergent, and therefore that 


Π (1 = oa) = ἢ [53] 
a, a, 


is convergent; and as a,->0 this is untrue. Thus Ceshro’s 
theorem is established. ‘he proof just given has the advant- 
age of proceeding directly from first principles. 


4. The question also arises as to whether Cesaro’s result 
fairly represents the maximum of information of this kind 
about p,—gq, that can be obtained from a knowledge of the 
convergence of Z(+a,). The following examples indicate 
that this is, substantially, the case. 


(1) Let a,=n™, where 0 <s <1, and let us start from the 
convergent series 


(7) as a oa er 


Take a number ¢, greater than unity: it is convenient to 
suppose s and ¢ irrational.* 

Of the two integers nearest to n‘, one less than and one 
greater than η΄, one is odd and one even. Let us denote the 
even one by @(7). And now let us alter the series (7) by 
changing the sign of 


Up(n) (n=1, 2,...) 


from minus to plus.t| We thus obtain a series which is con- 
vergent or divergent according as 


= ip (5) 


is convergent or divergent: and it is easy to see that this 
series converges or diverges with Sn; 7.c., converges if and 
only if 


(8) t>1/s. 


* The purpose of this hypothesis is merely to avoid certain slight and entirely 
irrelevant complications, which do not make the least difference to the result. 
It may happen, for some of the first values of n, that successive values of 
(nm) coincide. ‘Yhus, if ἐτξ ἢ, @(1)=q@ (2)=2. In what follows we ignore this 
possibility, which is plainly without effect on the result. 
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Now, if n is even, the value of p,—g, is plainly 2m, where 
m is determined by | 


o(m) <n <o(m+1). 
That is to say, p,— 4, is of order n1/#, and the condition 
(Pa 4,}α,-»Ὸ0 
reduces to n-s+(1/t) —> 0, 


or t>1/s. Comparing this result with (8) we see that the 
series converges or diverges according as Cesaro’s condition 
is or is not satisfied. 

(11) Consider the series 


Qt] 31 41:1 
(9) Btn")= Sn*- Bn ἜΣ 5" -..., 
1: a 3t 


where 0<s<1, and ¢ is a positive integer greater than unity. 
The &" group of terms is 
(αι χε α 
; 


ΕΝ 


and a little elementary calculation shows that the contents 
of the large bracket may be expressed in the form 


ἐζ πὶ Ἔ ΠΣ 


where the order of #,, as a function of &, is that of της 
It follows that the series (9) is convergent if, and only if, 
(1—s)t—1<0, ve, ift<1/(1—s). 

Now, if n=(2m)‘—1, it is clear that 


»,-- 4, τε (21!) --(8' -- 28) Fant {(2m)'—(2m—1)}* = Ht(2m) πριν 


as appears from a little easy calculation, the neglected terms 
being of order ¢—2. Similarly, if n= (2m+1)'—1, we find 


Pa In= -- $b (Δ 1)" 4... 


In other words, the oscillations of p —g, about zero are 
of order m‘-! or n!-(/); and Cesaro’s condition is satisfied 
if, and only if, 

n-stl-(1/) —> 0, 


or ¢<1/(i1—s). In other words, the series converges or 
oscillates according as Cesaro’s condition is or is not satisfied. 
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These two examples seem to show sufficiently clearly 
what is the answer to the question raised at the beginning of 
this section: it would not be difficult to formulate general 
theorems. 


5. In Cesaro’s equation (2) of §2 we may, instead of 
putting 4,=1/a,, put 4,=d /a,, where ὁ, is a function of n 
which tends to zero less rapidly than a,. ‘Then 

εὖ + €,),+...+ €,5, 
(6,/a,) 


Thus the convergence of 


—> 0. 


een 


μι! jet 
Dt μα 


involves the relation 


~ (£5 +7 )->0 
Vn \ ft 427° An 


This also enables us to obtain some information in the case in 
which na, —> 0, when Cesaro’s relation (3) gives no informa- 
tion, p,—q, being certainly less than ἢ. For example, if we 
take ὁ, =1/n, we obtain 
nd, {é, +46, +...¢(1/n)e}>0; 
and if a,> K/(nlogn), 
we may replace a, in this relation by 1/(nlogz), so obtaining 
{e,+ ge,4+...+ (1/n)e} /logn—> 0. 


In other words, if &(+4,) is convergent and Sa, diverges at 


least as rapidly as 
1 


n log n’ 


the numbers ¢,=+1 have the mean value zero in the sense 
of M. Riesz;* just as, when the series Za, diverges at least 
as rapidly as }(1/n), they must have the mean value zero in 
the ordinary sense. 


* Comptes Rendus, July 5, 1909; see also Proc. L.M.S., vol. viii., p. 301, et seq. 
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COMMENTS 


In the first of the two papers of Ceséro quoted by. Hardy, and also 
in a later paper,{ Cesdro deduced the theorem stated in ὃ | from 
a case of the Cesaro—Hardy theorem:§ if ες is any sequence such that 


(ey; tent... +€n)/n > 8, 
a, 18 positive and decreasing|| and > a, = οὐ, then 


Ay Ey +... + On En, 
Ay t+... +n 

In particular, if > a,¢, converges, then s must be zero. The theorem 
of § 1 is the case where a, > 0, €, = ΞΕ]. 

In §2 the result that (2) holds when > u, converges and A,, 
increases to infinity was given by Kronecker.}f 

In Cesaro’s paper (1), there is a passage following his ‘faulty 
proof’ of the theorem discussed in § 2, that seems to establish the 
result correctly. Starting from the formula 


> 8. 


n 
Sy = (ε. Ὁ wee + €n)Ongit 2ihat “55 + ε,)ία;--- α;. ε1)» 
i= 


where 8, = @,€,+...+@n€n, he writes: ‘Par un calcul inverse on 


trouve a 
Sin > ] 1 
ὔμμι 4 ‘ Qi. ὦ; 

~ 


et l’on en déduit sans peine 


lim(w,—4)na, = 0.’ 
Here w,—}4 = (€:+...-+€,)/n and a, decreases to zero. 

Suppose that Cesaro’s formulae are rearranged so that the nth 
term of the sum is combined with the term outside. Then, if 
Ete ten = Pa— In Pnt9n = his first formula becomes 
Hardy’s formula (5), § 3, while his second formula becomes the 


inverse of (5): 
n—1 


( )ώ,, = 8n—@ > ( : ~ 
Pn—UnlOn = Sn 1) ins α. Sj. 


a 
+=1 


This provides an alternative to Hardy’s proof, and illustrates the 
Mercerian character of the theorem; cf. 1912, 5. 


+ Cesaro (1), Atti d. Reale Accad. d. Inncei Rend. (4), 4 (1888), 133-8 ; 
(2), Nouvelles Ann. de Math. (3), 7 (1888), 401-7. 
_t Cesaro (3), Bull. des. sci. math. (2), 13 (1889), 51-4. 
§ See 1907, 5, ὃ 4. In case (a) of the theorem, take ὃ, = 1, cy, = ay, 
8η, = Ex: 
|| In Ceséro’s version a, —> 0. 
tt Comptes rendus 103 (1886), 980—7; see D.S., Theorem 26. 


THE RELATIONS BETWEEN BOREL’S AND CESARO’S 
METHODS OF SUMMATION 


By G. H. Harpy and J. KE. Lirrnewoop. 
(Received October 19th, 1911.—Read November 9th, 1911.] 


I. 


1. The results obtained in this paper are developments of an idea that 
has been prominent in much recent work on the theory of divergent 
series. 

Consider the series 


(1) Agta,;+agt+.... 

This series may converge, or may possess a “sum” according to one’ or 
other of a large variety of definitions of what is meant by the ‘‘ sum ’’Zof 
a series: Holder’s, Cesaro’s, or Riesz’s definitions by mean values, Euler’s 
definition as the limit of a power series, Borel’s exponential definition, and 
so forth. To each of these definitions correspond certain limits of appli- 
cability. Thus Holder’s and Cesaro’s definitions can never be successful 


unless 


é 


17 * Ay > 0 


for some value of &; Euler’s definition requires that 2a,x7" should .con- 
verge for | «|< 1; Borel’s that 
Σ ὅτ 
n! 


1913, 1 (with J. E. Littlewood) Proceedings of the London Mathematical Society (2), 11, 1--16. 
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should be an integral function of z. Roughly, we may say that any 
method of summation will fail if the series to which it is applied is too 
divergent.* Or, in other words, to any method corresponds a certain 
upper limit of its power, the specification of which is a problem generally 
not difficult and often uninteresting. 

It is only recently that it has been observed that the range of applica- 
bility of all methods of summation is lmited from below, so to say, as 
well as from above. Methods fail, not only when the series to which it is 
attempted to apply them is too divergent, but also if it is too nearly con- 
vergent : not only is their power limited, but also their delacacy. The 
theorems which express this latter fact are more subtle than those which 
express the “limitation from above,” and take a rather different form: 
they assert that, if a series is too nearly convergent, it cannot be 
summable unless it is actually convergent. 

The theorems of this character which correspond to Cesaro’s (or 
Holder’s) and to Euler’s methods were discussed by us in two recent 
papers in these Proceedings.+ It follows from a well known theorem of 
Tauber} that a series for which 


(2) NA, > O 


cannot be summable by any of these methods unless it is convergent. In 
these papers we showed that this condition may be replaced by the more 
general condition 


(2") | 2An | « K. 


Similar results hold for Riesz’s more general methods: these results will 
also be found in the papers referred to. 

The primary object of this paper was to establish the analogue of 
Tauber’s theorem for Borel’s exponential method of summation. But 
this problem has led us on to a number of others, some of which are dis- 
cussed here, while to others we hope to return later. There is one 
important point with regard to which our results are not complete. We 


* In these general explanations (as in the phrase ‘‘ Theory of Divergent Series’’) it is 
convenient to use divergent as meaning simply non-convergent. In detailed work it is 
essential to distinguish between divergent and oscillatory series. 

+ Hardy, Proc. London Math. Soc., Ser. 2, Vol. 8, p. 801; Littlewood, ibid., Vol. 9, 
p. 434. The results of the first of these papers may be deduced as corollaries from those of 
the second : they have been extended, in a somewhat different direction, by Landau (Prac 
Matematyczno-Fizycenych, t. 21, p. 97), who shows that, when a, is real, it’ is enough to 
suppose πᾶν < Καὶ or na, >—K, and makes an interesting application of the result to the 
Theory of Prime Numbers. 

+ If Sanz" - 8, as >1, and na,>0as no, then 2a» is convergent (to sum 8). 
For a proof see Littlewood, l.c. supra, and Bromwich, Infinite Serves, p. 251. 
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prove (Theorem 1 below) that a series for which 

(3) VN. An > 0 | 
cannot be summable by Borel’s method, unless it is convergent. It can 
hardly be doubted that this result (the analogue of Tauber’s theorem) is 
susceptible of the same generalisation: that is to say, that (8) may be 
replaced by 

(8’) |. /n.dn| « K. 


But this we have not at present succeeded in proving ; and the difficulties 
attendant on the generalisation of Tauber’s theorem suggest forcibly that 
the proof may not be at all easy to find.* 

We shall use the symbols 


K, ε, δ, Ο, Oy ...) 


in special senses for an explanation of which we must refer elsewhere. ἢ 


II. 


2. Borel gave two definitions of the sum of the series 


(1) Aytaytagt+.... 


According to his first definition the sum is . 


(2) ὃ ΞΞ lim-e-7 > “a ᾿ 

L—>nN nN: 
where Sn = Ap tat... tan. 
According to the second it is 
(2a) e~*a(x) dz, 

0 
where 

An x” 

(20) a(z) => τὰ 


These definitions are not exactly equivalent, the second being slightly 


* In the abstract of this paper which appeared in the ‘‘ Notes and Corrections ’’ to Vol. 9 
of the Proceedings, we implied that we were in possession of a proof. We have since dis- 
covered that our belief that we bad found one was mistaken. 

t See Hardy, ‘‘ Orders of Infinity,’? Camb. Math. Tracts, No. 12. The only symbol 
whose use is not explained there is the small 0, introduced by Landau (Handbuch der Lehre 
von der Verteilung der Primzahlen, p. 61). We write 


; : ane f ΞΞ ο(φ), 
if φ is positive and ἐΐφ > 0. 
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more general.* They are certainly equivalent whenever a,—> 0. For 
the present we shall adopt the first definition as fundamental ; if (2) holds, 
we shall say that the series (1) is swmmable (B) to sum 8. 


8. Our first object is to prove the following theorem :— 
ΤΉΒΟΒΕΜ 1.—Jf Xa, ts summable (B), and 


/n e An = 0, 
then Xan 18 convergent. 


This theorem, however, is only one of a hierarchy of theorems con- 
necting Borel’s with Cesaro’s methods of summation. To establish these 
we shall require a number of lemmas. 


We shall write Sn = dgtayt... tan, 
| sl = s)-+s, +... b5n, 
93 = si+si+...ts}, 
80 that Da, is summable (CA) if 
Κὶ sk [γ > s.4 


Lemma 1.—If c,h ~ An“ asn>o, then 


gt 
bs" Σ δὴ ae Ax’, 
as L>O., 


This is, of course, well known. 


Lemma 2.—We have identically 


We use the identity 
tot [toot [g]srt ti} 


where ? | Σὲ ΡΡΈΡ.- Ρ στὸ ' 


en a . ..-.ο--..ς.-..ς--  -- π{-τ, ΤΎΓ-Π.1:-,0ὦὕἀὍΥ̓τνὔὉτὔἥΤἜἝὌΌ- ---Ὸ}Ὸ ὉἋἊῸ }ΠἘῸῈτ----ο᾿- 


* Bromwich, Infinite Series, p. 297. 
t We need hardly point out that δὲ does not stand for a power of Sn. 
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The coefficient of 5, on the left-hand side is 


+{ 2 pv tk k gv tk+i k gy tkt+2 
° G+ ἘΠ} Jepeemt L slopEaait: fs 
and on the right-hand side is 
1 k = 2» 
(|; a2) (55) 


That these two expressions are identical may be verified immediately by 
induction. 


Lemma 8.—If 2a, is summable (B) to sum s, then 


5 


.. '΄' 5 
Σ 85 (n+kh! &! 


This is an immediate corollary from Lemma 2. 


4. Now suppose 2a, summable (B), so that 


, ont 5 
(8) Σ sk ——__ mei it 


for any value of k. And let us suppose that there is a number a such that 
(4) goo) == 0)” 

Then, if for shortness we write s* = ἔθ, we have 

(5) At, = hth = — stot = on. 


If, in (8), we put z =m, we have 


(6) | S,+S8, -» s/k}, 

: — ,,--ὴι γι" ΞΞὉ ne 
where Ss; => 6 Τὰ 2 (n+k)! i 3 S, — 6 ΕΣ, (ἐ.-- tm) Ξ τὶ (n eat 
By Lemma 1, 

(7) S, = m~* tm (1+ em). 


*Ifk=0, sk) = ay. 
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We proceed to discuss S,, which we write in the form 


(8) = 83+8,+5,, 


(l—H)m (1+ H)m 
en ( 


jn) 
0 (l1—H)m G+ iH) mam 


say. Here H is a positive constant less than unity, and = denotes 
μ 


a summation extended to all integral values n such that a<n< B: 
it is convenient to suppose ἢ zrrational. so that (1—H)m and (1+H)m 
cannot be integral, but the limits of summation may be left indefinite to 
the extent of a term or two without any effect on the argument. 

To obtain upper limits for S;, S,, and S;, we use the inequalities 


| | tn—tm | < Km* (an Ss), 
(9) | tn—tm| << emm*|n—m| (in δῷ), 
| | tu—tm| < Kn* (in 52), 


which are immediate consequences of inequalities already established. 
Let wu, = m"/n!. Then we find at once, by an elementary application 
of Stirling’s theorem, that 


Co Uy < gon ery. < ee 


where u, and u, are the last « which occurs in S, and the first which 
occurs in δὲ. 
| (l—H)m 


Hence [851 < Km*e-™ Σ nF uy 
< mk e—™ (Up buy-it... +u%) 
< m* eX" (44. (1—H) +(1—H?+...! 


(10) < ες hm, 


ie.) 


Similarly, \S;|< Κεῖ Σ n*é-*u, 


(1+ H)m 


οῦ 


<e™ Σ nun 


(L4H) m 


iH + aya Το" 


< ak e~ Km {1 
(11) ee. 
Finally we have to consider S,, which we write in the form 


S = = + EF =S,+8,. 


n>m m>n 
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h (1+ H)m 
We ave [ὅς = 6 Σ (ἐ,.-- δ τ μη ἜΤΙ 


m” 
| ἐκ — ἐμ] at 


(1+ H)m 


< Km-*e-™ Σ 


‘ Hn ynmtr * 
me eo” ein 2 r——. 


(mr)! 


μος, 2). rm” 
< mek e-™ τ é > 


(m+ 1) (m+2) ... (m+r) 


γ᾽ 


(14+ 5) (+ a) 


< m*~*-3¢,> 


Now, for l<r< Hm, we have 


1 1 == (— ae . ᾿ —r/2m 
[| Ἐπ ἡμὰς: m T ome ΠΣ Τα πο ᾽ 
οἱ : (1+ £)} <r em(—35—ge ae) 
I ἢ Py ΣῊ “ΙΓ ok ΟΡ τσ τ 68 oe 
AA Tad NEE ae) ALF ae) SS PAM Bin — Bim 2m 
ee pe lam 
Hence | Sg] < m2-*-*e,, Σ ream 


on 


< m*-*be, | χοῦ dit 
0 
< m*tie, 


(12) = o(m*-**), 


. - m " mr 
Again, | 81] ἘΔ (i ἃ γὰ (tn bm) (a+ k)! 


~k ,—-m σι = γι" 
< Km"e ἜΣ οἰ Fal a 
Hm m—r 
< m**e-™en ΣῪ ee 
1 (m—r)! 
< η τὰς Sr (1- =) (1- =) ae (1- —*). 
m γι m 


In this case we use the inequality 


7: ξΞΞ ΕΑΝ < earn 
m ? 


* Using (5). 
+ When m is large, the integral is of order m. The difference between the integral and 
the series is less than a constant multiple of the maximum of ze~***", which is of order /m. 
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and the argument proceeds as before ; so that 


(18) [3.} = o(ne—**4), 
From (4), (7), (10), (11), (12), and (18), we deduce 
(14) sk (1 + em)/m* + 0(m*—**%) —> s/kt. 


From this relation we can deduce Theorem 1 and the other theorems 
referred to in § 3. 


5. Suppose first a= A—4. Then 
(15) s* [ηὖ — 41}. 
Hence we obtain 

ΤΉΒΟΒΕΝ 2.—If Ya, is summable (B), and 


ἐπ = δῦ 
then Xa, 16 summabdle (Ck). 
This reduces to Theorem 1 when k = Ὁ (when 51. must be interpreted 
as meaning @,).* _ 
Next, suppose a > k—3. Then we obtain 


ΤΉΒΟΒΕΝ 3.—If La, is summable (B) and 


st) = O(n’) 


nr 


where a > k—3i, then s* = o(n**?).4 


ΤΈΉΒΟΒΕΝ 4.—I/f 2a, is summable (B), and 
st-! = οἴω"); 
then Xa, 1s summable (C, k+1). 
For, by Theorem 8, we have s, = o(n"**), and Theorem 4 accord- 


ingly follows from Theorem 2. The special case in which k = 0 18 
particularly interesting and deserves a separate statement. 


ΤΉΒΟΒΕΝ 4a.—If La, is summable (B), and a, -» 0, then Σα,, 18 
summabdle (C1). 


By a repeated application of the argument which led to Theorem 4, 
we deduce | 
νον i Be πππυ νοι ἸΦΟΨΝΝ 

* The theorem was stated for the particular cases in which Καὶ = 0, 1 in the Abstract of 


this paper referred to above. 
+ That s* = o(n**}) is trivial. The point of the theorem lies in the reduction of a+1 to 


a+ as a result of the hypothesis of Borel summability. 
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ΤΉΒΟΒΕΝ 5.—If La, is summable (Β), and 


οὐ - Ξ 0 (nt+a@—D) 


on 


then La, is summable (C, k+r). 


6. If 2a, 2” is convergent for |x| « 1, and the function /(z) repre- 
sented by the sum of the series is regular for ὦ = 1, the series Da, is 
summable (B). It therefore follows from Theorems 1 and 4a that 

Q) If f(x) is regular for «=1, and /n.a,—> 0, then Da, is con- 
vergent. 

(1) If f(x) ts regular for x =1, and a, > 0, then Xa, ts summable (C1). 

Each of these corollaries of our theorems is included in Fatou’s 
theorem* that, 2f f(x) ts regular for x=1, and a, -» 0, then Xa, is 
convergent. But we have, of course, assumed much less than regularity 
for z= 1. 

If 2a, is summable by Cesaro’s means, or, more generally, if Abel’s 
limit exists, we can only infer convergence if 


An = O(1/n). 


To assume that =a, is summable (B) is to assume more than that it is 
summable (Οὐ or by Abel’s limit, but less than that f(x) is regular. To 
this corresponds the fact that ./n.a, — 0 asserts less than a, = O(1/n), 
but more than a, — 0. 


7. The results of § 5 may be represented conveniently by means of 
a diagram. 


| then the serves is 


| 
rt } —— 
convergent 


ο (πη) '  summable (C1) 


o(1) 


o (ni) 0 (2) ed | _ | (C2) 


(C3) 


* Patou, Thése (Paris, 1906) and Acta Mathematica, t. 30, p. 389. A simpler proof, and 
a series of important generalisations, have been given by Riesz, Crelle’s Journal, Bd. 140, 
S. 89, and Comptes Rendus, Nov. 22, 1909; see also Landau, Prac Matematyczno-Fizycznych, 
t. 21, p. 151. 

t See Theorem 6 below for a precise statement. 
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This diagram at once suggests that there should be further theorems 
corresponding to the spaces which we have not filled in, such as :— 


(a) if s, =o0(1), and Xa, is summable (B), then 2a, 1s convergent ; 
(b) if s, =o(/n), and La, is summable (B), then Ya, is convergent ; 


and soon. These theorems are all trivial or false. Thus (@) is obviously 
trivial: the same is true of all the theorems which correspond to the 
vacant spaces which have two sides in common with those filled in in the 
diagram. 

On the other hand, (0) is false. For, if 51 = o(,/n), we have 


(Sots, +...+8,)/M+1) = o(1//n) ; 


and so we can deduce from the condition s) =o(/n) that 2a, is summable 
(B) to sum 0.* Hence the theorem suggested would show that 8} = 0(/n) 
by itself implies convergence to zero, and this is untrue, as s, may well be 


f the f 
᾿ ΕΝ ΩΣ En f/N— €n-1 Jf (ni — 1) 
without tending to zero. 


A very interesting general conclusion may be drawn from the theorems 
comprised in our diagram, viz., 


TueoreM 6.—l1f Ya, is summable (B), and 
ad, = o(n*) 


for some value of k, then Xa, is summable by Cesaro’s means of sufficrently 
high order. 


In the language of ὃ 1, we may express this by saying that Boret's 
method, although more powerful than Cesiro’s, is never more delicate, 
and often less so. 

A particular case of Theorem 6 deserves special notice. It is well 


- Sy +S, +... $Sn = sto (=); 
nei νυ 


then Sa, is summable (B) to sum s. See Hardy, Quarterly Journal, Vol. 35, p. 40; 
Bromwich, Infinite Series, pp. 319-322. [Ὁ may be shown more generally (cf. Bromwich, 1.6.) 


that k! sk/n* = $+o0(1//n) 


ΜΠ 


implies the same conclusion: we have thus a general condition which enables us to infer 
Borel from Cesaro summability. For some examples of series summable by Cesaro’s, but not 
by Borel’s, method, see Hardy, /. δ. supra and Proc. London Math. Soc., Ser. 2, Vol. 8, p. 290, 


and $$ 10, 11 below. 
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known that a power series is summable (B) at any regular point on its 
circle of convergence. It therefore follows that, 7f f(x) ts regular for 
x= 1, and a, = o(n*), then Ya, is summable (C). This result has been 
found by Riesz.* 


8. It is natural to enquire whether the preceding results may be 
extended to non-integral orders of Cesaro summation.| The necessary 
analysis is not difficult, but, as its conclusions are obvious generalisations 
of those already established, we shall be content to sketch the argu- 
ment very shortly. 

In the first place, Lemma 1 of § 3 is quite independent of any assump- 
tion as to the arithmetic nature of a. 

Secondly, Lemma 2 may be replaced by the equation 


2 


gnth 


i =p |. AERA - Τὴ 
πε Pa 8 ὁ. 


where = s+| 7 | Snip... +" Su: 
l= " rm rar 1)" 


This equation may be shown to hold for any positive value of k&. From it 
may be deduced the analogue of Lemma 3, viz., that 


a? 3 
ΟἿΣ st 


;  Ξ ΤΙ)" 


if Σὰ, is summable (Β). We then deduce equation (14) of ὃ 4,1 precisely 
as in that section. We thus obtain Theorems 2, 8, 4, 5, freed from the 
restriction that k is an integer. The effect of this is to replace each set 
of theorems, corresponding to a set of spaces lying on a line parallel to 
the principal diagonal of the diagram of ὃ 7, by a continuous series of 
theorems. 


* L.c. supra (p.9). Riesz assumes more than we do, and so obtains a more precise 
result : in fact, he establishes summability (Ck), whereas all that can be deduced from our 
hypothesis is summability (C, 2k +1). | 

+ For the theory of such methods of summation, see Chapman, Proc. London Math. Soc., 
Ser. 2, Vol. 9, p. 369; Hardy and Chapman, Quarterly Journal, Vol. 42. Ὁ. 181; and various 
writings of Bohr, Knopp, and Riesz quoted inthe latter paper. A later note by Riesz appeared 
in the Comptes Rendus, June 12th, 1911. 

1 Of course with (4 +1) for k!. 
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9. So far we have confined ourselves to Borel’s definition (2). The 
question remains whether our results remain valid when this definition is 
replaced by the integral definition expressed by (2a) and (20). 

If a,—>0, the two definitions are certainly equivalent. For the 
necessary and sufficient condition for equivalence is that 


e *a(xr)-» 0. 


It is, however, not difficult to see that all our results still hold when 
Borel’s integral definition is adopted. 


For, if Ap ta,tat+... 
is summable by the integral definition, then 
O+a)+a,; ++... 


is summable by the definition (2).* Moreover, if the first series satisfies 
one of our conditions 


i= 00, th = 00). 85 ΞΞ 00), ..., 


the second satisfies a corresponding condition, and 15 accordingly summable 
by the appropriate one of Cesaro’s means. But the two series are com- 
pletely equivalent in regard to the application of Cesaro’s method. Thus 
all our results apply as well to one of Borel’s definitions as to the other. 


11. 


10. A good deal of light may be thrown on the foregoing theorems by 
the study of a particular series, viz., the series 


(1 5) > η, ΩΝ 


where a and ὦ are real and 0 <a «1.1 

This series is convergent if a+b > 1, summable (C1) if 2a4+6> 1, 
summable (C2) if 3a+b>1, and so on.t If 5=1—a, it 1s fimitely 
oscillating. In this case, if a< 4, we have | 


ne = o(n7}); 


* Hardy, Quarterly Journal, Vol. 35, p. 34. 
+ We might equally well consider the more general series 


Σ γυ- 6 efin® 


+ Hardy, Proc. London Math. Soc., Ser. 2, Vol. 9, p. 142. 


1911.] Boru’s AND CESARO’S METHODS OF SUMMATION. 18 


and so, by Theorem 1, the series cannot be summable (B). We are thus 
led to expect, in regard to the summability (B) of the series, different 
results according as a > 4 or a <4. We shall, in fact, prove that the 
serves (15) is summable (B) for all values of b uf a>, but ts never 
summable (B) when a <4, except when it is convergent. 

The proof of this result is tedious rather than difficult, and we shall 
content ourselves with sketching its main features. 


In the first place, we can easily verify that, if 
= no? εἷς 


then S, = — (tfa)n'-*e™ +S Kn’ el +0+0 (1), 
(v) 


where the summation extends over a finite number of values of ν, all less 
than 1—a—d, and C is a constant arising from the application of the 
Kuler-Maclaurin sum-formula. 

We can now prove that, if a > i, 
(16) e7* Σ ne — > 0 

0 21: 

as ἃ -α οὐ, for all values of v. It will then follow that the series (15) is 
summable to sum C. Let 


m2). 
Then it is easy to see that we may replace the left-hand side of (16) by 


gmtr 


(m+r)!’ 


μ ᾿ a 
(17) em Σ Gntry btn 
TK 
where μα“ mets, 


We then show, by a straightforward but tedious process of approximation, 
that, if we write = m+f, and keep f constant as m—> , we can write 
(17) in the form 


(18) Km’? et Σ ΤωωδΝ eG? 2m) j1+ 2 Kr4 m? +20 (7m?) |), 


μ 
where the number of terins in each sum is finite, A is integral, and 


v+zatB <0 


for each pair of indices a, β. 
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Next, 1t is easy to see that 


h 
. bag ὰ γε 9 i = ‘ 
Kyy’-2 en Σ jeu 1} G2/2m) O (nF) ὶ --- O(m?* 8-2) | ΧΩ Qin | yr & dr 


— jh -- 


=O Gi SF) Ξε ol). 


Thus these terms may be neglected, and everything is reduced to showing 
that a number of terms of the type 


μ. 
(1 9) myP > γ1 eam’ “Tp (re ἘΠῚ: 


-ἴμ 


where g is an integer, tend to zero. It is easily proved that the limits of 
summation may be replaced by © and — oa. 
First suppose g = 0. Then 


L 


Spay Ty yd fe as wwe 2/4 wv 
SS ebm r—r2 {2m --- 1+2 > eu! [2m cos v0 — So(0, T),* 
I 


brake Ci 


where θΞ ρος ιξξειθίθης eau 2, 
| lam eee v 1 
Nowt Y5(v, τὶ ΞΞΞΞ Υ (=) porte τὸς (=, aa =), 
τ τ τῇ 
i 1 S --ϑοιπτ | 
“ἧς {τ ——) =142 ze" cosh 2mrOa = 1-+0 (1). 
τῇ τ ᾿ 
oy 92 1 la) 
Hence τὸ (υ, T) ~ μ᾽ (2m7) e7 ame — / (27) eum 


which tends to zero more rapidly than any power of m. 

When q is not zero the argument is a little more complicated, but im 
essence the same: in this case we use the q-th derivative of the theta- 
function with respect to v. 

Thus the left-hand side of (16) tends to zero if c= m+/, where 
0 «, Ξ-:1, and mo. Moreover it does so uniformly with respect to 
f, and so our proof is completed. 


11. When 0<a <, the discussion is somewhat similar, but rather 
simpler. The essential difference lies in the fact that we can choose ὁ so 
that tam*-*7 is small throughout a range of values of r of magnitude 
m!*®, so that, in approximating to ¢’@"*”", we can use e'” instead of the 


* Tannery and Molk, Fonctions Hlliptiques, ἃ. τι, Ὁ. 252. 
Τ Ibid., p. 263. 
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more accurate approximation 


οἷν" tian®*—l> 


The result is that the dominant term of our final result assumes the form 


4 L o 44,8 He 2 '<), . ἌΤΙ; 
Peas γιατ οἷν > eo 2m ς, — (t/a) yy “τ ὃ pi 
ar/ (27) — 
and the series (15) is summable if and only if atdb> 1, ὧδ., if and 
only if it is convergent. 


12. lia=4-+0, we require ὦ» ὁ --ὖ for convergence. Hence we 
can find a series of the type (15), summable (B), but not convergent, and 
such that a, = O(n~**°). This affords a formal proof that the index 3 of 
Theorem 1 cannot be replaced by any lower index. We can show 
similarly, by means of the series considered in §§ 10, 11, that the indices 
of the powers of m, which occur in Theorems 2-5, are as small as they 
can possibly be. 

A much more difficult question remains. Js Theorem 1 true if the 
condition /2.a, 70 ἐδ replaced by |/n.a,|<K, and can similar 
changes be made in the other theorems? It has been proved recently* 
that a similar extension may be given to Tauber’s converse of Abel’s 
theorem, and it is natural to suppose that the extension is possible here 
also. 

It is interesting to consider for a moment what light is thrown on this 
question by the series of δὲ 10,11. The crucial case is that in which the 
series oscillates finitely ; 2.e., when 


t= newt ee, 
‘Then Gn = o(n-*) (a< 3), Ay, = O(n) (a = 8). 


In the first case the series is certainly not summable, by Theorem 1 or 
by the results of δὰ 10, 11. And the question of interest 15 whether 


ervn 


Af 


as summable (B).+ 
' The answer to this question is (as analogy would lead us to expect) in 


nee ee + 


* Littlewood, l.c., p. 434. 
+ If not, Theorem 1 shows that s-’e Y' is never summable unless convergent. | 


425 


426 


10 ΒΟΒΕΙ 5 AND CESARO’S METHODS OF SUMMATION. 


the negative. In fact, 
Sy ΞΞ Ο-- De "Eo (1), 


and it may be shown that 


ε 
e-* Ὁ givn ae κῷ ρ-ἰ8)εῖνε κα 


Thus the evidence obtained from this series points to the truth of the 
suggested generalisations. But, as we stated in § 1, we have not been 
able to find a satisfactory proof of them. 


13. Theorem 1 has an interesting application to the problem of the 
multiplication of series. It is easy to prove that if Za, and Xb, are 


summable (B), and a, = ΟΡ, 6, = O(1/n), 


then the product series Xen, formed ὧν accordance with Cauchy's rule, 1s 
also summable (B). But it is evident that 


Cy, = Ollog n/n) = 0 (1/4/2), 


and therefore, by Theorem 1, Sc, is convergent. We thus obtain a 
simple proof of a known theorem.} 


᾿ : rn 
* Tf a< i, ent Bein’ “΄. 


6 RE er" 

while, if a > 4, the left-hand side tends exponentially to zero (see $§ 10, 11). In the critical 
case we obtain a result resembling the first, but differing owing to the presence of the factor 
e-i8, The correspondence between the oscillations of the original series and of Borel’s integral 
is not so precise in this case as it is shown to be, when a < 4, by the formula at the end of 
§11. For an illustration of the corresponding phenomenon in connection with Tauber’s 
theorem, see Littlewood, 1.6. supra, p. 436: in the formule there given a constant term 
((1 -- αὖ is omitted, but the insertion of this term does not affect the argument. 


1 Hardy, Proc. London Math. Soc., Ser. 2, Vol. 6, p. 410. We have obtained a number 
of further results on this subject, to which we hope to return shortly. In particular we have 
proved that any convergent series for which a, = O(1/n)—and therefore any such series 
summable by any of Cesaro’smeans—is summable (C, —1+ δὴ for any positive δ, We are thus 
able, by the use of Mr. Chapman’s negative indices of summability, to deduce the multiplica- 
tion theorem referred to above from the theorem that a series of this type cannot be 
summable (C) without being convergent. 


CORRECTIONS 


p. 6, rne 4. Fora<n< βτοδᾶμ <n « ν. 

p. 8, line 7 up. Read sé. 

p. 9, line 12. For ‘assumed’ read ‘used’. 

p. 14, line 2 (in the integral) and line 6. Read r2/2m. 
p. 15, 2nd footnote. Read ev”, 


COMMENTS 


The contrasting principles of power and delicacy, § 1, which govern limitation and 
Tauberian properties, were first discussed by Hardy in 1910, 3; see also 1934, 5. 

Theorem 1, δὲ 3—4, is the o-Tauberian theorem for Borel summability. The corre- 
sponding 0-Tauberian theorem, conjectured in § 12, is proved in 1916, 8 and again 
in 1943, 4; see D.S., Theorem 156. There is also a one-sided version, witha, > —Kn-}, 
which is included in a theorem of Schmidt,+ with a simplified proof ‘by Vijayarag- 
havan;{ see D.S., Theorem 241. 

In the first footnote to § 7, a generalization of a theorem of Hardy, proved in 1904, 4, 
§ 6, is formulated. The conclusion is, however, shown to be false in 1916, 8, § 3.2, where 
it is proved that the Borel mean tends to s (C,k—1); see the Comments on 1916, 8. 

The extensions of Theorems 2—5 to non-integral orders, sketched in § 8, are obtained 
from the extension of formula (14) contained in the proof of Theorem 147 of D.S. 

In 1916, 8, Hardy and Littlewood state that there are extensions of Theorems 2-5, 
with O in place of ο in the hypotheses, and give two examples (Theorems 3.11 and 
3.12). By using Vijayaraghavan’s method, Lord§ has shown that, in each of Theorems 
2—5 and their non-integral extensions, the condition on 8} may be replaced by a one- 
sided condition. For example, ifk > —1,p > 3,sk > —Kn*+? and > a, is summable 
(B), then Σ᾽ a, 18 summable (C, k+ 2p). 

The statement (§ 10) that the series Σ᾽ n—°e”* is ‘summable (C, 2) if 3a+6 > 1, and 
so on’, is not established by the argument in 1911, 1, § 17, but there is a proof in D.S., 
Theorem 84; see the Comments on 1911, 1. 

Another way of obtaining the result in ὃ 11 that, when 0 < a < }, the series 
Σ ne!" 1s summable (B) if and only of it is convergent, is given in 1913, 2, Section IV, 
at the end of § 41. 

The discussion in § 12 shows that the result obtained in § 11 also holds whena = 3. 
The fact that Σ᾽ n—e*V” is not summable (B) when b < 3, follows from the line of Borel 
summability property for ordinary Dirichlet series, proved in 1910, 1. 

Hardy and Littlewood do not indicate how they prove the theorem stated in § 13. 
It can be obtained by applying Theorem (7) of 1908, 2, § 13, to the Borel integrals. 
But Theorem (7) is an analogue of the result deduced here (Theorem C of 1908, 2). 
The results mentioned in the footnote to § 13 are proved in 1913, 2, Section V, 
Theorems 37-8. 


+ Schriften d. Kénigsberger gelehrten Ges. 1 (1925), 205-56. 
{ Proc. London Math. Soc. (2), 27 (1928), 316-26. 
§ Proc. London Math. Soc. (2), 38 (1935), 241-56. 


427 


428 


CONTRIBUTIONS TO THE ARITHMETIC THEORY OF SERIES 
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(Received March 24th, 1912.—Read April 11th, 1912.4] 


CONTENTS. 
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51-54. Tauber’s Theorem for Double Series. 

55-58. Various Extensions of the Ordinary Form of Tauber’s Theorem. 


1. 
Introduetion and Summary of Results. 


1. This paper represents a continuation of researches published in 
three recent papers in these Proceedings.t It resembles them in that the 
general character of the theorems which it contains is ‘‘ Tauberian”’: 
they are theorems of the type whose first example was the beautiful con- 
verse of Abel’s theorem originally proved by Tauber.; 

Section II contains a systematic development of an idea already to be 


* Some of the results of this paper were communicated to the Society at the meeting of 
January 11th, 1912, and an Abstract of them published under the title “ἃ New Condition for 
the Truth of the Converse of Abel’s Theorem relating to Power ‘Series.’’ These results are 
now included in Section IV of the paper. 

+ Hardy, ‘‘ Theorems relating to the Summability and Convergence of Slowly Oscillating 
Series,’’ Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 301-320. 

Littlewood, ‘“‘ The Converse of Abel’s Theorem,”’ ibid., Ser. ἃ, Vol. 9, pp. 484-448. 

Hardy and Littlewood, ‘‘ The Relations between Borel’s and Cesaro’s Methods of 
Summation,’’ idid., Ser. 2, Vol. 11, pp. 1-16. 

+ A general explanation of the nature of ἃ ‘* Tauberian’’ theorem is given in §1 of the 
last of the three papers just quoted. 


1913, 2 (with J. E. Littlewood) Proceedings of the London M athematical Society (2), 11, 411-78. 
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found in the second of the three papers referred to.* It was there proved 
that, if f(x) is a function of z, with first and second derivatives continuous 
for 2 > 2, and if 


f(t) =s+o(1), f"(x) = O(1), 


as 2—>o, then f’(z) =0(1); and thus that, if f(x) has derivatives 
of all orders, which remain limited as 2 - οὐ, then f(z) cannot tend to 
a limit unless all its derivatives tend to zero. Here we discuss a num- 
ber of theorems of this character more thoroughly. In Theorem 1 we 


show that if fa) = 0%), f(a) = OW, 


where ¢ and w are increasing functions, then 


f' ἡ = Oi (OW) } ; 


with corresponding results when one or other of the O’s is replaced by v. 
From this theorem we deduce others involving derivatives of higher orders. 
All these theorems seem to us of considerable interest in themselves, apart 
from any applications to the theory of series. 

So far we have considered increasing functions ¢,y. It is important, 
for subsequent applications, to obtain theorems of a similar character in 
which ὁ and yy are replaced by decreasing functions. These theorems, of 
which Theorem 5 is the first and most fundamental, are a little more 
delicate and require some additional restrictions. We have found it most 
᾿ convenient to continue to suppose that ¢, y, ... are increasing functions, 
but to consider, instead of relations of the type / = O(W), relations of 
the type 2’f = OW). 


2. In Section III we proceed to apply the results of Section II to the 
theory of ordinary Dirichlet’s series—series, that is to say, of the type 
2a,n~*, There are two theorems in this section more important than the 
rest. The firstis Theorem 18, which asserts that, if =a, is summable (Cr), 
and a, = O(n’), where a> —1, then Ya,72~* is summable (Ck), where 
O<k<r, for 

8 = (a+1)(r—/)/(r +1). 


When a = —1, this theorem reduces to the principal theorem of the first 
of the three papers quoted at the beginning of § 1. This last theorem we 
shall describe as the general Cesaro-Tauber theorem—the theorem of 
Tauberian type which is concerned with Cesaro’s method of summation 


* Littlewood, l.c., p, 437. 
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and whose hypotheses involve an O. It will be convenient to extend this 
system of nomenclature, calling theorems general if they involve an O and 
special if they involve ano. Thus Tauber’s theorem is the special Abel- 
Tauber theorem, its extension the general Abel-Tauber theorem, Theorem 1 
of our paper on Borel’s method of summation is the special Borel-Tauber 
theorem, and Fatou’s well known theorem may be described as the Euler- 
Tauber theorem.* ) 

The second principal theorem of Section II is Theorem 19. In this, 
we suppose, as in Theorem 18, that 2a, is summable (C7), but instead of 
assuming a hypothesis of the type a, = O(n’), we suppose that 2a,n~ 
is known to be summable (C, r—k), where O<k <7, for s=6B>0. 
We then prove that the series is summable (C,7—J), for0 < L<k, when 
s = 1B/k. An interesting corollary of the special case of Theorem 19 in 
which k = 2, 1 = 1 is Bohr’s theorem that the breadth of the strip be- 
tween the 7-th and (7-+1)-th lines of summability is a decreasing fune- 
tion of ». 


8, Theorem 26, the chief of the early theorems of Section IV, is an 
extension of the general Abel-Tauber theorem, and related to it much in 
the same way as some of the preceding theorems are related to the general 
Cesaro-Tauber theorem. But, in this section, we are, for the most part, 
concerned with theorems of a different character. These theorems now 
take a subordinate position in the paper, but it is from them that our 
investigations started. Their distinguishing characteristic is that their 
conditions involve the differences of successive terms of the series. Thus 
Theorem 27, the principal result of this section, states that a sufficient 
condition for the truth of the converse of Abel’s theorem is that 


Ady = An— Angi = O(Ay/n). 
The proof, which is intricate and difficult, shows first that this condition, 
together with the existence of Abel’s limit, involves 
Qn = O(1/n); 


the main result then follows from Tauber’s theorem. In view of the diffi- 
culty of the proof, we have thought it worth while to discuss separately 
the corresponding theorem for Cesaro summability of the first order, the 


* It is reasonably near the truth to represent Euler as defining the sum of 3a, as the 
value of f(a) = 3a,x" for x = 1, when the function is regular there ; cf. Bromwich, Infinite 
Series, pp. 265 et seq. Fatou’s theorem is essentially a theorem for o: it becomes false if Ο is 
replaced by O. The general Borel-Tauber theorem, on the other hand, is no doubt true, 
but as yet unproved. 
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proof of which is fairly simple. We have also indicated an alternative 
form of condition, suggested by a theorem of Landau. We also show 
that, when Aa, =0(a,/n), the series cannot converge, whence it follows 
that, for such a series, Abel’s limit cannot exist. Further, | na,|> ὦ, 
and s, ~ nay. 

It is to be observed that these theorems become trivial when 
a, is real, as then a, cannot change its sign. They have interesting 
applications to real series, the real parts of complex series which 
satisfy their conditions, such as 

ΣΉ cos (a log 22) ; 
but these real series do not themselves satisfy the conditions. 

We also establish the analogous theorem (Theorem 81) relating to 
Borel’s method. 

These theorems seem at first sight curious, but artificial. We are, 
however, inclined to think that they are in reality of some interest. This 
appears more clearly if we try to frame a theorem of this character but 
connected with Fatou’s theorem. The theorem would evidently run: if 
Aa, = o(a,), and f(z) = La,x” is regular for ἃ =1, then Za, ts con- 
vergent. This is true; but for the reason that, if Aa, = ο(α,), f(x) can- 
not be regular for ὦ = 1.* For Aa, = o(a,) is equivalent to a@241/a, --Ὁ 1, 
and a well known theorem first rigorously established by Fabry,+ tells us 
that x = 1 is certainly a singular point of f(x). That the theorem thus 
suggested, though it proves in fact to be trivial, should appear as a link 
between two such important theorems, leads us to think that the arti- 
ficiality of some of the theorems of this section is more apparent than 
real, and that conditions of the types here considered do correspond to 
important classifications of “ slowly oscillating’ series. 

We conclude this section by pointing out an easy generalisation of 
Fatou’s theorem, in which the condition a, = o(1) is replaced by 
Aa, =o(1) or Ava, =o0(1), and by showing that the general Abel- 
Tauber theorem is a simple corollary of the theorem that Aa, = O(1/n), 
together with the existence of Abel’s limit, implies the convergence of Day. 
This theorem is an obvious consequence of the Abel-Tauber theorem, but 
it is rather surprising that the latter should be deducible from it in an 
elementary manner. 


* The theorem is true because a false proposition implies all propositions, and therefore 
any theorem with contradictory hypotheses is true (Whitehead and Russell, Principia Mathe- 
matica, Prop. 2°21). - 

+ Fabry, Annales de l’Ecole Normale, Ser. 8, Vol. 18; Hadamard, La Série de Taylor, 
pp. 23 et seq. 
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4. The contents of Section V are of a more miscellaneous character, 
and do not depend, as does nearly all the rest of the paper, on the general 
theorems of Section II. The chief theorem of δὲ 44-50 is Theorem 37, 
which states that a convergent series for which a, = O(1 /n) is summable 
(C, —1+6) for all positive values of 6. This result is interesting in 
several ways. In the first place it shows that, for such series, all” 
methods of Cesaro summation are equivalent, and so supplies an inter- 
esting completion of the Cesdro-Tauber and Abel-Tauber theorems. It 
also enables us to generalise and to connect with these theorems the 
‘“‘ multiplicative ’’ property of series for which a, = O(1/n). 

In §§ 51-54 we discuss the analogue of Tauber’s theorem for double 
series. We have had in our possession for several years a special form of 
this theorem (Theorem 42), in which the fundamental condition is taken 


to be 
(m+)? din, n> Ὁ. 


The more general conditions employed in Theorem 40 were suggested? to 
us by Prof. W. H. Young, who had used them to establish the correspond- 
ing “double Cesaro-Tauber” theorem. Prof. Young’s very opportune 
suggestion has led us to a further generalisation and enabled us for the 
first time to get a clear view of the analogy between the one- and two- 
dimensional cases. The paper concludes (§§ 55-58) by a discussion of 
certain further extensions of the ordinary form of Tauber’s theorem. 
The main theorem here is Theorem 49, the purpose of which is to show 
the striking contrast which arises between Abel’s theorem and its converse 
when paths which touch the circle of convergence are considered. 

In spite of the length of the paper and the variety of the topics with 
which it deals, it leaves open many obvious questions for future discussion. 
The chief of these are connected with the general theorems of Section II. 
In the first place, there are clearly theorems of a similar character to be 
proved involving Riemann-Liouville derivatives of non-integral order, 
which should enable the results of Section III to be extended to non- 
integral orders of summability. There must also be theorems involving 
an arbitrary increasing function A(z), which should enable us to deal with 
the Rieszian methods of summation appropriate to general Dirichlet’s 


—-- em a a - . : a a a ee ey ee 


* Methods of non-integral order less than. —1 can be defined, but, as Chapman (Proc. 
London Math. Soc., Ser. 2, Vol. 9, p. 376) has shown, do not give results satisfactory 
from the point of view of a general theory. No practicable definition of negative integral 
orders of summability has been given. 

+ At the meeting of January 110}, 1912. See also Young, ‘‘On Multiple Fourier Series,”’ 
Proc. London Math. Soc., Ser. 2, Vol. 11, p. 167. 
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series of the type 


ye 0, 
Finally, there is the question of substituting, for conditions of the type 
J = O(¢), right-handed or left-handed conditions of the type 
FS = On(), T= Ο, (φ) 
1.€., f<K4, jf -- ΚΦ. 


Landau* has extended the general Cesaro-Tauber theorem to the case in 
as ας = Ox (Ln); 


and it is fairly obvious that many of the theorems of this paper are 
susceptible of a similar generalisation. ἢ 


If. 


Theorems concerning the Successive Derivatives of a Continuous Function 


of a Real Variable. 


ὅ. It may facilitate the understanding of the proofs of the theorems of 
this section if we begin by considering the simplest case in a geometrical 
and not in an analytical manner. In this case the single idea which 
underlies all the theorems becomes obvious intuitively. We wish to 
establish in this rough way the truth of the following theorem :— 


7" ΟἹ is continuous, and f > 5, f" = Ω(1), as n>, then f'>0. 


vonsider (Fig. 1) the eurve 


y = f' ὦ). 


Fie. 1. 


If f(a) does not tend to zero the eurve has peaks whose height does not 


tend to zero. But since \ ydx tends toa limit as x-> », these peaks 


“--....--.-.---ς.ὕ».-----. a ee ΄΄Ὦ;;ρ... 


* Prac Matematyczno-Fizycenych, Vol. 21, p. 97. 
Τ See the additional note at the end of the paper. 
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must each have an area which tends to zero. They must therefore 
tend to become (in some places) indefinitely steep, and this is incom- 
patible with f”" (2) = O(1). 

The theorems which follow contain a rigorous development of this — 
idea. 


6. Tuzorem 1.—If g(x) and W(x) are positive increasing* functions 
of x, and f" (x) ts continuous,t then 


(a) if f = O(¢) and f"= OW), then f! = O0{V (Wj; 

(b) if f = ο(φ), or if 6 =1 and fs, and 7" = OW), then 
f' Ξ οἱ ν(φψ)}: 

(c) if f = Ο(φ᾿ and f" = ο(ψ), then f' = οἱ ν(φψ))}. 


We shall suppose throughout the proofs in the whole section that f(x) 
is real. The theorems, however, may be extended at once to the case 
when f(x) is complex. It is legitimate and convenient to suppose that 
f(x) is defined for xz > 0. 

We shall content ourselves by giving the proof of (6), which requires a 
little more consideration than (a) or (Ὁ). The modifications necessary in 
the other cases will easily be supplied by the reader. It should be 
observed that the second case in (0) reduces to a special case of the first 
when we consider the function f—s = o(1) instead of f- 

We have | f(x) |< A¢(z), where A is a constant, for all values of 2, 
and |f"(x)| < ev-(x), where ε is an arbitrary positive number, for every ὦ; 
to the right of some point C depending on e. 


L 0 C M T N 
Fic. 2 (i). Case (i). 


Consider the curve y =/’(z). Let P or (xo, y) be a point of it to the 


ee 


* The word “" increasing ’’ is used throughout the paper to mean ‘‘ not decreasing.”’ 

+ The hypothesis of continuity is much more stringent than is necessary for the truth of 
the theorem. We adopt it partly because we are not aiming at generality of this particular 
kind, and partly because the more or less geometrical line of argument which the hypothesis 
makes legitimate seems simpler to follow than a purely analytical one. 
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right of C, N the foot of its ordinate, M the mid-point of ON, L the point 
to the left of O such that OL = ON. We suppose that y, is, say, posi- 
tive. Let 7' or (2, 0) be the point to the left of N, such that 


tan θ = tan PTN = εψ (Ὁ). 


Then between C and N we have 


a < eW(z) < eV (z,) = tan 0, 


and hence the curve lies above the straight line PT between C and N. 
We shall distinguish three cases: 
Ga) 7 les between M and N ; 
(1) 7 lies between M and L ; 
(i) J lies to the left of ZL. 


Case (i).—M, and therefore 7, is to the right of C when x, is large, and 


δὼ 2A b(t) > A {P(2)+4(e)} 
> | fed—fey|= |" yae 
> area PT'N = ἐγ cot 0. 
Thus | 
(1) yi, < 4A ep (a,) (xp). 


Case (1i).—The curve lies above PM between M and N. Hence, 
arguing as above, we obtain 


2A p(t) > area PMN =i area PLN > iarea PIN, 


and 80 
(2) γῇ < 16A cd (xy) Ψ (a). 
P 
ee 
L T ὃ Ἢ Μ Ν 


ΕἸα. 2 (ii). Case (ii). 


Case (ii).—If T lies to the left of Z, and so of course to the left of O, 
10 is evident that /’ is positive and f monotonic for 0 <a < 2%. 
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Let PT meet the ordinate at Cin B. Then 
PN/BC = TN/TC < LN/LC <LN/LO= 2. 


P 


ὁ Ὁ M N 
Fig. 2 (111). Case (iii). 


sh 
γ- 


Hence y, is less than twice the ordinate of the curve at C, a number 
which depends only on ε. If either of the increasing functions ᾧ and Ψ 
tends to infinity, their product tends to infinity ; and so evidently 


(3) Yo < Ef (Xp) Ψ (Zp); 


for sufficiently large values of x». If, on the other hand, both ¢ and Ψ 
remain finite, we have 


2A p(x) > area PBCN > area PMN = $2 Yo- 


Hence υἱὲ < K/z2, and so (8) again holds for sufficiently large values of 2p. 


It follows that, for ald sufficiently large values of wz , one or other of 
(1), (2), (8) must hold. Hence 


y = 0{V/(oy)}, 


and the theorem is established. 


7. It should be observed that the theorem ceases to be always true if 
the condition that ¢ and wy are increasing functions is removed. Thus if 


f=cxlogez—a, f'=logz, f"= 1/2, 
and @¢=xzlogzrz, w=I1/z, 
we have f= Ο(φ), "= OW), 
but it is not true that f' τε ΟἹ ν(φψ))}. 


It is instructive to consider Theorem 1 in the light of known results 
in the theory of “ logarithmico-exponential ” functions (Z-functions).* 1 


* Hardy, ‘‘ Orders of Infinity,’’ Camb. Tracts, No. 12, pp. 39 et seg.; Proc. London Math. 
Soc., Ser. 2, Vol. 10, pp. 54 et seq. 
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J is an L-function it is generally true that 


7 Ξ ν( 7) 


(the sign being chosen so as to make the contents of the bracket positive). 
There are exceptional cases when the increase or decrease of f or f' is less 
than that of any power of z: thus the result ceases to be true if fis any 
one of the functions 


logz, I/(logz), wxlogz, 2/(logz). 


Similar results can be obtained when f=Acosm or A βίη μ, where ἃ and > 


mw are L-functions. 


8. ΤΉΒΟΒΕΝ 2.—If (x) and W(x) are increasing functions of x and 
w>o; and iff f=O(d), and fP=O( dW) for r>1;* then 
f = O(gy) for any arbitrarily small e. 


By Theorem 1 we have 


(1) f' = O(gy"”). 
From (1) and f’’ = O(¢W), we have similarly 
(2) 2" = Oy". 
Similarly, 

(8) 7" = Oy"), 
and so on. 


If now we apply Theorem 1 successively to f, f’, ..., using (2), (3), ..., 
we obtain a new set of equations similar to (1), (2), (8), in which the 
indices are reduced. This process may evidently be repeated indefinitely : 
suppose that after » repetitions we obtain 


fi = Οἰφψ"}, 


2’ = Οἰφψ οι, 
The law of formation of the indices is 
(4) a alas, hay. dag Ξ 1. 


* The O’s and o’s occurring in the theorems of this section are not, in general, uniform 
with respect to r, that is, the K in the inequality | f | < Kx, the existence of which is 
asserted by the equation f‘”) = O(x), is not necessarily independent of r. 
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Since f= O(¢), we may suppose that a =0. It is then clear from 8 
little consideration of (4) that if we introduce the convention that a®) is 
zero when r <0, we have, for all values of 7, 


(5) al) «- ἃ [αὔτ +att?}. 


n—l 
We shall now show that 
(6) a) < af). 


This is certainly the case if 


(7) a, > Ea Pal tY}, 
: : 2 a" 1) 

1.€., if At arty’ <0, 
where A, Up ΞΞΞ Up— Un 41 


That this is the case is easily established by induction. If ἢ ΞΞῚ, we have 


a) = Q, a) — is er αὖτ ΞΕ 1, 


and if ἢ = 2, we have 
a) = 0, al!) See οἷς αἴ} = 1—(})'""}, 3 
and so A? at) = 0, A? aft = —(R)"t1< 0. 
Also A®a@=9 = af D—2Qa + a+) 
< ka 2+a0 , —2 | a4 alt+D) +a, + a+? 
= 8 (Atal? +A a). 


Hence (7) being true for » = 1, 2, is true for all values of nm. Hence (6) 
is also true, and so, for any fixed value of 7, a tends to a limit a” as 
η- oo. Hence, from (δ), 


dO «ς ξ lal Pal}, 


or | alt D— a SS a—al—”, 
Therefore a *V—g > aM—ae) (9 <7). 
Hence 

(8) al tD > a+ (r—s+1) [αἴ --- αἰ 1}, 


Now 0 «( αἴ <1, and so 0 <a” <1. Hence, making r— © in (8), we 
see that we must have αἱ = αἴ; and therefore 


a) = αἴ = = lim a) = = limo= 0. 
ad un 
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This is true for all values of 5 : for any fixed s, then, we can choose » 80 
that αἴ <e, and our theorem is established. 


The foregoing proof is the precise analytical expression of the following 
rough argument. If the order of / increases as r increases, it does so by 
equal or increasing steps. The magnitude of the step must be less than 
any power of vy; otherwise a finite number of steps would give an increase 
in order greater than y, which is contrary to the hypotheses of the 
theorem. 


9. Theorem 1 may be generalised as follows :— 


ΤΉΒΟΒΕΜ 8.—If ὁ and W are increasing functions, and f™ is con- 
tinuous, then if O<s<r, 


(a) if f= Ο(ᾧ and f = OW), then fO = Ol gl-orypsir , 

(Ὁ) of f = ο(φ), or if 6=1 and f—>s, and fO = Ob), then 
FO = 0 {gery} ; 

(c) of f= O(g) and f = o(h), then f° So φησιν), 


. Let Xa(a) = ΣΝ IFO Ψ) LLLP ῳ)} τὴν {yy } 5, 
{ἘΞ 5; 
and let x(x) = max x,(z). 
| 0<s<ir 


We shall first consider (a). The conclusion of (a) is certainly true if 
x (vz) = O(1). 


Let us suppose that this last equation is false, so that x, which is an in- 
creasing function, tends to infinity. We have 


POL perry | < max LAWL PMOL] <xw <x, 
7} 5 


or f® --- O POWs" y} 


If now we apply Theorem 1a to f, using the relation J = O(¢), and that 
obtained by taking s = 2 in the formula just found, we obtain 


(1) f' -- O { PO Vir Ur di? } , 
Repeating the argument with Κ΄, and using (1), 


1} --- O τὰ νὰ ; 
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Similarly, fa OO re 

@ ΠΣ Of ἐπ ee, 

Now we have | 

(3) f? = OW) = Oy). 

Hence, applying Theorem la to f“~-” and using (2) and (8), 
(4) fOD = 0 [girder yee 


Consequently we have from (1), &c., (2), (3), and (4), 
FOL POW, = OX), = ὦ" —1)/2", 
for O<s<r. Hence x; = O(x*) for O<s <7, and so 
Ce = Oe 


Since a <1, this is incompatible with y > ©. Hence 


x = O(1), 


and the proof of (a) is completed. “To prove (0) and (c) we observe that 
in each case we can assume the result of (a). Hence, in the case of (c), 


we have fr) = Of? Wor}, f = oh. 


Applying Theorem 1c, we have 


4: —o { pray e—Dir , 


Using this equation instead of 57) = o(), we now obtain the result of 
(c) for s = r—2, then for 5 = 7—8, and so on. Similarly, starting at the 
other end of the series f, f’, ..., 7.2, we obtain (0). 

A particularly interesting case of the theorem occurs when ¢ = 1, 
ψ ΞΕ 1, fs. We then have the theorem :— 


ΤΉΒΟΒΕΝ 8a.—If f has derivates of all orders and of f—s, then, of 
any derivate ts bounded, all preceding derivates tend to zero, or, to state 
the matter in another way, if any derivate does not tend to zero, no sub- 
sequent derivate is bounded. 


This theorem contains in its turn as a particular case that quoted in 
§ 1 of the introduction. + 


* This step is required to make the argument applicable in the proof of Theorem 6. 
+ Littlewood, l.c., p. 487. 
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10. The corresponding extension of Theorem 2 is an immediate 
corollary of the last theorem. 


THeorem 4.—If ¢ and are increasing functions, and \y—>o, and if 


f=0(4), ~/—=O0@W (r>”), 
then f? = O(¢w), 


for all values of r. 


For, by Theorem 3, we have for 7. < 7, 


J? = Oy") = Ol) 
Hence f = O(g) 


for all values of 7, and the theorem follows by Theorem 2. 


11. The foregoing theorems give no information concerning functions 
for which we are given relations of the form f = Ο (ψὴ, where w— 0, 
beyond, of course, what can be deduced from f = o(1). Subject, how- 
ever, to certain conditions, Theorems 3 and 4 remain true when y—0. 
The most important form of W is z~*, where α « 7. The case in which 
_a> vr is of less interest. Suppose, for example, a >~r,and¢=1. Then 
the result of Theorem 8 is trivial, since f®, the (r—s)-th integral of f, 
is plainly of the form O(#"~*~*), and r—s—a is less than —sa/7r, which is 
the index assigned by the theorem. 

On the other hand, if a<vr, αἷψ is an increasing function. This 
suggests that we shall find it convenient, instead of using relations of the 


ty pe 2 — OW), 
where vy is decreasing, to use relations of the type 


af? = OW), 


where vv is increasing. The preceding remarks show that, in the cases of 
greatest interest, the two points of view are equivalent.* 


12. We shall begin by establishing the result sa ἃ to 
Theorem 1, viz., 


THEorEM 5.—If ᾧ and wW are increasing functions, and ¢= Ow), 


* There are cases which are thus excluded, e.g., that in which 
ΚΠ = O(1/x* log x). 


But such cases do not seem to have applications of any particular interest. 
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and 7 12 is continuous, then 

(a) if «170 = O(g), af = OW), then af = ΟἿ ΦΨ}; 
Ὁ if wf = of), “γε 19 = OW), then afl = οἱ gy}. 
Further, if ¢ = ο(ψ), then 

ὦ if af = 01g), aC = ol), then are = of Vigh}- 


As in Theorem 1, we shall consider only the case (c) in detail. The 
argument is very similar to that of § 6. | 


We have | FOF (x) | < ey (x) /(2x)"*? 


for all values of 2 greater than some value € Consider the curve 
y= fra). Let P or (a, yo) be a point on it: we suppose yo > 0. 
Let N be the foot of the ordinate of P, M the mid-point of ON, C the 
point (€, 0), and T the point to the left of N, such that 


tan θ = tan PTN = ew (a,)/a7*?. 


We can suppose 2 > 2€, so that M lies to the right of C. 


When z, is sufficiently large, we have, for all values of 2 between M 
and N, 


(1) | f(x) |< Ad (a) /(2x)" < Ag (e)/2x), 
gk 
0 Ο MT N 
Fira. ὃ. 


where A is a constant, and also 
(2) τ < | f° (a) | < ey (a) / (20)? < ἐψ αὐ ἀ᾽Ὲ5 = tan θ. 


Let x, be the abscissa of J. There are two cases to consider, according 
as T is to the right or to the left of M. 


Case (i).—T is to the right of M. Then, by (2), the curve is above 
TP between Τ and N. Hence 
[να 


x 


2A d(xq)/22 > | f ey) —f (1) | 


> area PTN = hy‘ cot 0. 
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Hence 
(8) Ys, < 4A eg (Xp) Ψ (ay)/a2"*?. 


Case (ii).—T is to the left of M. Then the curve is above PM be- 
tween M and N, and so 


2A op (29) /xz5 > area PMN = t2 yp, 
Yo < 8A G (2) /25""; 
p< (Zo) Wr (Lp) 64A°G (Lp) . 


ἀ ΠΣ Vr (Xp) 
Since ¢ = o(y) it follows that, for sufficiently large values of a, we have 
(4) Ys, < ef (%o) Ψ( να: "5, 


and from (8) and (4) the result of the theorem follows.* 


13. The analogues of Theorems 8 and 4 are as follows. That of 
Theorem 2 is, of course, included in that of Theorem 4. 


ΤΉΒΟΒΕΝ 6.—If ¢ and Ww are increasing functions, and ¢ = Ο(ΨῚ, 
and f is continuous, and O<s<_r, then 
(a) of f= Ο (φ) and af = OW), en 
ef = Οὐ per 
(6) if f=o(9), ortf φ ΞΕ 1, fos, and 2’f™ = OW), then 
aif = 0 {gory} 
Further, of > satisfies the more stringent condition ᾧ = o(yW), then 
(c) of f= Ο(φ), 2’ f™ =o), then «ef = 0 {φ 5 Wi}. 
| THeorem 7.—If ¢ and Ww are increasing functions, and >, and if 


f=O0(9), 2f = Ο(φψ), 
for r> ro, then xf? = O(oy) for r>0 and for any position e. 


The analogue of Theorem 2 (z.e. Theorem 7 with 7, = 0) follows from 
Theorem 5 precisely as Theorem 2 follows from Theorem 1; and Theorem 7 


* The proof is simpler than that of Theorem 1, because we have an additional condition, 
φ = 0() in the above argument, » = Ο (ψ)ὴ in the corresponding proofs of (a) and (δ). We 
are thus able to avoid the complications of Case (iii) of Theorem 1. 
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follows from Theorem 6 as Theorem 4 follows from Theorem 8. Theorem 6 
itself may be proved by writing “ x"f ” in place of “‘ f,” and “ Theorem 5” 
in place of ‘‘ Theorem 1” throughout §9. The work of ὃ 9 is so arranged 
that (as is easily verified) the additional condition 


φ -Ξ-, Ο(ψὴ or φ ΞΞ ο(ψ), 


with which Theorem 5 is burdened, is satisfied whenever we have to appeal 
to the latter theorem. | 


14. There are theorems, similar to those we have been discussing, 
concerning the relative orders of the derivates of a function of z as x tends 
to a finite limit, which we may suppose to be zero. We shall, however, 
content ourselves by giving one pair of such theorems. The enunciations 
of these are the same, word for word, as those of Theorems 5 and 6, but 
it is to be understood that 2 tends to zero instead of to infinity, that Φ 
and yy increase steadily as ὦ tends to zero, and that the hypothesis οὗ 
continuity, where it occurs, refers to points other than the origin. 


Turorem 8.—The result of Theorem 6 holds also when x tends to zero 
instead of to infinity. 


Tueorem 9.—The result of Theorem 7 holds also with the same modr- 
fication. 


The proofs of these theorems are almost exactly the same as those of 
Theorems 6 and 7. It is a sufficient indication of the necessary modifica- — 
tions to remark that the réle of the point M, or (4%, 0) in ὃ 12, 18 now 
played by the point (2%, 0). 


15. We shall illustrate the range and limitations of Theorems 1-9 by a few simple 
applications. 


(a) Let f =a". If ἢ > 2, we may take φΦ = a, ψ = ὧδ" in Theorem 1 and obtain 
f' --0 Τἀζί 5} τες O (α"- ἢ. 
Τῖ-α > r we may take φ = α", y= x"-" in Theorem 8, and obtain (5) = O(x*), where 


k= 8n+ 2 (n—r) =n-—s. 
γ γ 


These results are evidently correct. 


(b) Any number of illustrations may (as was pointed out, in the case of Theorem 1, in 
§7) be obtained by considering functions of the form Acoss#, where A and yw are L-functions. 


Thus, if f = x οοβ (αὐ (a>O0, b> 1), 


the order of ft) is x*+"(-)): each differentiation increases the order by a factor αὐτὶ, This is 


428 Mr. G. H. Harpy and Mr. J. E. Litrnewoop [April 11, 


an illustration of the first group of theorems, A good illustration of the second is obtained 


by considering the function f=x'cosx’ (a>0, 0 «ὃ -«1). 


Here the order of xf") (a) is a+", 


(c) It was pointed out in §7 that the result of Theorem 1 fails when f=cxliogz. This 
illustrates the importance, in the first group of theorems, of the condition that φΦ and w are 
increasing functions. The same example may be used to show the necessity some such condi- 
tion as φ = Ο(ψ) in the second group of theorems. Here we have 


fr~xlogx, «af'~xlogz, xr f'~ ας, 


and the result of Theorem 5 does not apply. 


(d) The most subtle point which requires illustration is the necessity for the condition 
= ο(ψ), in the third case of Theorem 5: we might well expect φ = O(¥) to be a sufficient 
condition. But consider the function 


f = 2/(log x). 
Here xf ~xi(logx), af" ~—z/(log x)?. 
If p= a/(log x), ψ = x/(logx), we have f= O(¢), xf’ =o0(p); but it is not true that 
xf τ-- οἱ ν(φψ)}. 


III. 
Applications to the Theory of Dirichlet’s Series. 


16. THEorem 10.—Let r and k be integers and O<k<r. Then 
(a) of aS1 and 


GQ) Gd, = O(n’), 


(1) Yan 1s summable (Cr) to sum 8, 


then 8. 1 ἘΞ 9 NOE 
of a>—l1, and 8. {Ὁ} = s/k!+o(), 
ifa=—1. Further (Ὁ) if a>1 and 


(1) Gn = o(n’), 
(ii) 2a, as finite (Cr), 
then = stink ΞΞ 0 cai ame ΕΡῚ : 


The first part of the theorem is a generalisation of the general Cesaro- 
Tauber theorem,* to which it reduces when a = —1. 
If a>~7, the theorem is trivial in either case in virtue of (11), which 


ee st = O(n") (0 = k < r). 


* Hardy, Proc. London Math. Soc., Ser. 2, Vol. 8, p. 307. 
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For a similar reason the case a = r is trivial in case (a). We may there- 
fore suppose that a <r in case (a), and a <7 in case (ὁ). 


Let f(z) be a function whose (7-+-1)-th derivative is defined by the 
equation fF) (2) = Ant (T—N)(Gn41— Gn) (Nn αὶ «( Ἀ-Έ 1), 


so that f°* (x) is continuous and assumes the value a, forz =n. Then 
m—-1 γν-τ ᾿ 
ΓΟ) = C+ Σ | {α,-Ὁ (ἐ--τν)ίων.1 --- αν) | αὐ 
+| {n+ (t—2) (n41— An) | at 


n—l 
= C+S5ri +4 2 (Qy417—- αν) 


+ (ὦ --η)α, τ ἐ ὦ - τ} (An41— Gn) 
= 4-Ὁ5,.. «Γ(α--Ἡ.-Ὁ δ) an +h (ὦ -οῊ}" (Gn41— αι) 
= 4 -5,-Ὁ Ο(αι) +0 (Qn41— ἀρ). 
Here A and C are constants (independent of » and x), and O(a,) denotes 
a function of x and ὦ the ratio of whose absolute value to that of a, is 


less than a constant.* 
It is easy to see that, if we repeat the process of integration, we obtain . 


fo? @) = Ax+0(1) +8140 (Sn) + O (dn) +0 @ns1— an), 
μοῦ τ 45 4. 0(a) +88 + O(61) + 0(60) + O(4y) +0 (An) 
and, generally, 
1) f(a) = FE O(a) + 88-4066) +... + O(y) +0 (nr) 


for O<k <r. 
So far the proofs of cases (a) and (b) of the theorem are identical ; 


* Our use of O here involves an extension of our ordinary notation. Generally, in such 
a formula as f = Ο(φ)ὴ, ¢ is an essentially positive function; but there is clearly no reason 
why we should not write, ¢.g., 


ising = O(singz), sin*x = O(sin2). 


We may observe that the constants implied by the O’s which occur in this proof may depend. 
upon r and k, but are essentially independent of n and z. 
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From this point they differ slightly. We shall consider only case (a) ; 
the proof of case (6) may be left to the ingenuity of the reader. 

The constant A is at our disposal: we take 4 =—s. Let us consider 
in particular the case ὦ Ξξ- γ. Then, since Xa, is summable (Cr) to 
sum s, we have 


a +s" = — 1 {n”+o(n")\ + a o(n’) = o(n') = o(2”"). 


Also 8.» 8.9...) Sn) ἄμ, ANd Gn4i—Gn are all of the form οἰ). Thus, 


finally, 

(2) J (x) = o(2"). 

But FE? (@) = O(dn) +O(An41— αὐ = O(2, 

(8) gh th f+) (q) = O(¢"*!+4), 

Hence, by Theorem 6,* we have 

(4) ΞΕ ts), 

where rte, = (rk+Y)+(r—Avr+1+a)}/(r+), 

or pe = {(1+a)(r—A)/(r+1)}. 

We can now combine equations (1) and (4) in such a way as to obtain the 
result ofthe theorem. Dividing (1) by αὖ, and remembering that A = —s, 
we find 

(5) 8. /n*—s/k! = ο(αρ) -- τ {O(st-)+...4+0(An41—ay) } . 


Suppose first k = 0. Then 
Sy—S = 0 (2?) +- O(n) + O(An41— Gn) 
= o(e) + O(a") = a(x), 
since a<py= (l+a)7r/(r+)), 
if α[(1 -Ἐα) < r/(r-+1) ; 


a condition which is satisfied, since a <r. 


* It is important to observe that, as r+1+a 27, the condition = O(y) is satisfied. 
It should also be observed that, at the corresponding point of the proof of case (b), we require 
the more stringent condition φ =o(y). This is satisfied if «a >—1, but notifa=—1. Asa 
matter of fact the result of case (δ) is not true when a =~—1. It is not true, for example, that 
a series Σ ἄν» for which @, = 0 (1/n), cannot be finite (C1) without being convergent. The series 


(a 0), 


Σ -------- ς΄ 
n (log n)* tat 


for example, is finite (C1), but not convergent, or even summable (C1). 
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Next, suppose the result of the theorem established for 0, 1, ..., A—1. 
Then, for O0< p<k, we have | | 


τ" (οἷ) = o(@?r-®) = o(w*), 


since Pp— Pe = U+a\(k—p)l(r+1) « k—p <k. 
Also t~* { O(an) + O(dn43—Gn)} = O(a**) = ola), 
since (α--- 1) (α-Ἐ 1) <(r—b/ r+), 


and so a—k < p,. Hence, finally, 
(6) st ln*—s/k! = o (xP), 


and the theorem is established. 
A simple and interesting case of Theorem 10 is that in which a = 0, 


r=1. The form of the theorem is then as follows. 


THrorem 11.—If a, = O(1), and Za, ts swmmable (C1), then 
Ss SO). 


17. The result of Theorem 10 gains in interest when translated into 
the language of the theory of Dirichlet’s series. 

We shall, however, find it convenient, before we proceed to this appli- 
cation, to state, and in part prove, a number of theorems concerning 
Dirichlet’s series which are logically independent of the previous results 
of the paper. These theorems are of considerable intrinsic interest, and 
will enable us to present our applications of the theorems of Section II in 
a more subtle and precise form than would otherwise be possible. 


We shall first prove the following preliminary theorem. There is nothing new in the 
theorem, which is contained in Bohr’s investigations on the summability of Dirichlet’s 
series. We have thought it well to include a proof (in a somewhat condensed form), partly 
on account of the language and comparative inaccessibility of Bohr’s dissertation, and partly 
because we shall have occasion to refer later on to formule which occur in it. 


* If a, is the Fourier’s cosine coefficient of a function f (@) continuous for θ = 0, then the 
conditions are certainly satisfied. In this case, however, a good deal more can be said of s, ; 
for, by a theorem of Riesz and Chapman (Chapman, Proc. London Math. Soc., Ser. 2, Vol. 9, 
p. 891; Riesz, Comptes Rendus, November 22, 1909), Za, is summable (C6) for any positive δ, 
and so sy, = 0(n’): and indeed it may easily be proved directly that s, = O(log η). 

This example might suggest that Theorem 10 does not give the best result of its kind that 
can be obtained concerning s,. This, however, is untrue. We shall see later (cf. § 25) that 
for no @ < 3 is it true that a, = Ο (1), together with summability (C1), implies s, = 0 (n*). 

| Bidrag til de Dirichlet’ske Raekkers Theori, Copenhagen, 1910. 
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THEOREM 12.—If sk = O(n*+8), where 8B >O0, then 3n-va, is swmmable (Ck) for any 
y>B. 


Let 7 an = ὃ. (n> 0), a) = 6 =0, 
and denote the Cesaro’s sums, formed from b, instead of Gn, by tn, ἐν ... Then 
" kK (κι 1 ee | Tome 
a k K+l-t τ 
(1) = 3 ot 5 a) (SEF) διειτερ ὃ το, 


In this sum a finite numbert of terms occur for which j+1>m. These terms are to be 
replaced by zero.t But it is easy to see that this convention may be abandoned without 
affecting the limit of ¢*/A*.§ For the terms in question are finite in number, and for all of 


them n—j <k. Further, we may write in all of them 
sk= O(nk+8), δδεϊτε (7 4 4)-7¥ = O(n), 
and so their sum is of the form O(n'+4-7) or ὁ (n*). 


We now consider the terms of (1) for which ὃ = 0, which we can write in the form 


0 
We have| | -Κιὰ « (7115). -αἱ «0 ( «7 « τ) 
-Κνη-ὶ « Gree 0 O<jtv< ny). 
Hence | off [48 = 2 st ΔΕ. 7. Ra, 
where R,=0(* 3 shee abet j-r) +0( 3 245545517.}. 
1 vr 


The series 2j*+? a*+1j-7 converges (like %j-!**-»). Choosing first » and then 7 sufficiently 
large, we see that 9 - 0, and 


(2) ofA, 2 sf AR 15-7, 
Consider next the terms in (1) for which ὁ has a fixed value other than zero. Writing 


yh [k+1\ % el) ee ee 
ith = ( ἢ ) 2 ase sia (j τὴ γ, 


and observing that ( ὠ δ᾽ 7 : ἘΠ ) = O(nk-*), 


* Hardy, Proc. London Math. Soc., Ser. 2, Vol. 6, p. 260, and Vol. 8, p. 279. In a foot- 
note to the second paper a number of mistakes in the first are corrected. It should be observed 
that the notation of these papers differs slightly from that which we have since adopted, the 
series being there taken to be a,+a,+... instead of a,+a,+.... As the argument which 
follows is very similar to that of the second paper quoted, we have thought it best to adhere 
to its notation for the purposes of this proof. The equation (1) contains one term for which 
ἡ -- 7 =0, so that (7 Ὁ ὁ) 7 is meaningless, but as st = 0, this is immaterial. 


¢ That is to say, a number independent of m. 

+ E.g., if i =k, we must replace A(j+k)-7 by n-7, ifj = n—k, and by 0if7 > n—k. 
§ ΑΚ has the same meaning as in the papers cited: thus At ~ n*/k!. 

| L.c., Ὁ. 279. 
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th/ AX =O [π:: Σ jeateli(j+i)-7| = O {3(4) pree abet-i ἡ ἢν}. 
0 0 

We can now show that 

(3) th/Ak > 0, 


by what is practically a repetition of the final argument which led to (2). From (1) and (2) 
the theorem follows. 
It is important to observe that s* = ο (7*+*) does not (as might perhaps be expected) in- 


volve the summability (Ck) of 3n-f an. If, e.g., k = 0, the equation 


n n-] 
DvWa,= Σ s,Av-&4+n-Fs, 
1 l 


shows that, when s, = o(”*), the series 
S278 ay, S2-f-15, 
converge together. But the second series is divergent if, ¢.g., s, = 29/(log 7). 
It is evident that, in the enunciation of Theorem 12, we need only have supposed that 


st = O (n* ΡῈ) 
for all positive values of e. 


18. Our next theorem involves an argument of a more delicate 
character. 


ΤΉΒΟΚΕΝ 18.—I/f εἰ = ο( 18), where B> 0, then =n-Fa, is either 
summable (Ck) or summable by none of Cesaro’s means. Further, the 
same is true of 2n-?-“a,, for any value of t.* 


Suppose that Xn-"a, is summable (C, k+1). Then the necessary 
and sufficient condition that it should be summable (C&) is that 
(1) τῇ = o(n'*"), 
where τὸ is the k-th Cesaro’s sum formed from 


GS Fat 


* The arguments of this paragraph are in detail so similar to those of ὃ 17 that we have 
not thought it worth while to give more than an exceedingly condensed account of the proof. 
Any attempt to extend the result of Theorem 12 to the case in which y = 8 would, of course, 
have been foredoomed to failure. If, in §17, we take y = β, we are led to the divergent series 


57:18 Ak+1 7-8, 


In this paragraph the fact that we already know our series to be summable (C, +1) enables us 
to use condition (1), and so argue in terms of sums τῇ formed from n'-*a, instead of sums ἐξ 


formed from 2-a,. We thus avoid the logarithm associated with a series of the type Σ (1/j). 
+ Hardy, Proc. London Math. Soc., Ser. 2, Vol. 8, p. 304. 
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Suppose first that k= 0. Then 


n m—1 n—-1 
a= Dy ha, = Σ sy Aves t=O > ο(νβ yl +o(n) = o(n). 
0 1 


0 


Thus (1) is true for k = 0. 
When k > 0, we use the formula 


analogous to (1) of ὃ 17. In the first place, we have 
σέ ΡΠ πε" 


j=0 
where R, differs from the Ry of ὃ 17 only in the replacing of —y by 1—8. 
The first term on the right-hand side is 
O [πὰ Σ χα ΞΞ [πῇ > ο(1) ᾿ ἐξ οὐ ἢ. 
1 1 


And that Ry = o(n) 


is easily shown by an argument in essentials the same as that of § 17. 
Finally, 
ee oe Σ esa Ἵ sk Δέειτὶ (G4 Ὁ 1-Ρ 


1 j=0 k—tz 


O {,1-ὶ 5 ο(7}18) γ-6τπει} 
en J 
= Ὁ) { ki Σ 0G) | =o (n*t), 

( j=0 


Combining these results, we see that (1) is satisfied, and the proof of 
Theorem 18, tn so far as it is concerned with the point 


5 Ξε , 


is completed. 


The extension to complex values of 8 presents no difficulties. When, e.g., k = 0, we have 
νη ; u—l : . (eS: 
τι = Syl-8@-Baq, = Σ 8, Av! -f8-H45,n)-8&-4 = O = v-Fo (ve) | +o(n) = o(n), 
0 J υ 


as before. Similarly in the general case. 


The most interesting case is, of course, that in which k = 0. 
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With Theorem 13 may be associated the following theorem, the proof 
of which presents no difficulty. 


Turorem 14.—If Xn-8a, ts swmmable (Ck), and β > 0, then 


s SOM): 


The result of this theorem is a straightforward deduction from the formula 
n k — :ς2 Σὰ α. ἃ 
οὐ = sts ἀρ ὦ J a) Ak+tl-i( πὴ}, 
ἃ 2)Ξ0 7 1.0 @ df k—4 


analogous to (1) of §17. The result, although useful, is much less subtle and interesting than 
that of the companion Theorem 18, and it seems hardly worth while to set out the details of 
the proof. The result obviously breaks down when 8 = 0. 


19. Some very interesting results can be deduced from a mere com- 
bination of Theorems 18 and14. Suppose that Ση 5 a, is summable (CA). 
Then, by Theorem 14, we have s* = o(n®**), Hence, using Theorem 13, 
we obtain 


THeorem 15.—If a Dirichlet’s series 18 summable (Ck) for s = β, it 18, 
at any point of the line s = B+ti, either summable (Ck), or summable by 
none of Cesuro’s means. 


It will be observed that the condition 6 > 0, which is plainly irrelevant 
to the truth of the theorem, has now disappeared. 


ΤΉΒΟΒΕΝ 16.—If a Dirichlet’s series is summable (Ck) for s = 8, and 
the function represented by the sum of the series can be continued, by the 
use of Cesaro’s methods of summation, across the line s = B+tt, then vt 
is summable (Ck) at all points of the line. Moreover, it 1s uniformly 
summable along any finite stretch of the line. 


This theorem is an immediate corollary of Theorem 15, except for the 
assertion of uniformity. The truth of this last assertion follows from the 
fact that the O’s and o’s which occur in the proof of Theorem 13 810. 
uniform with respect to ¢. 


Theorem 16 remains true if the words ‘‘ by the use of Cesaro’s methods of summation ’’ 
are omitted. In fact, if the series is summable (Ck) for s = 8, it is summable (Ck) at all 
points of the line at which it is regular. This is a fairly straightforward deduction from 
Riesz’s analogue of Fatou’s theorem,* viz., that if a, =0(1/n), the series Xa,n~* ts con- 
vergent at all reqular points of the line σ᾽ = 0. 


* Riesz, Comptes Rendus, Nov. 22nd, 1909; see also Landau, Prac Matematyczno- 
Fuzycenych, Vol. 21, p. 151. 
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In this connection it is interesting to give an example of a series, which represents an 
integral function, but is summable only in a half-plane. The series 
Σ δ᾽ Moe Nye (a SD) 


is such a series. Its lines of summability all coincide in the line σ = 1, at every point at 
which it is convergent. 


20. We return now to Theorem 10. From Theorems 10 and 12 we 
can at once deduce 


ΤΉΒΟΒΕΜ 17.—If O0<k <r, and δ, ts the abscissa of the line of 
summability (Ck) of the Dirichlet’s series Da,n-', and af 


(1) adn = O(n**5), where a > —1, for every positive e, 
(ii) A, <0, 


then Ar τα eee 

We have, however, not yet extracted from Theorem 10 the maximum 
of information which it may be made to yield concerning the conver- 
gence and summability of a Dirichlet’s series. This is contained in the 
following more precise theorem, which contains Theorem 17, and is an 
immediate corollary of Theorems 10, 18, and 16. 


ΤΉΚΟΒΕΝ 18.—If a, = O(n’), where a>—1, and 2a, ts summable 
(Cr), then Laynn* is summable (Ch), where O<k <1, for 
Po (a+ 1)(7—A) 
γ-Ὲ 1 ' 
The same result follows from the assumptions that a, = o0(n*) and Za, ts 
finite (Cr), Further, the series ts, in either case, uniformly summable on 
any finte stretch of the straight line 
— (at 1) -- ἀ) ᾿ 
s= ὩΣ Puls 
In fact we have, by Theorem 10, 
sk = ont), 
6 = (a-+1)(7—kh) 
γ-Ε 1 
Hence, by Theorem 18, Xa,n~* is summable (Ck) or by none of Cesaro’s. 


means fors = 6+. Therefore, as it is certainly summable (C7), it is 
summable (Ck). Finally, the uniformity follows from Theorem 16. 


where > 0. 
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We add a few remarks as to the relations between Theorems 10 and 18. 


- Theorem 10 included two eases, both of which were trivial when a > 7, 


while the first, but not the second, was also trivial when a=r. 
Theorem 18 includes two corresponding cases, but neither of these is 
trivial for a= 7. Suppose, for simplicity, that 4A=—0. If 2a, is 
summable (Cr), we must have a, = o(n"): thus the first condition ig in- 
cluded in the second, and the first case of the theorem-reduces to a known 
theorem,* viz. that the summability (Cr) of 2a, involves the conver- 
gence of Da,n~". The second case gives us a new result, viz., that 1f the 
series Da, is finite (Cr), and a, = o(n’)—a condition no longer included 
in the first condition—then 2a,n~” 1s convergent. 

It is possible to generalise Theorem 10 by adopting hypotheses of the 


type dn = Ο {\n* (log n)8 (log log n)’...}, 

instead of a, = O(n*). Such generalisations have no particular interest 
for our present purpose. The more special hypothesis is more than suffi- 
cient for the application of the theorem to the proof of Theorem 17, and 
is necessary in the proof of Theorem 18. 


21. We shall now state and prove the second principal theorem of this 
part of the paper. 


TaeoremM 19.—If La,n~ ts summable (Cr) for s =0, and summable 
(C, r—k) fors = B, where O< B<k<r, then it is summable (C,r—), 
where O<1<k, for eagle 


The conclusion still holds of ecther “ summable” in the hypothesis is re- 
placed by “ finite”: while, if both are so replaced, the “ swummable”’ in 
the conclusion must also be replaced by “ finite.” 


We consider the case in which 2a, is finite (Cr) and 2a,n~* summable 
(ὦ, r—k). The other cases may be settled similarly. 
We define a function f(z) as in ὃ 16. Asin ὃ 16, we find 


(1) f%@) = O@" "+s! +0(8, +... +0 ($n) +O (an) +O (Aan), 


for O<l<r. We have chosen zero as the value of the. constant A of 
δ 16. Taking first ἐ = 0, we have | 


(2) fe) = O@’). 


* This result is a corollary of a theorem given by Riesz, Comptes Rendus, June 21st, 1909. 
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Now take 1 =k. Since Ya,n-* is summable (ὦ, 7—k), we have, by 
Theorem 14, 


ΕΞ ant 


and it is clear that every other term on the right-hand side of (1) is also 
of this form. Hence 


f (a) = οι "10, 
(3) , x FO) (2) = ο( 18), 


We now apply Theorem 5 to equations (2) and (8), observing that, as 
β > 0, the condition ¢ = o(y) is certainly satisfied. We obtain 


x! f(x) = 0 {xr tar) 
From this we can deduce 
(4) got — 0 arene) : 


for Ὁ «(ἐς Δ. For this is certainly true when 1=k. Suppose it true 
for =k, ἄπ], ..., A+1; and consider equation (1), with 7 =X. It is 
easy to see that every term of the equation, save s’~*, is of the form 
o {n™ A+ O8/) | For example, 


Οιϑ *) = 0 ΕΒ = 9 {pratt Osh) | 


since (4) has ex hypothest been proved for 1 = A+1, andsince 0 « 6 <k. 
Hence 85. is of this form, and so the truth of (4) is established by in- 
duction. 

Theorem 19 follows at once from (4) and Theorem 13, since Da,n~° is 
certainly summable by. some of Cesaro’s means for any positive 8. 

Taking αὶ = 2, /=1 in Theorem 19, and effecting a suitable linear 
transformation on s, we deduce 


ΤΉΒΟΒΙΝ 20.—If 2a,n-* ts summable (Cr) for s = a, and summable 
(C, r—2) for s = B, tt is summable (C, r—1) for s = 4 (a+). 


And from this we can at once deduce a very interesting theorem of 
Bohr,* viz., 


Turorem 21.—If X, is the abscissa of summability (Cr) of a Dirichlet’ s 


* Bohr, Nachrichten w.s.w. zu Gottingen, 1909, p. 252; Bidrag til de Dirichlet’ ske 
Raekkers Theorie, p. 101. 
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sertes Da,n*, then 


or A*r, > 
For, if we had Ap gm Apny « λ,.,--λ,, 


we could obviously choose values of a and 6 in such a way as to violate 
Theorem 20. 


This theorem may be employed to simplify the proof of Theorem17. For suppose this 
theorem established in the case k = 0. Then it follows from Theorem 21 that 


(Ag— Ak) /k 2S (An—A,)/(r—f), 


r—k k (a+ 1)(r—k) 
Ar XK ——" Apt — Ar SK A  ’᾿ 
ὭΣ eae de ie r+1 
It should also be observed that, unless 
Aga Ay = Ayam Ag = «0s = AK-1 AE; 
we must have An < (a+ 1)(r—k)/(r +1): 


so that the series is summable (Ck) for s = (a+1)(r—k)/(r +1), and even for smaller values of 
s: it is only in the extreme case (which is, however, that of most frequent occurrence) that 
we require the more delicate Theorem 18. 


22. Now let us suppose that a, = 0(n'), 


for every posltive δ, so that the series is certainly absolutely convergent for s>1. Andlet us 
suppose further that 
A= lm ἃ, «1; 
¥-—>20 

i.e,, that the series is summable by some of Cesaro’s means for some distance to the left of 
the line 
g =k. 

If ἡ is positive and s = A+ <1, the series is summable (Cr); here r is a function of ἡ, 
which may tend to infinity as 70. Also 


On = a,n-*-7 =0 (n-A-a+8), 


Applying Theorem 17 to the series 5 δι7υ.", with k = 0, we see that the abscissa of con- 
vergence of 3a, 17° is not greater than 
1-—-A—7 rs 


y 
A¢tyt ——(14+5-—A—n) = 1—- —— + --—- 
Ἷ rai! 1) r+1 r+1 


This is true for all positive values of δ: hence the abscissa of convergence is not greater than 


1—A—7 


1 
r+1 


«1. 


Hence we obtain 


THEOREM 22.—If a, = 0 (n*), and the series Xa, n~* is summable by any of Cesaro’s means 
for some points to the left of o = 1, then it 1s convergent for some points to the left of = 1. 


The interesting case is, of course, that in which the abscissa λ of absolute convergence 
ig 1. Let us consider this case more closely. The series is summable (C1) for some points to 
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the left of o = 1; let A, = 1~¢ < 1 be the abscissa of summability. The series 
Sb, = Za,n-itt-e 

is summable (C1) for any positive ¢. Also 
Dy οὐ sree ety, 

Applying Theorem 17, we find aA, <1—(¢+p+i((—p+8), 

or Ap S 1-36, 


since both 6 and p are arbitrarily small. Our result is equivalent to the following theorem. 


THEOREM 23.—If a Dirichlet’s series is such that a, = 0 (n**-!), where x is the abscissa 
of absolute convergence, then 


A—~MAy BS Ag—Ay BAIA Ss 
The point of this theorem is to complete Bohr’s theorem by showing that, when 
Gn = 0 (m>*8-1), 


the breadth of the strip of conditional convergence cannot be less than that of any strip of 


Cesaro summability. The condition = 
Qn = 0 (mrt? - 


is one satisfied by the most obvious series, such as 
Ens, Σ (~1)" m8, sein n-s, 

If β is the lower limit of the values of 8 such that a,2~-* = 0(1), it is evident that A < 8-1. 
The series to which Theorem 28 is applicable are those for which A = B+1. 

It is, of course, possible that A < B+1; indeed we may have A= 8. This is the case, 
for example, if ; 

P ay = (—1)'(n = Ni), aan = 0 (n = ni), 

where (7;) is such a sequence that ΣΉ; is convergent for every positive s. A particularly in- 
teresting example of such a series has been given by Bohr.* This series is 


1-5 —2-8§4+4-8—5-54+ 97-8 98-54 ..,, 
where απ = 1if n= mm", a, =—1 if n = m”’ +1, and a, =0 otherwise. 


For this series Ay: = 0; λι τε --ὰ; 
there is a strip (of breadth 1) of summability (C1), but no strip of conditional convergence. 
This example shows that no such result as that of Theorem 23 holds unless some restriction 
is placed upon Qn. 


28. It may be deduced from Theorem 22, in conjunction with known theorems, that if 
the Riemann hypothesis as regards the roots of the ¢ function is true (or indeed if @, the upper 
limit of their real parts, is less than 1), then the series 


1 yu ln) 
¢ (8) on 


is convergent to the left of the line σ -- 1. For it has been shown by Bohr that, for this 
function, A= 6. Asa matter of fact, more than this is already known: it is known in fact 


* Nachrichien u.s,w., l.c., p. 261. 
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that the series is convergent for s > ©.* It should, moreover, be observed that the equation 
A = @ is deduced by Bohr from theorems of the nature of the ‘‘Landau-Schnee” theorem © 
mentioned in the next paragraph, and that the final result can be deduced from this theorem 

directly. Thus the result cannot be obtained as a bona-fide deduction from Theorem 22.f 


24. The nature of the theorems which we have been discussing suggests that they may 
have some connection with an important group of theorems due to Landau and Schnee.; 
Suppose that the conditions of Theorem 17 are satisfied. Then 3a,n~* is summable (Cr) for 
os > 0 and absolutely convergent for o > a+1. 

It follows first, by a theorem of Bohr and Riesz,§ that if f(s) is the function represented 
by the sum of the series, then f (s) is regular for o > 0, and 


f(s) = O(lt{"*), 
foro2s8>0. 


Now Landau and Schnee have proved the following theorem :— 


If an = 0(n'), so that Sax.n-* ts absolutely convergent for o > 1; if further f(s) is regular 
jor o>~y, where ἡ <1, and 
76) = O(1t]*, 


fora Zan, then Sa,n-* ts convergent for 
a > (n+A)/(1 +A). 
Write n-*a, = δι, and apply this theorem to 3 6, 7-’, taking 
y=—atb, A=re+i. 
We find at once that σαν" is convergent for 


go> at Pe (a+ 1] 1) 
r+2 (r + 2) 


This is a result very similar to that of Theorem 17, but, since 
(r+1)/(7+2) > r/(r +1), 


not so good. Thus the greater depth of the considerations appealed to in this argument does 
not compensate for its lack of directness. 


25. We conclude this section with a few miscellaneous remarks concerning the theorems 
we have proved. First, considering Theorem 17, we will show by an example that the infor- 
mation which it gives is the utmost which we can hope to obtain from the data. 


The series Sn-Feir® (0 «ὦ <1) 


(to which we have so frequently to appeal) issummable (Cr) if (r+1)a+6>1.|| In particular, 
if ὃ = O, the series is summable (Cr) if (r+1)a > 1 and finite (Cr) if (r+1)a=1. 


* Littlewood, Comptes Rendus, January 29th, 1912; the best previous result in this 
direction was due to Landau, Handbuch, p. 871. 

1 That A = © can, however, be proved otherwise, by making use of a theorem of Riesz 
(Comptes Rendus, June 21st, 1909; cf. Bohr, l.c., p. 259). 

+ Landau, Handbuch, pp. 853 et seq. See also Landau, Rendiconti di Palermo, Vol. 28, 
p. 113; Schnee, Math, Annalen, Vol, 66, p. 337, 

§ Bohr, Comptes Rendus, January 11th, 1909 ; Bidrag etc., p. 114 ; Nachrichten u.s.w., 
p. 252; Riesz, Comptes Rendus, l.c. supra. 

|| Hardy, Proc. London Math. Soc., Ser. 2, Vol. 9, p. 142. 
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1 


Suppose then ἘΞ . 
Ppo ἥ "11 


Then the series Sn-*a, = Σην- 61" is summable (Cr) for s >0, and a, = O(1). Hence 
Theorem 17 asserts that Sa,n-* is convergent for 


s>rf(r+1). 


The series is, in fact, convergent, if, and only if, 
s>l-a>r/(r+1), 


which is the limit assigned by the theorem. 
Similarly it may be shown that the number (a+1)(r—k)/(7 +1) of the theorem cannot be 


improved upon. 


26. Our other remarks have reference to Theorems 19 et seg. It follows from Theorems 
19 and 20 that if a Dirichlet’s series has three lines of summability A,, A,.1, Arse at equal 
distances, the summability of the series at the foot of the two extreme lines involves its 
summability at the foot of the middleline: in fact, we need only assume summability (C, 7+ 2) 
for, @.g., 8 τ ἃ,..0, and finitude (Cr) for 8 τῷ A,. It should be observed that this result depends 
cssentially on the equidistance of the lines of summability. Thus for the series 


a ἢ m+ log n οἶα, ea τ" 
logn J/niogn) — ’ 
we have Aj=1, A =0, λ»,ξ--δ; 
the series is sammable (C2) for s = — 3 and convergent for 8 = 1; but is not summable (C1), 


or even finite (C1), for 8 = 0, 


27. In conclusion we remark that all the theorems of this section have their analogues 
for integrals, which are, in fact, easier to deduce from the theorems of Section II. The 
reader will have no difficulty in stating these theorems for himself. We pass now to applica- 
tions of a different character. 


IV. 
Additional Applications. 


Theorems connected with the General Abel-Tauber Theorem. 
28. ΤΉΒΟΒΕΜ 24.—If a, = O(n") and f(z) = La,e-™ = O(a-*) as 
z->QO, where0O< 8B <a+1, then 
Ξε P= 
We have 
| 2" f | < Kat Dn**" e-™ = O(a) = Oley), 
where SO So, 


* That af") = O(@-4-?) is trivial. 
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We may apply Theorem 9, obtaining 
of = O@ Py), 
which gives the result of the theorem. 
There is a similar result for the case a+1 = 6 = 0, viz., 
TuroreM 25.—If a, = O(1/n), and f(x) = Za,e"™ > 8, then 
at f) —> 0.* | 
For we have | avttfet?| < Hatt an'e"™ = Ο(),), 


and our theorem follows from Theorem 9. 


29. Theorem 10, which is an extension of the general Cesaro-Tauber 
theorem, suggests that there is a similar extension of the general Abel- 
Tauber theorem. Theorem 10 gives 


(1) =o {0 toes) 


as a consequence of a, = O(n") and the summability (C7) of Za, If we 
make » tend to infinity in (1), we obtain s, = o(n'**), and this equation 
suggests itself as the corresponding consequence when summability (Cr) 18 
replaced by the existence of Abel’s limit. 

That the theorem thus suggested is true is an immediate consequence 
of known results. That s, = O(n'**) is trivial; and it has already been 
shown+ that the hypotheses involve the convergence of 27“ an, and there- 
fore, by Theorem 14, the equation s, = o(n'**). But the result may be 
made more general by assuming less than the existence of Abel’s limit. 
All, indeed, that it is necessary to assume 1s that 


7a). =a == 0 πὸ 


Thus the theorem we propose to prove is as follows. 


THroreM 26.—If ay = O(n’), where a >—1, and if 
f@) = 2a,e" =o@*) (α Ὁ -- 1), =stod) @=—), 
then 8. =o) (a>—1), =stol) @=—D. 
The case a = —1 is the general Abel-Tauber theorem ; we shall there- 
fore suppose a>—1. The proof in this case, as also in the case 


a = —1,t consists in dividing s, (or S,—8s) into two parts, each of which 


* This theorem is proved by Littlewood, l.c., p. 439. 
t Littlewood, J.c., p. 447. 
+ C£. Littlewood, l.c., p. 440. 
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contains an auxiliary constant 7. In each case one of these parts is 
shown, by an application of the theorems of Section II, to be of the 
desired form, while we obtain for the other part an expression whose 
modulus is less than en'**, when 7 is sufficiently large. The detailed 
treatment of the second part we shall omit in the present case; it is not 
unlike the corresponding proof for the case a =—1, and the proof of a 
similar result in Theorem 27. The former of these proofs is already pub- 
lished, and the latter is given in detail in §§ 35, 36. 


We have γΞΞ τ 
(2) p= OG os 


the first equation being one of our hypotheses and the second being an 
immediate consequence of d,= O(n). Applying Theorem 8, with 
@=wWw=x'*, so that the condition ᾧ = O(v). is satisfied, we see that 
(2) can be replaced by the better equation 


(2") | α΄ ἐξ >). 
α γ- 
Now (—ax)" Σ 5,716 "5 = — x" (=| Σ 
dx 
=-2 (2) | fe 
da 1—e-* 


= YAa" f(x) (1—e7") 4e™, 
where the A’s are constants, and the summation extends to a number of 
sets of values of p, g, s, such that p+tq <r. Applying (2’) we obtain 


L6G 2-4) 6 ὦ: 
so that 


(8) (Sa) Sse Sor, 


We choose ὦ = 7/m, where r is fixed but at our disposal, and make 
m—>o. From (8), we obtain 


Σ 8, 7 ον — o(m τ 411), 


and so 

(4) Sim on" * e—™™ = O(M™*2*") +B (Sy— Sm) WT? EW, 
Now Dnt τοῖς pl art, 

so that Dytilerm mw pl pot am! 

Hence, from (4), 

(5) Sm = 0(m'*4)-4 {1-+0(1) } m0" /r!) Z(s,— Sy) 01 e-™, 
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Jt is clear that our theorem is established if we can prove that 
(6) Ce ἢν (7 ft) > | Sn— Sm 2 16. πὴ < AY 
n=l 


when 7 is sufficiently large. 
We divide the sum into three parts by writing 


(1—A)m (1+A)™. 


S= Σ + 2 + 2 =S8,4S,4+S;, 


1 (l—A) mm (G~A) m 


where O<A<1. It is easy to deduce from the equation a, = O(n*) that — 


| Sy — Sin | <= Km'*t+ (an ϑ3.), 
< Km*|n—m| (in 89), 
< Kn'** (in Ss), 


where the K’s are independent of », m, andr. If we substitute from 
these inequalities in the three sums it is not difficult to establish (6) ; as 
we have explained above, the kind of argument involved is sufficiently 
ulustrated in § 35. 


80. We pass now toa theorem of rather a different character. It 18 
well known that the series 
1 1 
quit a ’ n (log n)itat ᾽ a 


Σ 


are finitely oscillating (if a= 0) and that the corresponding Abel limits 
do not exist, and it is easy to see that, at any rate in a number of special 
cases, the Abel limit corresponding to the series 


x77 * (log n)~* (log log m)~" ..., 


where 8, ¢, wu, ... are complex, does not exist unless the series is conver- 
gent. The most obvious common property of such series is expressed by 
une equaon ἢ, ΞΞ An Anz = O(a,/n) ; 

this suggests that this property is a sufficient condition for the truth of 
the converse of Abel’s theorem. It will be seen that we can prove a little 
more than this. 


ΤΉΒΟΒΕΝ 27.—If Aa, = O(a,/n), and af f(t) = 2Za,e™—>s, as 


x —>0, then nd,—>O0 and Xa, ts convergent. 


We shall first establish independently the much easier theorem, 
deducible immediately from the above, with summability (C1) in the 
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hypothesis in place of the existence of Abel’s limit. This seems to 
be worth while on account of the extreme difficulty of the proof of 
Theorem 27. 


Turorem 28.—If Aa, = O(a,/n), and if Da, is summable (C1), then 
NA,—>O and Σα, ts convergent. 


Throughout the succeeding sections we shall assume that no Gy (or δι) 
vanishes. If any one does, so do all which follow: thus the limitation 18 
trivial. 


31. It is convenient to begin by establishing five lemmas, of which 
the first four are deductions from the equation 
Abn = O(b,/n), 
which is to be understood as their hypothesis. 


Lemma 1.—There is a constant K such that b, = O(n*). 


Lemma 2.—If ἢ and k are any constants such that O<h<1<k <2, 
there 1s a constant K such that 


| bu —bn |< K|n—m! | Om | / m, 


for hm « ἢ < km. 


Lemma 3.—There exists a constant c, such that 
Vinee = Om(1+7,), I nr | <= 1, 
for |. | < om. 


Lemua 4.— We have 


| δι} « Καὶ Οὐ" (n> m), 
| OnlOm |< Καὶ φι (n < »ὺ, 


where the K’s are independent of both m and n. 


We have 


= (BY) =140 (4) = n[0(0)] 
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= = exp| 0 (+ +\+0 (J) +.-+0 (4) |» 


| bn4i | < K exp LK (1+4+...41/n)| < Kn*; 


Hence 


which is the result of Lemma 1. 


Again, if mn < km, 


= b, τ vs ᾿ On | | 


Mm 


bin Om+1 " bn—1 
ΝΕ 1 [51 " 
-_ alt (= ag a ee <3) | : 
ἢ | 0 ("=") |-1 =) (=), 
m m 
since (n—m)/m = O(1). 


A similar argument gives this same equation in the case hm<qn<m,; 
we have thus proved Lemma 2. Lemma 8 is an immediate corollary ; we 
have only to take c= & or ὁ = 1/(2K), whichever is least, where the & 18 
that of Lemma 2. Finally, to prove Lemma 4, we have, when n >, 


ani 
poe On CFP 9 & : ee n—1 3) | 
= exp(O {log (n/m) |} + K] 
< K(n/m)>*; 


which is the first inequality of Lemma 4. The second inequality follows 
similarly. 


The last lemma is of a different character. 


Lemma 5.—If t<1, then 


Σ [ν] en < ΚΙ 


The maximum term of the series Σ ve~”” occurs at one of the integers 
1 


p, p+1, separated by /(1/2¢). The terms increase up to this point 


* The constants implied in the O’s in this paragraph are all independent of both m and γ. 
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and then begin to decrease. Hence we have 


ee) οο 


Ῥ 
x ve” <| το, dr+2/(1/28) i+ ze da 
0. ; 


1 p+l1 
<2| ve de +1/t 
0 


<< 2/t. 


Thus K = 4 satisfies the requirements of the lemma. 


32. We proceed now to the proof of Theorem 28. We shall use η to 
denote a number, not always the same, whose modulus is less than 4, 
By Lemma 3, we have 


(1) An+r = An (1+), 
for r < cn. Hence 
(2) Sn4r— Sn = Ansitdngot... κι» 

= An(l+n) +an(L +) +... an (1+) 

= ra, (1 -Ἐ η). 
If now Tn = 8y+Sg+... +5, 

Tn+¢r On = Su+ps 
p=l 


and so, by substitution from (2) in each s,,.,, 

Tntr—Tn = 78. ar  - 1) dn(L+y). 
We shall suppose r = an, where Ic<a<c. Then 
(3) (Trt r—On)/M = a8n+$a(an-+ 1) α, (1+). 
Now, since 2a, is summable (C1), 

Tn+r = (n-+r) {s+0(1)} = (1+a)n{s+o(1)}, 
and so (Tn4r—Op)/n = as+o(1). 
Substituting in (3) and rearranging the terms, we obtain 
(4) 8 -τϑῃ = 0(1) +undan, 
where u =k {atl/n} (+n). 


We first choose a = a, where a, is the greatest integer contained 
inen. Then when 7 is large 


w, = |u| > 4(1+[en])/n > 36. 
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Similarly we choose a ΞΞ α5, where a+1 is the greatest integer con- 
tained in tcn. Then | 


Wy = [τῳ] < Flen|/n < yee. 
Now, from (4), we have 
(5) NA, (Uy— 9) = 0(1). 


As n->®, αἱ -» 6, ag—> 26, and 


[τῷ — Ug | DS wy —W, > Fc—Pee = yee. 
It follows from (5) that na, > 0, and the convergence of Sa, follows from. 
the special Cesaro-Tauber theorem. 


83. There is another theorem closely allied to Theorem 28. 


Turorem 29.—If La, is summable (C1), and 
na, =O (ot eet enn) 
| a) i 


then na, = 0(1), and Xa, 2s convergent. 


We omit the proof of this theorem, which follows without serious 
difficulty from (1) some elementary lemmas analogous to those of § 31, 
(2) the line of argument used by Landau* to prove the general Cesaro- 
Tauber theorem. This argument is (as Landau points out) substantially 
the same as that used for a special purpose by de la Vallée-Poussin in his 
classical memoirs on the theory of prime numbers.* 


84. We shall now attack the much more difficult Theorem 27. It will 
be convenient to adopt certain conventions as to notation. Throughout 
the proof K’s denote constants independent of 7 as well as of m. O's and 
o’s are relative to the tending to infinity of m, but they are not necessarily 
uniform with respect to 7; 6.9., the K implied in O is not necessarily. 
independent of 7. Finally, we use e, to denote any number, independent 
of m, which tends to zero as 7 -Ὁ ©. . | 


85. We choose x = (r—6)/m, where 7 is fixed, but at our disposal, 


.-.-----..ς.. ceccumeeaee ere cemeteries a eR RS RS RTS | SI - 


* Prac Matematyczno-Fizyenych, Vol. 21, pp. 97 et seq. 
+ ‘Recherches Analytiques etc.,’’ Annales de la Socitté Scientifique de Bruzelles, 
t. 20, pp. 247-250, 
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and O<9<1. Our first object is to establish the two following 
equations 


(1) MAn, = O {af (2)}, 
(2) a f(z) = O(man), 


for all sufficiently great values of 7, and uniformly in respect to 6. These 
equations do not require the hypothesis of the existence of Abel’s limit. 


We have (—2)" f(z) = a" Dn"ane-™ 


S,+Sa+5,+5,, 


where 
8S, = 2° =n" !mane™, 
hm 


Sg = αὐ Zn"! (nag—manye—"’, 
1 


(3) km 


Ss =e? pa ΠΝ (ηγχα.,.-- να.) 6 5, 
hn 


᾿ | 
S, = 2 =n" (na,—may)e~™ ; 


km 


where / and k are independent of mand 7, and O<Ah<I1<k< 2 ἢ 
is convenient to suppose ἢ and & irrational, so that hm and km cannot be 


integral. 
We have 
(4) | | S, = manr!{1+o0(1)!. 
We proceed to show that, for sufficiently large values of m, 
(5) | | Sol <er! | man |, 
(6) | Sy | <a r! | man | - 


Now b, = 2a, is easily seen to satisfy Ab, = O(b,/n), and so satisfies the 
results of Lemmas 1 and 4. Hence, to establish (5) and (6), it is clearly 
sufficient, to show that, if a is any number independent of m and 7, 


haa 
(5’) So = 2" Σ η" (m/n)*e-™ « ε,γ], 

1 

: @ 
(67) Sia" Σ ἘΠ᾿ ([ηι}.} 6 5 < ςε,γ}. 


km | 
The maximum value of n’~'~*e-"*, gua function of n, occurs when 
γι = (r—1—a)/z, 


which is of the form m(1-+.e,). 
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Hence, when 7 is sufficiently large, this value of 2 lies outside the range 
of summation in (δ᾽), and the summand is an increasing function of 2. 
Similarly, in (6), the summand is a decreasing function of ἡ. Consequently 


So < athm(hm)"— (m{ham)* ee” 
Sd ΞΟ er ela ean 
< Kr! exp[7r }(1—h)+log 2} 
<e,7!, 
since 1~h+logh <0; and 


Si < o*| ἐπὶ (t/m)* e~™ dt 
0 
0 
< Καὶ Tirta) 
< Kr tTP(r+1) 


—" ε,}} Φ 


We have thus proved (5) and (6). 
There remains S, to be considered. We have in S; (applying Lemma 2 


to b, = na,) ‘ τι ἢ 
| NA, Man | < K Ι-τ ΠῚ Ain is 


; hein 
and 80 | Sg | < Kat αὶ Dn?! |n— my) 6 ἢ 
hom 
(--τ)ὸὺν ᾿ ᾿ τι 
<= Kx" | Om | 2: (ne- v)’ -ὶ | ν | ο- ) Gn ++ v) ΩΝ 
᾿ v=(h—i)m 


Now |v| < xm, where 0<« <1, and 


u—log 4 - τὸ > Ku’, 
for —xk<u<x. Hence 


pl roy ; ) 1—@ ; 
(6:19 εαπτθνι — xy | — (7—1) es —log (1+ ~) ree | 


m m / ) mn 


< K en K(r-1) (vm) 


* By Stirling’s theorem. 
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Consequently 
(7) | Sg! < Ka" | mam | e~"m™-? > lea δ 3:ὴ 
< Ka’ | map | e~"m"/(r—1)* 
< K | mam | γε" 
< | man | ε.}}, 
by Stirling’s theorem. 
From (8), (4), (5), (6), and (7), we have 
| (— a)" fO@—r! {1+0(1)! may! < er! | man |, 
and from this both (1) and (2) follow immediately. 


36. From (1) and (2) and the theorems of Section II it is not difficult 
to deduce our theorem. Let 


g(y) = max | na, |, 
" «ἢ 


so that g(y) is an increasing function οὗ y. 
From Lemma 4, we have 
(1) g (ay) = Oigly)}: 
where a is any constant. Now, if 7 is sufficiently large, 
x” fO (2) = O(man), 
hy (2) of ὃ 85, where « = (r—6)/m. Hence 
(2) x" f(a) = O{gim)} = O[g (7—)/x} ] = Οἱ [κα 
by (1). This equation is valid for all values of x as x0, since the 
conditions x = (r—8)/m, 0< 0< 1, allow x to take all small values as 


m takes all large integral values. If now we suppose that g(y)>© as 
y — ©, we obtain by means of Theorem 9 (since f-> 8), the equation 


(3) xf (x) = OL ig (1/z)}*] =o jgQ/2)}, 
which holds when x->0. But we have, by (1) of § 35, 
(4) | | mam | = Oat f(a) |. 


Hence, from (8), we have 
| ma» | = o[g {m/(r—O)} ] = oj g(m); 
< eg (m), 


᾿ξ ΒΥ Lemma 5, ὁ 
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for m > mp, say. ‘Then 
(5) g(m) = max | na, |< max {max |na,|, eg(m)} 
ws us mo 


= max [0(1), eg(m)}, 
so that 


(5) g(m) = o{g(m)} +0 (1). 

The equality (5) is incompatible with g(y) - ©; hence 
= gly) = O11). 

It then follows from (2) of § 35 that 


cf (2) = O(1), 
us ὦ; —> Ὁ, for sufficiently large values of r. But now, applying Theorem 8, 
we have 2" f (x) = ο(), 
for r>1. Hence, by (1) of § 35, 
Man = Oa" f(w)} = o()). 


This is the first part of our theorem: the second part follows by Tauber’s 
theorem. 


37. In theorems of the “ Tauberian”’ type, it usually happens that 
the ‘special’ form, involving o in the hypothesis, is very much easier to 
prove than the “ general” form involving Ο. 

This is true in the present case. But the “special’’ theorem corre- 
sponding to Theorem 27 is trivial—it is true, but true only in that it 
asserts that two mutually incompatible propositions imply some other 
proposition ; an assertion which is always true.* This is shown by 


THorEM 30.—If Aa, = o(a,/n), then Za, cannot converge, nor can 
Abel’s limit exist, except in the trivial case when a, = Ὁ from a certain 
point onwards. Also |nax|> ©, and 


Sx ™~ Nan» Sn = pre), 


We have 
(2-1) Qn41 _ (n+1)Aay—an _ 
Wore A) vey yA = 1 tn, 
NAn NAn 
* Any false proposition implies all other propositions, truc or false: vide Whitehead and 
Russell, Principia Mathematica, Vol. 1, p. 108 (Prop. IT, 21). 
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1ν--} 
say, and na, = a, IT (1+ u,). 
] 
Now ιν = O(1/r), 
so that log(4-+u,) = u, +0 (1/v*), 
n—l 


log (na,) = Σ u,+O(1). 


1 
But uy, ~ 1/v, 
and so na,~logx. It follows from Theorem 27 that Abel’s limit cannot 
exist, and w fortior that the series cannot converge. 
Again, if |a,| = an, we have 


nr nu—1 
S, = Da, = Σ vAa,+nan, 
] 1 


nN ἢ “ἢ} 


σι =DLa,= Σ vAa+nay. 
1 


Now op is an increasing function of », which tends to infinity with x. 


Also via, <v | Aa,| = o(a,), 


n—1 
Σ vAa, -- υ (σᾳ), 
} 
and σι ~ nu, Finally, 
n—1 


n—-i 
> vAa, = o (= wy) = 0(c,) = o(nun) ; 
; : 


and therefore s, ποιά. Also 


NA, = elon (na,) — glognto(logm) — 1 Ἐ0(}) 


ta —— 


88. We proved recently* that a series 2a, in which a, = o(1//n) 
cannot be summable by Borel’s method unless it is convergent. The pre- 
ceding results suggest that there should be a theorem related to this 
theorem as '’heorem 27 is related to the general Abel-Tauber theorem. 

This theorem is as follows. 

THEoreM 81.—If Za, is summable (Bb), and 

Aa, = 0(a,//n), 

then ὦ, = 0(1//n) and the series is convergent. 


eee ee i ὦ ee ee See) ee .. 


* Proc, London Math. Soc., Ser. 2, Vol, 11, p. 1. 
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From ΟΣ δὲ 


it follows that 
(1) S = 6. "" Σ (S:—Sm) ~ = 8--τδιι Ὁ 0 (1) 
as mM —>@. ) | 
We choose positive numbers H, a, such that H < 1, and no one of Hm, a/m (m=1, 2, ...) 
is an integer ; and we write 


m-Hm  m-eV¥m παν ΝΗ ι . ᾿ 
S=e-™ ( > + 5 + F + FS + 5 ) = §,+8,+5,+ S,+ S;. 
0 m- Hm m-aVm e+ αϑηι ne + πηι 
In order to discuss these sums we shall require certain deductions from the hypothesis 
Aa, = ο(αμί Wn). 


As in § 30, we put aside from the beginning the trivial case in which a,, =.0 from a certain 
point onwards. 


39. This hypothesis involves the following consequences. 
(a) We have Ay = eV"), 8, = δον) ἃ 


We shall not require to use all that is implied in this assertion: it will be sufficient for our 


purposes that | a, |< KeX" and 
| Su—~Syn | < Κεοῖνυ, 


where q is the larger of m, 7. 


(Ὁ) We have Sy Sy | < Κ ν γι [αμι] ΟΝ 
where r= |n—m| < Am. 

(c) We have Sn Sin = (70- 91) Om (1 + Em), 
if r= |n—m| « αν». 


Here ¢,, is a function of ™ which tends to zero when once a has been fixed. - 


We shall first prove these results, and then apply (a) to the discussion of S, and §,, (d) to 
that of S, and S,, and (c) to that of S3. 


40. (i) Proof of (a).—Given « we can choose p so that 


ἢ" 
4} = ὥι-- AQn = Ay, (1- 3, 
JS. 


where . lmub<« (κα D> p). 
Hence, if 7 = p+r, we have 


(1) Ap+r = X (», r) Gp, 


prr-l 


νε- ἀ Ἵ' Aes 
where Ix| < n (14 J) < exp (« > =.) <eé ; 


* That is to say, given ὃ.» Ὁ we can find γ0 so that 


ο΄.» < Ja” | < ἐδ» (12 > My) 


468 Mr. 6. H. Harpy and Mu. J. Ε΄. Lrrrtewoop [April 11, 


and so Jan | < eX€¥" Ja, |, 
Similarly it may be shown that Jan | > e- Xv" { a, |.* 


Thus a, =e”, That s, = e’(Y) is an immediate corollary. 


(ii) Proof of (b).—Suppose, e.g., 7 > m. It follows from (1) above that 


| an | = Lamar I = YX (νυ, γ) 1 Qn | ἢ 
Ἠ ΕΥΞἸ 
where lIxl< π (τ: 2) < exp (3). 
me Jy /m 
eX (r+ 0/4 Ἶ 
Hence | Su —Sm | <l@ms1 | + et Ι Qn |< | Cm, | ———_—— < KV/m| Am | eXri¥™, 


eX/V¥m _ 1 


The case in which ἢ < m may be discussed similarly. 


(iii) Proof of (c).—Suppose, e.g., Ὁ « r<avm. We observe first that 
ladn/am | < eX/¥™ < K, 
an = O(an). 


Also Quel = Gan +0 (a,,//n) = An +0 (Qn/ Vn), 


Ousr = dn {140 (“x 9 ) = αν {1 το (r/ νῬ)} = αν {11 9(}}}, 


m J/y j 
Spm Sin =F Amn+1 Ft ees + Omer = TAm {1 +0 (1)} ; 


which establishes the result.T 


41, We are now in a position to obtain upper limits for Si, Sys... 
In 8), we write | \s,—Sn | < KeX™, 

and in 8. | su—s,, | < Ket¥™ ; 

and there is no serious difficulty in establishing the inequalities 

(1) [Si\l<e-*X", IS l< er Rt 


We next consider S; and S,; let us select the latter. In this sum we use the inequality 


* We can use the inequality 1/(l1—u) « 655, which holds when uw is small and positive, 
instead of 1+u « 6". 


t The K’s, and the additional K’s and e’s implied in the O’s and o’s, in this proof, of 


course, depend upon a. 


* See Proc. London Math. Soc., Ser. 2, Vol. 11, p.6. The introduction of the factors 
ekV¥™ or eX¥™ instead of γᾷ, 2X, will be found to make no material difference. 
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(δ), which gives Hm gate 
S4 = 6" /nt Au O { > 


ee (m+r)! 


dim 2 
ano! Σ exp (5 - ΣῚ}» 


ek r Vm 


" ΡΟ Jin 4m/ 
ee es ( Kr νυ ᾿ ) 
a,,O0 ee exp ree Oe ar f 


Ι 


anv {{ λοι αι. 
It is essential to observe that the K which figures in this formula, and the further con- 
stant implied in the O, are independent of a. We may then suppose a>8K>1, in which case 


Ὁ 


(2) 8ι- 0 (au| fm] ented) = O(e | a | Ym) 


where the constant implied by Ο is still independent of α. In the same way we can express 
S, in the same form. 
There remains δ... To this we apply the result (c). We thus obtain 


avo gyynetr ἘΣ aVin mre 
5 = 6" Gan > +e-"a,,0 (1) > [7 _—_ Αῃ5ξΞΞ Si+ S?’ 
3 Π 1 ὃ 8.) 
πανὶ (70 +7) ᾿ © Segal (m + 7) : 


say. The work of our previous paper shows that 
(3) | S3) = 0(lan| 4’m). 


The series which occurs in S3 is 


aWVn ἪΡ μὲ avs 3 se 

srg sce on eo a ee eee | ee We 

1 \(m+r)! (m—r)! μην! ἢ (1 ..1} (1..} m m 
mi)” aL 


—— ἀτῖς tie see - 


Cres (1+) (14 2)... (142) | 
m m m 
Now, throughout the range of values considered, 


1 r 1 r 2: 
—j)..,1+— we: eee a ee 7/410 
(1+ =} ( | Ἂ oxp (5 7.) ot. 


1-(1- 5) se (1-4) ea en τ τ δ 
m? m an m* πηι 


1 Ὁ ( : = ne ( : ie ) = ( ὭΣ ne ) 
2)} Me & vm me me 1 pe 


Hence | 
Ne~ 2pm ain ce) 

(4) 8: = jay 10 (™ Σ rtenrtitn | = Jam | O (m-¥ | rie-rtim dr ) 
ry 1 0 


= O (lan |) = 0(lan| ΩΣ 


From (8) and (4) it follows that 


(5) ‘ 85 =0(|am| /m). 
oe (»υ +7)! ees Ρ me im 


(cf. Proc. London Math. Soc., Ser. 2, Vol., 11, p. 7). 
T [ν.ο.. pT 
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From (1), (2), (5), and (1) of § 38, we deduce 
(6) 8—5,+0(1) = O(c] a,,| /m)+0( | Q»,| Μη), 


where the constant of the O is independent of a, and O, 0 refer to the teuding of 1 to infinity 
after a is fixed. 


As e~i* +0, as a» οὐ, it follows that, given any positive δ, we can choose first a suffi- 
ciently large value of α and then a number m,, so that 
(7) | S—S+ 0 (1) | < 5 | an | /mM, 
for η > ty. 


Let 2 be the integer nearest to m+ /m. Then | a, |/| a. | is less than a constant.* 
Hence we may suppose 1g so chosen. that (7) is also satisfied when we write » for m in its left- 


hand member. Hence 
{ δι, —<m tO (1) | < 25 | Cin | sm, 


But we have already seen that 
Su—Sm = (n—m) {1+0(1)}a" = /m{14+0(1)} a. 
And the inequality | /“m {1 1 0(1}} ant+o(1) 1 < lanl “mn 
is plainly contradictory, when δ is small, unless | 
Anvm = o(1). 


But then, in virtue of the Borel-Tauber theorem, 3a, is convergent. ‘Thus Theorem 31 is 
proved.t 


The standard type of series for which the condition is satisfied is 
Σ p(n) οἰ ἡ, 
where φ (x) and ψ (91) are L-functions, and 
etn < p(n) <a", 1 < y(n) < Vn, 


No such series can be summable (B) unless it is convergent ; and 
f (a) = Σφρὴ οἷν ὦ)» 
cannot be regular for 2 = 1 unless the series is convergent for a = 1. In particular 
Smet (0 «α «ἢ 


is summable (B) if, and only if, it is convergent. This we proved in our former paper, but 
by a special investigation. 


42. Theorems 27 and 31 at once suggest a corresponding analoguo of Fatou'’s theorem, } 
viz., of Ady = 0(a,), and f (x) = 3a,2x" is regular for ἃ = 1, then a, =0 (1) and San is con- 
vergent. This theorem is true, but trivial in the sense explained in ὃ 37—the hypotheses are 
incompatible. In fact the conditions on αν, used in Theorems 27 and 31, and here, may be 


---π-|ν-.-- τ --.ἔ -.--..-..ο----. .-.-.-..................,..,...... . ... 


* See § 40, (c). 

1 The ‘‘ general’ form of Theorem 31 is no doubt true. But it would be futile to look 
for ἃ proof until the general Borel-Tauber theorem is established. 

~ On the subject of this theorem see Hardy and Littlewood, l.c. supra, pp. 9-11, where 
references are given. 
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exhibited in the form 


a1 1+0(+), Qnst ς 1+0( 4 1 } ἀνεὶς. 1+40(1), 
Gn Nn On Jn an 


and the.last equation asserts simply that ἀκ. αν > 1. The point ὦ = 1 is therefore a singular 
point of f (x).* 


43, While we are on the subject of these theorems involving 4a, it seems worth while to 
state the following two, which are easy deductions from known results. 


ΤΉΞΟΒΕΝ 32.—If, for some integral r, Oa, = 0(1), and f(x) ts regular for x= 1, then 
a, = 0(1) and the series Sa" is convergent. 


TurorEM 33.—If Aa, = O(i/n), and (1—a) f(x) = ο (1), as ὦν +1, then a, =0 (1). 
To prove Theorem 32, we suppose first r = 1, and he Fatou’s theorem to 


A repetition of this argument leads to the result. Theorem 33 may be deduced similarly 
from the general Abel-Tauber theorem. 
It follows, e.g., from Theorem 82, that a series such as 


| S mP eAi (log nj@ x", 
for which 4’a, = 0 (1), for sufficiently large values of 7, has certainly a singular point at 
x=1. 
Finally, the following theorem is interesting because of its relations to the general Abel- 
Tauber theorem. | 
THEOREM 34.—If Aa, = O(1/n*), and f(x) - 5. as x1, then 3a, ts convergent. 


This is evidently only a special case of the Abel-Tauber theorem; and it is somewhat re- 
markable that the latter can be deduced from it in an elementary way. Suppose that 2a, is 
a series for which a, = O(1/n). Then we have 


t 
v) = a,c" = M_. gttl + (l—~ ox 
F(a) n(n +1) ( ἘΣ: 
where ty = 0, + ας τ... Ἔα | 
or, Say, | f(x) = & (.) + (1 -- ἡ Φ' (x). 


It can easily be shownt that f (x) >s involves 
@(x)—>s, (1--αἡ Φ' (x) > 0. 


Moreover, it will easily be verified that, if a, = O(1/n), then 


es ad τὰ αἱ: 
Δ. ---.-..----.- - τ — }, —_~ = i; Ang 
τ (+1) ὦ n2 γὺ n 
Applying ‘Theorems 33 and 34, we see that 2 {t,/(v+1)} is convergent, and ¢,/1 = ὁ {1). 
From this the convergence of Sa, follows at once. 
The form of Theorem 34 suggests that it might be easier to prove than the Abel-Tauber 


theorem (from the nature of the case it could not be more difficult). If so it would become of 
great interest. But our attempts in this direction have not been successful. 


pene ee a .... ο..  ..-....-...-.--΄, .-.-..-------- -- TIS A  - ...---- .----.-ὄ.ὄ.......--  ΄..-.-.-..-. ..- .ὔ.ς-.-.---..-...-..--. τ... -- -- 


* Sec ὁ 8 of the Introduction. 
7+ Cf. Hardy, Quarterly Journal, Vol. 43, p. 149. 
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LP 


Miscellaneous Theorems. 


The Multiplication of Series. 


44, One of the most interesting of the properties of series whose n-th 
_ term is of order 1/n is their multiplicative character : if 


(A) Ἔα. Ἐ..., (B) bi +b,+..., 


are two such series, and — 


(C) ote... 


is their product formed in accordance with Cauchy’s rule, then the con- 
vergence of 4 and B is enough to ensure the convergence of C and the 
equality AB = C.* | 

The form of the theorem at once suggests that it must be connected 
with the Cesaro-Tauber theorem. If, indeed, it were true that the 


hypotheses ἄς = O(1/n), b, = O(1/n), 
implied Cy = A by+...+a,b, = O(1/n), 


then, of course, the multiplication theorem would be an immediate 
corollary of the Cesaro-Tauber theorem—for the product of two conver- 
gent series is necessarily summable (C1). But this is not the case: in 


fact, if eh ee oe 


we find (—1)"—"'¢, = oy (144 +...4 1). ~ Bhogn 


7 


Thus the connection must lie somewhat deeper. 


45. The clue to the connection is to be found in the negative indices 
of summability introduced by Chapman. t 

In order to assimilate our notation to that of Cesaro and Chapman 
we shall, throughout this part of our work, take our series in the form 
Ay ta,+a,+.... We shall write 


(l—2)-""'Za,2" = LAra", (l=a)-" ! = TM 2", 


ee, =. 5 .- -. , . 


" Hardy, Proc. London Math. Soc., Ser. 2, Vol. 6, p. 410, and ibid., Vol. 10, p. 896. 
In the second of these papers the corresponding theorem is proved for the general form of 
Dirichlet’s multiplication. 

1 Proc. London Math. Soc.. Ser. 2, Vol. 9, p. 369. 
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so that Da, is summable (C7) to sum 8, if 
Aj/M) -- 8, 
ΟΥ̓ T (r+1) At/n" > 8. 


Here r is any number greater than —1.* 


46. Many of the characteristic properties of Cesaro’s means still sub- 
sist when —1 <2 <0. In particular we may mention (1) the condition 
of consistency, ἢ (2) the Cesdro multiplication theorem,{ and (3) the 
theorem that. for a series summable (C7), we must have 


a, == o(n').§ 


But one must not assume too hastily that a/l interesting properties of 
summable series are capable of this generalisation. As an example let us 
take the following theorem, which is relevant to our present purpose. 


THROREM 35.—If A is absolutely convergent, and B summable (Cr), where r > 0, then C is 
summable (Cr). 


This is a generalisation of Mertens’ classical theorem, to which it reduces when 7 = 0.|| 
The proof is very simple. We may, without real loss of generality, suppose 2 = Ὁ, so that — 


B, το (n"). 


Choose 7. so that [Bil < ev" (ν 5 dn). 
Then Ch == Ay By + a, Ba-it vee Fy Bo, 
in~-"Chnl[<e S&S |ul+K & la, | (a DS my), 
v<sn an  ν «(ἢ 


which is less than Ke, if 2. > n, > νυ, and 2, is large enough. 


This proof fails if » <0, and the result fails too. Let us assume that (as will be proved 
in a moment) the series 1—4+34—... is summable (C, -- 1 Ὁ δ) for every positive ὃ. Then 
we have 


THEOREM 36.—It is possible to find an absolutely convergent series A and a series B 
summable (C, —1 « δ), such that their product is not summable (C, —).4 | 


* It is obvious that all our results will have analogues for Riesz’s methods of summation 
and Dirichlet’s multiplication. We do not consider these here: there are certain preliminary 
complications which arise when we try to extend Riesz’s results to negative indices, and the 
length of this paper makes it impossible that we should consider the matter further at present. 

7 Chapman, l.c., p. 377. | 

+ Chapman, l.c., p. 378. 

§ Chapman, l.c., p. 379. ; 

| The corresponding theorem for Dirichlet’s multiplication is given by Hardy and Riesz, 
‘The General Theory of Dirichlet’s Series,’? one of the Gambridge Tracts, shortly to be pub- 
lished, | | | 

1 Here, of course, δ is an arbitrarily small positive number. 
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1 1 1 
V tak A = = — 0 ae ene 
Ve take O+ ΤΞ +O+ 72 +04+0+0+ δ +0+ 
(where a, = 1//*, if 2 = 8’ --Ἰ, » > 0, and a, τ otherwise), and B= 1-34+3-—.... We 
are 1 1 1 1 1 1 1 
1 1 
Sarge a a gat. ΟΞῚ Ἂς eS ag caer Ὁ πὲ’ 
Ci; > Ea Ὶ “..ἢ Ν᾽ » τ, ry $ 


and plainly it is not true that c, = οὐ“ for any positive value of ὃ. Using the third 
theorem of Chapman referred to above, the theorem follows. 


47. Tororem 87.—If a, = O(1/n) and Za, ts summable (Cr), then 
Xa, +s summable (C, —1+-6) jor any positive value of ὃ. 


By the Cesaro-Tauber theorem the series is convergent, and therefore, 
by Chapman’s generalised condition of consistency, it is summable 
(ὦ, ὃ. Hence the necessary and sufficient condition that it should be 
summable (C, ---1 - δὴ, is 


(1) | ἐξ = o(n*+}), 


where ἢ = — 1+, and ἐξ is the Cesaro’s sum of order —1+6 formed with 
b, = nay: that is to say, 


ai Ba Σ᾽ GEDET2 Wt), 
"ps0 p! sr 


ν--Ἱ n—1 
ΞΞ Σ + 2 = δ. Ἢ 5.» 


say. [Ὁ will make the proof clearer if we explain at onco that we are 
going to take ν ~ On, where 6 is a number a sufficiently small value of 
which will be fixed before » is made to tend to infinity. 

In the first place, as b, = O(1), we have 


@ §,=0 (3 GED ..B+p)) _ 9 (+9)... +9) 


Le nart 
0 . p! ) {ζἀ{Ὸᾳ-})} ) = Ob ) 


The constant of the O is independent of θ. 


---.-... ------.--......-.....-----....... 


----... 


| * Hardy, Proc. London Math. Soc., Ser. 2, Vol. 8, p. 304. In this paper only integral 
orders of summability are considered, but, so far as the condition quoted is concerned, the 
work is independent of this restriction. 
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Again, 
(8) Γ(-Ἐ1) δὰ 


"sy εὐ η-- qth), 
1 VTm—¢qt) “ 


pease (Ce+n—¢qt) _ Ck+n—9)) + (ΓΈΝΕΙ p 


| 


» 


1 1 Τρι--4-Ὲ1) 1 ηπ) .» Ὁ ΤΙ το 
= δ) Ἐ 55, 
say. Now B, = ο(4), since Da, is convergent. Hence, first, 
(4) Si = o(n"), ᾿ | 


uniformly with respect to 6. Finally, 


( ἢ, --ν-- T(k+n—q) ) = ( n—v--1 "- ) 
Ss = | > οἷ) Raat)! =a Σ q(n—q) )᾽ 
n—-v—1l n—-v-l k-1 
But Σ ¢a—gqosnt yt ( - 4) 
1 ' 1 71 7 


1--θ 
== Ὁ { nto | u(1—2w)*-! du | P 
( 0 oo 
and so 
(5) Ss = 0 jn**! K(6)|, 


where (8) is a number dependent on @ alone and the ὁ is uniform in 
respect to θ. 
From (1’)—(5) it follows that 


(6) ἐν = OWF*1)+0(nv")+0 {n*t! Καὶ (0)! 
= nk 610 (1)+0(+0(K 6))}. 
First choose θ so that 6*+! O(1)<e«. When @ is fixed we can choose n, so 
oe lo@|<e, o(K()|<e, | 
| 68} < Sent}, 


for n>, Thus (1) is established and the theorem proved. 


* K(é)—> a as 6-0. So does in (6) below. No difficulty is caused by this, but the 
uniformity of the /’s and o’s in respect to @ is essential to the proof, 
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48. It appears, then, that all Cesaro’s means, of index greater than —1, 
are equivalent in regard to series whose general term is of order 1/7.* 
As a corollary we deduce 


ΤΉΒΟΠΕΜ 38.—The product of any number of convergent series for 
which a, = O(1/n) ts convergent. 


This follows at once from the fact that the index of summability of 
the product of two such series is —1—1+1—=—1.+ We might Say, 
more generally, “the product of any number of such series and any 
number of absolutely convergent series ’’—for we can multiply the abso- 
lutely convergent and the non-absolutely convergent series separately, 
and then form the product of their products, the final result being inde- 
pendent of the order of multiplication.! 


49. The definition of Cesiro summability breaks down when r is a negative integer, and 
the concept does not seem to be a useful one for any value of 1 less than —1.§ The question 
is, however, suggested whether it is not possible to frame a satisfactory definition in the case 
x =—1. A series summable (C, —1) might be expected to have the property of giving a con- 
vergent product when multiplied by any convergent series. 

It is, however, certain that series whose general term is O(1/n) do not necessarily possess 
this property. In fact, it is easy to see that the general term of the product of 


ἜΝ 1 1 1 


ar eee s —.. 
2 3 Vlog3 /log4 νἼορὅ 
does not tend to zero. 
In this connection the following result is interesting. 


THEOREM 39.—Giren any numbers a, B, such that a <1, B <1, it is possible to find two 
convergent series Sa,, Sb, , such that 


αι. =o(n-2), by =o(n-8), 


and the product series is not convergent.|| 
The example required is to be found by considering the square of the series 


Σ v -ὺ ΓΝ 


where 0<a<1, ὃ «1. The series itself is summable (Ck) if (k+1)a+b> 1. 


--.----.......ἕ ἜΝ SS i rn ep a ῈῪ.» 


* That a convergent series of positive decreasing terms is summable (C, —1+8) was 
proved by Chapman (i.c., p. 405). It was this result which suggested Theorem 87. The 
general term of such a series is, of course, of the form ὁ (1/n). 

t Hardy (Proc. London Math, Soc., Ser. 2. Vol. 6, p. 414) proved only that the product of 
two such series was convergent ; it did not follow from his argument that, e.g., the series formed 
by cubing the series 1—1 + £—... was convergent : andas the property expressed by @, = O(1/n) 
is lost in the process of multiplication, his argument could not be repeated. 

1 This was pointed out to us by Mr. Chapman. 

§ Cf. Chapman, l.c., p. 376. 

|| This theorem answers a question raised by Hardy, I.c., p. 419. 
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The behaviour of the general term of the squared series, viz., 


" gi {u+(n +1- a 


Cr = = a " 
i {v(n+1—p)} 


may be shown to be similar to that of the integral 


[ εἰ (“τα-ἢ ; dt = αἱ-"» F (27), 
0 {t(x-t)} 


sb fg 4 (Ln) 
Fi ={ ioe aa du 


ὁ {u(1—u)} 


where ἃ = ἢ, and 


The behaviour of this function for large positive values of « may be studied by methods 
depending on Cauchy’s theorem.* It can be proved that 


F(z) = Κε- οἰ “τ (1+0(1)) + Κοτα τ λα ρὲ (1 +0 (1). Ὁ 
From this it is easy to deduce that the squared series is convergent or summable if, and 
only if, both of the series 
(1) Σ ni - 4-2 δ in® Sn-? ein® 


of which the second is the same as the original series, are convergent or summable. We can 
now distinguish two cases. 


(i) If ὃ > 1—4a,t the convergence or summability of the second of the series (1) carries 
with it that of the first. In this case the index of swmmability of the squared series is the same 
as that of the original series. Now the index k of the original series is given by 


(k+1)a+b -- 1. 


Thus this state of affairs occurs if, and only if, k < --ὥΦῷ. 


(ii) If ὃ < 1—3a, the first of the series (1) is the more important. Thus the index of 
summability / of the squared scries is given by 


(l+l)at+jat+2b—-1=1, 
so that l= 2k+}, 
The index of summability of the squared series has a value less by ὁ than the value 


2k +1 assigned by Cesdro’s multiplication theorem. 
In particular, the squared series is convergent if b> 1—fa. Hf 


1--αἀ «Ὁ < 1—3a, 


ng -....-΄--.--ς-.- te ---- ar ae Ore) oo rene eee ee eee eee Sie doe 


* We are not professing to do more than sketch the general lines of the proof of 


Theorem 39. 
+ Each ὁ (1) is in reality an asymptotic series of descending powers of 2. The actual 


values of the K’s are 
‘ Qn) ο΄ fs 
Ω5 (4-1) { ΒΕ ἀῆν ae πα δ | ἢ ΣΙ ται 
ν ἰαπΞα!: a ( ae δι 


where the powers of 7 have their principal values. 


+ This condition is the same as the condition that f(x) = 2 γι " em“ should be bounded 
in the unit circle, 
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the original series is convergent, but not the squared series. In order to obtain an example 
such as is required by the theorem, we have only to take a sufficiently small. 


50. Before leaving the subject of multiplication we may mention one or two results whose 
proof is easy, and which possess no particular theoretical interest, but which are sometimes 
useful in practice. It is sufficient for the convergence of C that 


a, = O(n-*), B,—B = o(n-4), 


where O0<a<1,0<8<¢ 1, a+821. The Oand the o may be interchanged. The con- 
dition B,— Β- =o (n-*) is certainly satisfied if 3b, is convergent; and, if 8 «1, either of 
these conditions involves the summability (C, --- Β) of the series B. 


Tauber’s Theorem for Double Series.. 


51. In this sub-section we propose to investigate the analogue of 
Tauber’s theorem for double series. We shall also prove the analogue of 
the generalised form of the theorem, given by Tauber himself and 
Pringsheim :* the theorem that 


A, +2a,+...+na, = 0(n), 


together with the existence of Abel’s limit, involves the convergence of 
Xa, We must begin by a few preliminary explanations. 

When we say that a function of two variables, an,» or f(z, y), tends to 
a limit, we mean always a Pringsheim double limit ; we shall not be con- 
cerned with repeated limits. The existence of a double limit for, e.g., 
Qu,» does not imply the existence of a simple limit when m or 7 tends 
separately to infinity. Nor does it imply the inequality 


| Amn, n | < K 
for all values of m and n.t | 
This last inequality, which plays an important part in all these ques- 
tions, ‘we call the condition of finitude.t When the double limit exists, 
the condition of finitude may or may not be satisfied. It is important to 
distinguish these two cases in our notation. We shall write the condition 
of finitude in the form fig SOGY, | 


* See Pringsheim, Miinchener Sitzwngsberichte, Vol. 80, p. 37, and Vol. 31, p. 507. 

Tt For the elements of the theory of double limits and series, see Pringsheim, Munchener 
Sitzungsberichte, Vol. 27, p. 101, and Math. Ann., Vol, 53, p. 289; London, Math. Ann., 
Vol. 53, p. 322; Bromwich, Infinite Series, Chap. 5. 

{ Cf. Bromwich and Hardy, Proc. London Math. Soc., Ser. 2, Vol. 2, p. 168. 
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If the condition of finitude is satisfied, and an, 10, we shall write 
Qn,n = O(1). 


Generally, by @n,» = ο(φ), we imply (i) that an,.= O(¢), and (ii) that 
Gn,»{p—> 90. It is plain that similar definitions may be given for functions 
of two continuous variables which tend to limiting values. 

We shall find it convenient to assume throughout that an, = 0, if 
either m or n is zero. | 

The reader will find no difficulty in verifying the following lemmas. 


Lemma 1.—If dy,» = 0(1), then 


Mm 


Σ Ay,» = 0(mn). 
1 


m 


n 
x Bn, un — O (m), Σ On,» = 9 (7), 
1 


HM 


Lemma 2.—If da,» = 0(1), then 
(l—2z)(1—y) =n, yey” = o(1). 


In the second lemma it is supposed that 0 « ,Σ «1,0 «ν «Ι, and 
Φ-»1, y—>1. Neither lemma is true if we substitute @nz,.—>O0 for 


Am, n = 0 (1).* 


We shall write 


n m ἢν oH 
te —_ N πε 
Σ an,» = Pm, ἢ Σ Qn, n — Yn, rn» “- Σ Qu, yo Sm, n9 
1 1 11 
mm ἢν ἍΝ n ὺ 


m 1 

ΩΝ 
Σ MPayn > ΣΣ μῶμ,ν = Pm, vn Σ Vm,» = Σ μνάμ,ν = Tin, ny 
1 1 1 1 1 1 


- 48 
“Mes 


μναμ,ν = bm, nme. 


It is obvious from Lemma 1 that 
(1) mpa,n = 0(1), (2) m,n = 0(1), (3) mA,» = 0(1), 
imply respectively 
(1) pm,n = 0(m), (9). onan = O(n), (3') tin, n == O(mMN). 


ec nee mt i a . ..- τ  ----- .-.- -.--. -- --Ο΄-΄-- 


* Thus, if Qin, \ -- m, am, na 0 (n > 1), we find 


i ee m+ 
— 3 34,,= πιο. 
mn yr” 2n 


The condition Adin,n—>O does not even involve the convergence of the power series for x <1, 
y «1 (cf. Bromwich and Hardy, l.c. supra p. 166). 
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Again, it is easily verified that 


nN 


m 
bmn, n = (n+1) βηι,η Σ βιν,ν = (m+ 1) Tn, 1 Σ σμ, ny 


m 


x Van y = (n-+- 1) Pn, 0 Σ Pn, v9 2 Man, n = (nu+ 1) dn, x— Σ Ωμ, " 


Hence it follows that either of (17) or (2’) implies (3’), and a fortior: either 
of (1) or (2) implies (8’), and that (1) and (2) imply respectively 


(1) γι > vam, » = 0(n), (9) πη Σ μαμ, » = O(m). 
} ] 


52. We can now prove 
ΤΉΒΟΒΕΜ 40.—If (1) mpn,n ΞΞ ὁ (1), N¢m,» = 0(1), and 
(2) f (x, y) = 2 An, Ἢ xy" —> A, 


as 2 -»1, y>1, then Lady, α ts convergent to sum A. 

We shall first show that the conclusion holds if conditions (1), (2), and 
(3) of § 51, are all satisfied. We shall then show that condition (8) may 
be dispensed with. 


We suppose ee ΤΕῚ y=1—-—, 
Mh 


and write f(z, y) = (= Σ ἘΣ Σ ΣΣ + Σ > | Ay, «οὔ ν ἢ 
1. } 


1 v+l ΜῈ 11 ΜΈ νΞῈῈ 
= oi t dot dst gy, 


say. Choose u and ν so that | rsa,,.|< ε for 7 >, s>v. Then 


Ι φε 1 « 


Ε, 


ε —_ 
py (1—2)(1—y) 
so that φ,-» 0. Again, 


οο μ ee πὰ ᾿ 
pa = = y’ 2 Ar, «ὦ = (1—2) δ μὴ > Pr, 50" +2" > Gu,sY 
v+1 1 


v+1 1 νεῖ 
= gto: 
oe ὡ 3 


* This theorem seems tc be the appropriate form of the analogue of Tauber’s theorem. 
The introduction of the conditions mpn,, = Ο (1), 2Qm,n = 0(1) is due to Dr. W. H. Young, 
who was the first to show that a double series which satisfies them cannot be summable by 
Cesaro’s means without being convergent (see Young, ‘‘On Multiple Fourier Series,’’ Proc. 
Jsondon Math, Soc., Ser. 2, Vol. 11, p. 167), 
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| say. Choosing « and ν so that |sq.,;|<¢, for r>mu, s Dv, we see, 


by an argument similar to that used above for ¢,, that ¢:'->0. And 
eo A-—] re) ual 
lg |<d—2) Dy Dlq,sl+d—2) = y Σ [4»ε] 2" 
v+] 1 v+l1 A 


Now | sq..;| < K for all values of + and 8, and we can choose A so that 
| sy..s| <¢ for r >A, sv. Then 


K(i—z) 
v(l—y) tq —y) 


bie HE pe: 
ra : 


and so φ:-» 0. Thus ¢,—>0, and similarly ¢,->0. Hence 
(1) φι-» A. 


But > by, s— φι ΞΞ ΣΣ α,,. [(. -- οὐ -Ἐ6Π -- νῦ) τ-- -οὐ ---ἰὐνῦοο,; 
} 1 1 


m~ Ms 


= ΧΙ ΧΟ xs 


say. In the first place 
1 


[Χο] < 1—2)1—y) Σ Σ rs |a,6| = 
11 μν 


μν 
=z 17s \a,,s|, 
1 1 
and so xz3—>0. In the second place 
μ μ 1 μκ 
la | = 2 pr,y(l1—2’) < (l—z) 2 r|p,,,| a Σ 7 | Dr, vl; 
1 1 μι 
and so x,—>0. Similarly y,>0. Hence 
Su,v >A, 


and the result of Theorem 40 is established if conditions (1), (2), and (8) 
of § 51 are all satisfied. 


58. Now f(x,y) = Ey" Mam, » (ae™/m) — 


= zy ys (a1, nt 2dr, ats Mdm, n) A= coe ee = 5. Ἢ 8.0. 


My, 2 Mm ee a M, Nr AM, 
where ἔς Στ yf. Sa ΩΣ, Bas any y”. 


ὅπ, ΞΞ αὐ at 22, wt eee + Man, ἡ . 
Tu the first place Sy = (1—w)(1—y) Dyn, αν ", 
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Wm ft 
where = --Ξ DS Σ γα;. Ξ πον eS 1). 
ia . m+ 111 τ): n+ 1 ( 


Hence, by Lemma 2 of ὃ 51, 8. -» Ὁ, and so S,>4A. We shall now 
show that, if mpn,». = ὁ (1), dm,n = 0(1), the coefticients 


a oes 7m, n 
mm ~ m(m+ 1) 


of δὶ satisfy the three conditions corresponding to (1), (2), (8) of § 51. 
We can then, after what was established in the last paragraph, infer the 
convergence of S, for «= 1, y= 1. 
Denoting by wm, »» Km,» the sums formed from Gn,» &8 Dn, ns Im, n Were 
from Qn, we find first that 
1 2 2 


— Yqan,= 22 γα, == Fun — y(t) 
m+1j Jn, s m+1 4 δ m+1 (1), 


Nn,» = 
by (1’) of § 51. Secondly, 


ηὺ 1 
NK», n — i > (:- 
1 \-K 


a+ 1 | (a, at 2Q2, ἡ ἘΠ ΟΕ μα,, n) 


ΒΝ ͵ <=) ead 
aie { =r) aut (5 — api) Siew τ - maa) | 


ΝΗ ΒΝ me - = 
= Nn, n m+1 Σ Var, n o(1), 
by (2’) of §51. Finally, 


le 


MNan, vn = Σ My n = O (1). 


ue 
m+1 4 
Hence S, converges for x = 1, y=1. But it will be found, by a trans- 
formation similar to that used immediately above, that 


m ἢν 


Q,et2az st... t7a,,, ™2 ΠΟ Pmn 
a rr) Soe eee eo by 
Therefore 2a», is convergent, and Theorem 40 is proved. 

It will be observed that (as in the ordinary proof of Tauber’s theorem) 
we have in reality proved a good deal more than the convergence of the 
series. We have proved, ¢.g., that if f(z, y) >A, when x, y—>1 through 
a particular sequence of values 1—1/m, 1—1/n, then 8,,,.-Ὁ A when 

mand γ) tend to infinity through the corresponding sequence. 
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54. We can easily establish a more general theorem. 


‘VHEorem 41.—If (1) pn,» = 00M), On, n = o(n), and (2) fw, ya, 
then San, , converges to the sum A. 


If we refer back to the proof of Theorem 40, it will be seen that all 
that was actually assumed in ὃ 53 is that 
Pm, n = o(m), δι, α = o(1). 
These conditions are therefore sufficient, and so, of course, are 
MPn nw = o0(1), Tn, n — O (7). . 

We shall now prove that these conditions are satisfied by the series S, 
of § 58 whenever the conditions of the present theorem are satisfied by 
the original series. It will then follow that S, is convergent for « = 1, 
y == 1, and the proof may be completed as before. 


The verification of the first test is precisely the same as before. Hence 
all that we have to show is that 


mW ¢ (αν, st Qa st ΠΣ ἡ γα», 8) 
ὌΝ γ0.Ἐ1) 


But it will easily be verified that this expression is equal to 


On, "τ tm, εἰ (m-+1) = ὁ (n), 


= o(n). 


by (8’) of § 51. 


THEOREM 42. — If (m+)? Amn = ο (1), and f(x, ν) > A, then Zan,» converges to the 
sun A. 

This theorem is merely a special case of Theorem 40.* It is interesting on account of its 
simplicity, and also because, when this special condition is satisfied, we can prove rather more. 
Suppose that we are given only that 


f (w, ©) >A. 
Then f (w@, &) = Σοὶ Ber, 
where Cn = ἄμ,1 τ αν. 1,5 Ἔν... Ἔ Un = o (i/m).t 


Hence, by Tauber’s theorem, the diagonal serics of Zam,, converges. That the double 
series is convergent follows from another general theorem, whose proof we may leave to the 
reader. 


THEOREM 43.—If (νυ +2)? Qin,n = 0(1), the convergence of the diagonal series involves that 
of the double series, and conversely.t 


* It is the form of the theorem that we had adopted before we saw Dr. Young’s con- 
ditions. 

+ The proof of this is almost obvious. 

+ As all the rows and columns converge, the repeated series also converge to the same 
sum. 
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Two final remarks may be added before we leave this subject. It is not unnatural to 
suppose that the condition 


(1) MNO», n = 0 (1) 


might prove to be sufficient for the truth of the analogue of Tauber’s theorem. It is, how- 
ever, possible to construct such a series, for which f(a, α) -» 4 while the diagonal series 
oscillates : and it can be shown that, in virtue of (1), the double series also must oscillate. 
Thus tho truth of the suggestion is made to appear exceedingly improbable. 

Lastly, as regards the analogue for double series of the Cesiro-Tauber theorem, Dr. Young 
has shown that the conditions (1) and (2) of § 51, together with the summability C (k,l) of 
the series, involve its convergence. It is casy to prove directly that the more general condi- 
tions (1’), (2) are also sufficient when k = 1 = 1; and there is no doubt of the correctness of 
the extension of this result to series summable by more general Cesaro’s means, though we 
have not troubled to work this out. No doubt also (as is suggested by Dr. Young) the corre- 
sponding theorems with O instead of o can be established with comparatively little trouble. 
The extension of Theorems 40 and 41 to this case, on the other hand, would in all probability 
be exceedingly troublesome. 

It would be natural to try to exhibit the analogues of the Cesaro-Tauber theorem as 
corollaries of Theorems 40 and 41, using the extensions of the theorems of Abel, Frobenius, 
and Holder, given by Bromwich and Hardy in these Proceedings.* But difficulties arise 
owing to the réle played by the ‘‘ condition of finitude ’’ in these theorems, and the relations 
between them are less evident than in the case of simple series. 


Additional Extensions of the Ordinary Form of Tauber’s Theorem. 


55. The argument by which the usual form of Tauber’s theorem is established may be 
adapted to prove a more general theorem. 


THEOREM 44.— Suppose that φ is a real or complex function of its argument, and that 


f(x) = 3a,u" ~ φ (.32} 


as x—>1 by real values. Suppose further that it is possible lo find a function ψ which satisfies 
the conditions 
(i) ψ (a) is positive and increasing, and y/x decreasing, 
(ii) ψ = Ο(φ), 
(iii) nan = 0 {p(n)}. 
Then Ay +A, 4+...+4n ~ φ(η), 
as Ὁ -οῦ. In conditions (ii) and (iii) the O and the o may be interchanged. 


When y = 9 = 1, this is equivalent to Tauber’s theorem. 
We have, when x = 1—1/n, and we take the first form of the conditions, 


Za—s(1~ α) = ξαα-ω)- 3 ae = G2) Z of4()} + aves 


= (l—2)o {ny (n)} +of{y(n)} = of{y (n)}; 


ee et at ee 


* Bromwich and Hardy, l.c., supra; sce also Bromwich, Proc. London Math. Soc., 
Ser. 2, Vol. 6, p. 67. 
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and the result follows immediately. paral when the second form of the conditions is 


taken. Thus, if 
=) 


f(x) = "ἢ: 


we could take y =: 1, and deduce that 
1+$5+...+ Lae log n. 
uw. 
On the other hand, if «, = τ", where Ὁ «8 <1, we have p(n) = F(l—s)n'-*, and it is 
impossible to choose Ψ so as to satisfy the conditions. In this case 


1 1 nis 
1+ —+..4 —~ - 
Ἶ 95 nm’ i1—s’ 
so that the result of the theorem is untrue. 


In any particular case the equation 
Ξε (1- +) +O {w (2) } 


(or the corresponding equation with an O) would convey, as a rule, more precise information 
than is stated in the conclusion of the theorem. 
From Theorem 44 we can easily deduce a more general theorem. 


ΤΉΠΟΒΕΜ 45.—The result of Theorem 44 is still true if condition (iii) 1s replaced by the 
more general condition 
(11) A, + Zag Ὁ... + NA, = O (M4). 


A similar modification may be made in the second form of the theorem. 


For, if A, + Bag t ...+ NAn = bn, 
we have f(e)—a = Za.2" = 34,02 =% by wl +(1— —2) δ - Δ 
4 1 γ n(n+1) n Νὴ 


say. Now 


f, =0 {(1—2) Zy(v)2"} = 0 {α-ὦ Ξψώ τα πω 2 = va, \ 


MW n+) J 


=o { G—2)ny(n)+ i =o {y(n}, 


if 2 =1-—1/n. And so, as ὦ "Ὁ 1 through these values, 


fi(z) = Σ enon φ (1.} 


n(n Ὁ 1) 


But this series satisfies the conditions of Theorem 44, Hence 


n t, 


eens n) +0 
ee φ( )εοίψ (0)}}, 
Σ ἘΜ Σ tn tn+t + a 
Ea OG GWENT Oe eS yy 1). Gad wore 


= p(n)+ofy(n)} ~ o(n). 


Similarly we can prove the alternative form of the theorem. 
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56. Theorems 44 and 45 have, of course, analogues for the most general form of Dirichlet’s 
sories. Wo content ourselves with stating the analogue of Theorem 45 for ordinary Dirichlet’s 
series. 


THEOREM 46.—Suppose that 
f(s) = Sa,n-* ~ φ(1 5), 


as s—>O by real values. Suppose also that we can find a function ψ such that 
(i) Ψψ increases and y/logn decreases, 
(ii) ¥ (2) = O {p (logn)}, 
(iii) τ Ἰοὺ αν = ο(ψ), 


or, more generally, 


(iii’) Σ logva, = o(log ny). 
i 


Then Σ a, ~ ¢ (log 2). 
] 


In conditions (ii) and (iii), or (iii’), che O and o can be interchanged. 
Suppose, for example, that a, = 1/n, if 1 is a prime p, and a, = 0 otherwise. Then 
1 1 
f(s) = 3 Ty; ~ log ( ), 


Ss 


n 
Zlogyva,= &% 
; pen 


log p 
= O 1 e 
% (log 7) | 


We take y = 1, using conditions (ii) (with ὁ) and (iii’) (with O), and deduce 
1 
= —— ~ log logn. 
» < n 
A more precise discussion would lead to the well known result 
z Does log log 2+ Ο (1). 
py 
By a similar argument we can deduce the more accurate equation* 


3. 91 log logn τ 4 τ0(1), 
p<” 


a λΠὁ͵...-΄-Ξ--ς.- ἢ - --.0 τ’ ΠΡ .--“ .πττοὺν-------- --- --- -.ὌᾧὦὌὕ0.. -.-.- 


* Landau, Handbuch, p. 102. The result can also be deduced in a very elegant manner 
from Landau’s form of Tauber’s theorem for Dirichlet’s series (Monatshefte fiir Math. u. Phys., 
Vol. 18, p. 12), to which Theorem 46 reduces for y= Φ:- 1. We take 


1 1 1 j 
a, ee «-.-..-- = = 5 
ee ae (νυ =v), Qn aA (otherwise), 
lla, εἴα... «ἴα, 1 i 1" 
th t fs Oy F 1S Ag + ὁ δα, SS =_— — — an ζῶν Μ 
” 5 ln in τ: " » ἴῃ = » (1) 
Also Sa'n-t =e 1 οΣ ὦ 3, 
pi +8 »υὶ + tin ’ 


as s—>0O; whence the result. 
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where 4 is a constant, from the equations 


f (s) = log (=) +A+o(1), > log p log 1. 


» < n 


57. We shall conclude this paper with some remarks relating to the 
extension of Abel’s and Tauber’s theorems to the case in which 7—>1 
along a path which touches the unit circle. 

Let 7, 8 be polar coordinates. We shall call a curve C, passing from 
the inside of the circle to the point 1, ὦ regular path of order a, if (i) r,. 
regarded as a function of 0, has a continuous first derivative,* 


(ii) il-—r~ HO, 


as r—>1, @>0. Thus a “ Stolz-path,” ἐ.6., a path such as is contem- 
plated in Stolz’s extension of Abel’s theorem, is of order 1. The circle 
described on (0, 1) as diameter is of order 2, and so on. A path such ag 
y= 1—e7"* or ry = 1—e7-"/" may be described as of infinite order. 

So long as we are concerned with paths of zero order (t.e., paths which 
do not touch the circle) the consideration of complex paths introduces no 
new difficulty of a serious nature.t But as soon as we consider paths 
tangential to the circle, Abel’s theorem ceases to hold. In this connection 
we have proved the following theorems. 


ΤΉΒΟΒΕΝ 47.—It ts possible to find a convergent series Xa, such that 
f(z) = Xa, x" does not tend to a limit when ἃ -» 1 along any circle in- 
terior to and touching the unt circle. 


An example is afforded by the series Dn-°e'", where OM a<4. In 
this case f(x) tends to a limit when x approaches 1 along the upper half 
of the gmaller circle, but oscillates when it approaches along the lower . 
half. 


ΤΉΒΟΒΕΝ 48.—If s, = A-+o(n-*), then Abel's limit exists along any 
regular path of order a, where a<1/(1-—8). In particular it exists of 


* This condition is, of course, quite unnecessarily restrictive. But the adoption of a 
more general definition would confuse rather than help to elucidate the results we wish to 
discuss. 

+ For proofs of the generalised forms of Abel’s and Tauber’s theorems see Bromwich, 


Infinite Series, p. 211 and p. 251. We have proved that the summability of 2a, by Borel’s 
method is cnough to ensure the existence of Abel’s Jimit along any ‘‘ Stolz-path.”’ 
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ana, is convergent. If s,= A+o(1/n), and in particular if Xna, is 
convergent, vt exists along any regular path of finite order.* 


We do not propose to write out proofs of these theorems. That of 
Theorem 47 would carry us too far from our subject, while that of 
Theorem 48 should be easily supplied by the reader. We mention them 
because they indicate a state of affairs in view of which it is rather re- 
markable that Tauber’s theorem should hold in the form in which we 
propose now to prove it. 

We suppuse now that C is any regular path of finite or infinite order. 
That is to say, we suppose only that it is defined by a relation between 7 
and θ, in virtue of which 7 has a continuous derivative, and we place no 
limitation on the closeness of its contact with the unit circle. We suppose, 
however, that it has only the one point = 1 in common with the circle. 

The curve C is a rectifiable curve of finite length, and the integral 


[ fae, 


taken along the curve, has certainly a definite meaning, whenever / is a 
function continuous along the curve. And if f(z)— A, when x — 1 along 
C, it is easy to see that 


1 1 
(1) τες [ f(idt— A. 


TuxorEM 49.— Suppose that na, =o0(1) and f(x) = Za,2">A as 


“z—->1 along C. Then Xa, converges to the sum A. 


Obviously we may suppose A = 0. If 1—€ is any point on C, other 
than 1, 2a," is uniformly convergent on the are of C which joins z and 
1—€, and 1-- ; 

an Nt+1_ ptt 
[ podt == {age}. 


Since 5 22 is uniformly convergent for |x| <1, it follows that we 


ἘΞ 
may replace £ in this equation by 0. Hence, using (1), we see that 
(2) Ey la") = ofa), 


as 2 -»] along C. 


* The closeness of the contact may be as great as that of the path r= 1-—e-', It is not 
difficult to prove the more general resuJt in which we start from ki sk/nk = A+o(n-4), 
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Let »:ῈΞ fea 


Qn “ον ΕἸ — ς ς — 
ang race i ἘΞ ᾿ Ἔτι = Pit pe 
ae | 
Then hy = 0 (= +) = Ὁ (1/9). 
Also 1—7"t! = m~t1)(1—z)+ 0 {η3( ---αὐ!, 
and so φι = (1 --- ὦ) Σ An+O (da) Σ n|an| | 
0 0 


= (1—2) ne {y(1—a)*}. 


Substituting these expressions for ¢, and ¢, in (2), and dividing by 1—z, 
we obtain | 


Dee Say: 


ΕΞ = oe 1 τ 
Oe) 8 1:55: 


and the theorem is established. 


58. The result of Theorem 49 may be extended to include cases in 
which the path C has points (other than « = 1) in common with the unit 
cirele.* In particular it holds when C is the wnit circle itself. It is to 
observed that the condition f(x) A was only used as a special hypothesis 
which ensures the truth of the relation (1); a more general theorem 
is obtained by taking that relation as a hypothesis. When stated in this 
form, and when C is the circle itself, Theorem 49 reduces to a known 
theorem in the theory of Fourier series, and it appears that our argument 
does not differ in principle from an argument used by Riemann in his 
classical memoir on trigonometrical series. ἢ 

Theorem 49 is a “ Tauberian ” theorem ; it is natural to try to state a 
corresponding “ Abelian” theorem. This theorem is 


* It has not seemed to us worth while at the present moment to go deeply into the ques- 
tion as to the most general hypotheses possible in regard to the nature of C. The essence of 
the matter lies in the fact that the restrictions which have to be imposed on C have nothing to 
do with the closeness of its contact with the circle: they are conditions relating to continuity, 
rectifiability, and so forth. 

t See Riemann, Gesammelte Werke, p, 213; Fatou, Thése (Stockholm, 1906), and Acta 
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ΤΉΒΟΒΕΝ 50.—If a, = 0(1/n), and Yay is convergent to sum A, then 


1 1 
----- | fioae, 


1—2z J, 
as x—>1 along any regular path C. 
If C is of order 1 (a Stolz-path) this conclusion can be replaced by 


f(z) >A; but that this is so in general appears to us to be improbable. 


[Added November 2nd, 1912.—We add a few remarks in reference to the questions men- 
tioned at the end of §4. We understand from Dr. Marcel Riesz, to whom we communicated 


the proof-sheets of this paper, that he has succeeded in proving the analogue of Theorem 19 


for the general Dirichlet’s series %a,e~*”* and for all orders of summation integral or non- 
integral, and in effecting similar generalisations of some of the theorems of Section 1}. 

The supposition that the theorems of §2, and some, at any rate, of the ‘‘ Tauberian”’ 
theorems, may be generalised by the use of right- or left-handed conditions, proves to be well 
founded. As an example, we may quotethe theorem: if f(x) = 3a,x"—>s, and a, = Ox (1/n), 
then Za, is convérgent to sum 8. This is the generalisation of the general Abel-Tauber 
theorem. ; . 
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CORRECTIONS 
Section II — 
. 421, line 15. For A2?af’—) = 0 read A?af’—? < 0; since A2Za’ — —1., 
. 422, line 7 up. For < xy, read = xg. 
. 427, ine 7 up. For x >rreadn 5 7. 


S's 3's 


. 428, line 7. For ‘necessity some’ read ‘necessity for some’. 


Section III 
p. 428, line 13 up. For α > lreada > —1. 
line 8 up. Fora > lreada > --ὶ. 
p. 433, line 2. In the first sum read A*+1—*; in the second read j*-*+8, 
p. 434, line 3 up. In the last sum read νβ. 
p. 436, line 4. For ‘point at which’ read ‘point of which’. 
p. 439, line 9. In the first bracket read Aj,. 
line 4 up, and p. 440, line 8. Insert ‘for every positive 8’. 
p. 442, line 6. For the second > read =. 


Section IV 
p. 443, line 12 up. For ἢ ὁ read η 1 α, 
p. 444, lines 1 and 5 up. For + read —. 
— lines 1, 3, 4 up, and p. 445, line 2. For r! read I(r). 

p. 445, line δ. For (1—A)m in the 3rd sum read (1-++A)m. 

p. 447, line 11. For ‘c = k or’ read ‘ec = k—1, ¢ = 1—hA or’. 

p. 450, lines 4-12 up (5 times), p. 451, lunes 7 and 13, p. 452, lines 5—8 (3 times). For 
rt read T(r). 

p. 451, line 6 up. Read e~?—-%m Im, 

p. 455, line 15 up. Read Ke*v2, 
footnote, p. 458, line 14, p. 459, line 8. For a” read ay. 
p. 459, line 6 up. For t” read t,. 


Section V 
p. 462, line 6. Read ο(η δ). 


p. 472, line 12 up. Read f(x). 
p. 477, lines 6 and 9. For 8, read 8,. 
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COMMENTS 


In this long paper, Hardy and Littlewood not only solve a number of new problems, 
but leave over many questions for further discussion, for example, in 1914, 4; 1915, 11; 
1916, 8; 1920, 7; 1924, 7; 1943, 4, and other questions which have inspired later 
writers. 

Section ΤΙ 

In 1914, 11 (p. 147, footnote), Hardy and Littlewood point out that the theorem of 
§ 5, found by Littlewoodf in 1910, had been given in 1897, both by Hadamard { and 
by Kneser;§ see the Comments on 1914, 11. 

Theorem 1, ὃ 6, was extended by Mordell|| to the case where ¢ and % are both 
decreasing. The geometrical argument (1) in ὃ 6 may also be adapted to this case, the 
line PT having negative gradient — εψ(α). 

In the proof of Theorem 2, § 8, the law of formation (4) is only used forn > 2,7 > 1. 
For n = 1,r > 1, the law is 

af? = Haf-?+af+), 
cae a APag=P < HAra~=P+ Atal? , 
follows from (4) and (5), when n > 3,7r > 1. It is false forn = 2,r = 2, since 
Aza) = —1/8, Aza = —1, A?a? = Q, 


but is only required for n > 3. 
An analogue of Theorem 3, § 9, for integrals of fractional order, was obtained by 
Riesz.ft Other convexity theorems have been given by later writers. 


Section III 


Theorems 10, 13, 14, and 18 were extended by Ananda-Rauff to Dirichlet series of 
the form δ᾽ a,1,°, with Riesz summability of type J, and fractional order. Theorems 
16 and 19 were extended by Riesz.§§ 

In the proof of Theorem 13, ὃ 18, the argument shows that }'n-a,, is either sum- 
mable (C, k) or not (C,k+1). The conclusion is obtained by repeating the argument, 
with k replaced by k+1, k+2,.... The result quoted is in ὃ 4 of 1910, 3. 

In order to deduce the more general version of Theorem 16, § 19, from the analogue 
of Fatou’s theorem,]|||| we may observe that, if 


n 
= Σὰ, and a> —l, 


then the series > a,n-8-§ = ¥ n}-4a,, .n-8-1 


+ Proc. London Math. Soc. (2), 9 (1911), 434-48 (437-8). 

t J. de math. pures et appl. (5), 3, 331-87 (334-5). 

§ J. fir die reine u. angew Math. 118, 186-228 (199-200). 
_ || J. London Math. Soc. 3 (1928), 119-21. . 

Tt Riesz (1), Acta litt. ac. sci. Univ. Hungaricae 1 (1923), 114-26. It has been stated 
that substantially the same result was obtained by Ananda-Rau in a Smith’s Prize Essay 
(Cambridge, 1918); see his obituary notice, Pub. Ramanujan Institute 1 (1968-9), 1-10. 

11 Proc. London Math. Soc. (2), 34 (1932), 414—40. See also Iyer, Ann. of Math. (2), 
36 (1935), 100-16. 

§§ Riesz (1), loc. cit., for Theorem 19; (2) ibid., 2 (1924), 18-31, for Theorem 16. 

||| Riesz’s analogue was stated in Riesz (3), Comptes rendus 149 (1909), 909-12, and 
proved in Riesz (4), Acta Math. 40 (1916), 349-61. The version quoted here was given by 
Landau, Prace Mat.-F7z. 21 (1910), 97-177. 
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is summable (C, k) if and only if > rk A*+1n-8-! is summable (C, —1), and then 


Σ ayn-F-§ = Σ᾽ rk Abt y-2-1, 
(C, k) (C, — Ὁ, 


Since τῇ = o(n*+1), by Theorem 13, the series 
> τκί Ak+1y-—8-1 — (dé+1 /dnk+1 )n-8-1) 


is absolutely convergent and summable (C, — 1), with its sum regular, for ¢ > —1; 
cf. 1910, 3, Bohr, ttf Andersen{{{, Bosanquet and Chow.§§§ 

The details for the example at the end of § 19 are given in 1915, 11. For a remark 
about the series used in ὃ 25, see the Comments on 191], 1. 


Section IV 

In the proof of Theorem 28, § 32, the Tauberian condition actually used j is that, for 

mn in the interval m < ἢ < m+cecm (c > 0), 
Ια, — Ay, < $|a,,|, 

1.6. that a, lies in a variable disc, of radius 4|a,,|, about a,,. This implies that, for 
m<n<m-+em, a, is in a variable sector, with vertex at the origin and angle ἔπ, 
symmetrical about the segment (0,a,,), and further that s,—s, lies in the same 
sector whenever m < ἢ < q < m+cem. Agnew|||||| has shown that the last condition 
is included in a general Tauberian condition due to Pitt.tt{t Thus the convergence of 
Ya, in Theorem 28, and also in Theorem 27, §§ 34-6, follows from Pitt’s Tauberian 
theorem for Abel summability.ti{{ The conclusion na, = 0(1) may then be obtained 
from the formula (§ 32) 

Sy— 8m = (N—M)a_(1+7) ([η] < 4), 
with n = m+[cm]. 

Similar remarks may be made about Theorem 31, §§ 38-41, where the interval 
(m,m+avm) (a > 0) plays the role of (m,m-+cm) (ὁ > 0). The convergence of > a, 
follows from Pitt’s Tauberian theorem for Borel summability,§§§§ and the conclusion 
nta,, = 0(1) then follows from the formula of ὃ 32, with n = m+[avm]. 

Hardy and Littlewood never returned to these Tauberian theorems, and they are 
not mentioned in D.S. 

The property of }n—*e'”* obtained for 0 < a < 3, at the end of § 41, is proved for 
0<a < $in 1913, 1, §§ 11-12; see the Comments on 1913, 1. The non-regularity of 
the related power series at x = 1 holds for 0 < a < 1; see 1913, 6 (in Vol. IV). 


Section V 


Theorem 35, § 46 is contained in a result published in 1911 by Fekete,|||||||| that «7 
A is absolutely summable (C,r) and B is summable (C,8) (r,s non-negative integers), 
then C is summable (C,r+s); see D.S., p. 245, where further references are given. 

The lemma required for Theorem 37 is proved in D.S., Theorem 65; cf. 1931, 8, 
Lemma 1. For an alternative proof of Theorem 37, see D.S., Theorem 45. 


ttt Bidrag ..., p. 112; English translation, p. 98. 
ttt Proc. London Math. Soc. (2), 27 (1928), 39-71. 
§§§ J. London Math. Soc. 16 (1941), 42-8. 
{Π|||| Ann. of Math. (2), 42 (1941), 293-308. 
tttt Proc. London Math. Soc. (2), 44 (1938), 243-88. 
111 Loc. cit., Theorem 13. 
§§§§ Loc. cit., Theorem 16. 
{{{Π|||| Math. és Termés. Ert. 29 (1911), 719-26. 


A definition of summability (C, — 1) (see ὃ 49) was given by Young;tfTftt see DS., 
p. 98. An example in D.S., Theorem 166, shows that the product series for a pair of 
series, one convergent and the other summable (C, — 1), need not be convergent. 

In (i) and (ii) of § 49, the index of summability of Σ n—°e'”* is assumed for fractional 
orders. For details see D.S., pp. 141-5. The property stated in the footnote to (1) is 
proved in 1913, 6 (in Vol. IV), § 8. 

The condition 0 < a < } in the example after Theorem 47, § 57, is corrected in 
1920, 7, pp. 207 and 224. If 0 < a < 1, it is necessary and sufficient to assume that 
b > 1—a (for convergence) and ὃ < 1— 4a (for oscillation along the lower arc). See 
1911, 1, §6, and 1913, 6, §8. 

The proof of Theorem 49, ὃ 57, shows that if (0):na, = 0(1), and ν = [111 --α], 


then 1 > Gn ()__»nti 7 
Oe) =a ce ) = 8,+0(1) 
as x tends to 1 in any manner from within the unit circle (compare 1920, 7, § 2.2, 
Lemma a). This implies (see 1920, 7, Theorem QO) 
(Q). If (0) holds, then > a, converges to A if and only of (A): B(x) > A asx > 1 along 
a single arbitrary path (or along every path) in |x| < 1. 
Theorems 49 and 50 both follow from (Q). For if C is a regular path, then 


1 
O(a) = τς | Heat 


where the integral is taken along C’. In Theorem 50 the integral may be taken along 
the segment (x, 1), and then the result holds for all paths (whether regular or not). 

In 1920, 7 (Theorem U), Hardy and Littlewood prove a more general form of (Q), 
with (O): na, = O(1) in place of (0), which shows that the same is possible in Theorems 
49 and 50 (see 1920, 7, Theorems Q, R, and Τὴ. Finally, in 1924, 7 (Theorem R’) 
‘Hardy and Littlewood show that Theorem 49, with (O), remains true if C is a single 
arbitrary path. 

The conjecture after Theorem 50, that the conclusion in that theorem cannot be 
replaced by f(x) > A, τᾶς > 1 along a tangential path, is proved in 1920, 7 (Theorem V). 

If C is taken along the circumference of the circle, and f(e*?) is the boundary func- 
tion, Theorems 49, 50, and (Q) become results concerning a conjugate pair of Fourier 
series; see §58 and 1920, 7, §1.5. These extend to results for a single Fourier series; 
see 1920, 7, ὃ 4 and in Vol. ITI, 1917, 10, 1924, 3, and other papers. For related results 
about Cesaro summability of power series see 1924, 1 (in Vol. ITI). 

The one-sided Tauberian theorem, stated in the addendum, is proved in 1914, 4 
(Theorem 11). 


ttttt Proc. London Math. Soc. (2), 17 (1918), 195-236 (209-10). 
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AN EXTENSION OF A THEOREM ON OSCILLATING SERIES | 


By G. H. Harpy. 


[Received November 11th, 1912.—Read December 12th, 1912.] 


1. Suppose that Ait, Ao,» Ag, «ι. 
is an ascending sequence of positive* numbers increasing beyond all limit 
with ἢ. Let C= 5 & 
i <a 
so that C(w) = 1 +egt... +c, 


1f Ap < w << Api; and let 
C*(w) = Σ (w—An)* Cn, 


rn gw 


x being any positive number. It will easily be verified that 
C“(@) = k [ Ο(τ)ί(ω --- τ). 1 dr. 
0 


Then, if , w~*C*(w) > C, 


as w—> oo, we shall say that the series 2c, is suwmmable (R, A, x)t to 
sum C. | 

If A, = 7, this definition of the sum of an oscillating series is equi- 
valent to Cesaro’s.{ | 


* A, may be zero. 

t That is to say, by Riesz’s means of type A and order x. These methods of summation 
were introduced by M. Riesz in a note in the Comptes Rendus of 5 July, 1909. A more 
systematic account of them, and of their applications to the theory of Dirichlet’s series, will 
be given in the Cambridge Tract on ‘‘ The General Theory of Dirichlet’s Series’’ that Dr. 
Riesz and I are now preparing in collaboration. “ 

t{ Riesz, Compies Rendus, 12 June, 1911. When I speak of Cesaro’s methods of 
summation I include the methods of non-integral order whose theory has been developed by 
Knopp and Chapman (Knopp, Inaugural Dissertation, Berlin, 1907 ; Chapman, Proc. London 
Math. Soc., Ser. 2, Vol. 9, p. 369). 


1913, 3 Proceedings of the London Mathematical Soctety (2), 12, 174-80. 
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If, in the general expression for C“(w), we take cx=1, w= Ap, Wwe 
obtain 


C* (wo) _ Aga) Cyt gg) Cart + Ap Apa) Cpa 
@ 


Pp 


where Cu = Cyt Cgt... +n. 


Thus, when « =1, Riesz’s definition is the natural generalisation of 
Cesaro’s which arises when we attach weights to the successive partial 
sums Οὐ". 


2. My principal object in this note is to prove the following theorem. 


THEOREM 1.—If Xc,, is summable (R, λ, x), and 


=f “She 
(1) c= 0 (“A *2), 
then Xe, 18 convergent. In other words, no series which satisfies the con- 
dition (1) can be summable by Riesz’s methods without being convergent. 


This theorem is the generalisation for Riesz’s methods of summation 
of what Mr. Littlewood and I have called the general Cesaro-Tauber 
theorem, the theorem* which asserts that a series for which c, = O(1/n) 
cannot be summable by Cesairo’s means without being convergent. 

I have already published a prooft of the special case of this theorem 
in which «x = 1, assuming, however, that the \’s are subject to the re- 
striction 


(2) An+if/An > 1. 


When this last condition is satisfied my theorem, and its extension to 
general values of x, may be deduced as a corollary from Mr. Littlewood’s 
extension of Tauber’s theorem. This method of procedure is, however, 
open to several objections. In the first place, Mr. Littlewood’s theorem 
is a more difficult theorem than that which we are using it to prove. 
Secondly, the proof also depends on another theorem of which no proof 
has yet been published, viz., the theorem that, if Lc, 1s summabdle 
(RB, A, x), to sum C, and Xc,e~* is convergent for «> 0, then 


dCne~** —> C, 


* Hardy, Proc. London Math. Soc., Ser. 2, Vol. 8, p. 307. 
T L.c., Ὁ. 313. 
{ Littlewood, Proc. London Math. Soc., Ser. 2, Vol. 9, p. 434. 
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as x->0.* Finally, until a proof is given of Mr. Littlewood’s theorem, 
which shall be free from restrictions on the \’s, we are compelled to 
adhere to the assumption (2). The presence of this unnecessary restric- 
tion is at any rate an esthetic blemish in the theorem. 

The idea of obtaining a direct and general proof of the theorem, which 
should be free from any restriction on the )’s, was suggested to me by 
Dr. Riesz. Dr. Riesz himself indicated to me the general lines of a proof 
in the case «=1. The form of this proof was different from that 
which I adopted in my previous paper. I find, however, that the line of 
argument which I then followed can be adapted so as to lead to the 
desired result, and I have followed it here, as the preliminary transforma- 
tions on which it is based seem to be of some interest in themselves, and 
can be applied for other purposes. 


8. I proceed now to the proof of the theorem. I write 
bn = AnCn; 


and use B(w), B*(w) to denote the sums formed from the δ᾽ Β in the way in 
which C(w), C*(w) were formed from the c’s. It is evident that there is no 
loss of generality in supposing « to be integral. Further, we may suppose 
our series to be real.t 


We have 
oH στως ὁ (ORY) Ja 
— B*(w) 
ott” 


Hence (a) the necessary and sufficient condition that the series Xen, of 
known to be summable (R, A, κ- 1), should be summable (R, X, x), ts that 


B*(w) = o(e*t?), 


--- .». 


* For the case κ = 1, see Hardy, J.c., pp. 311 et seg. Dr. Riesz has found a proof of a 
theorem a good deal more general than that stated in the text, which will be published in 
the Cambridge Tract already referred to. 

The steps of the deduction referred to in the text are as follows. From (1) we infer the 
convergence of ΣΟ, Θ΄ δι forx > 0. From the summability of 2c,, and the theorem stated in 
the text, we infer the existence of the limit as x—>0. Finally, from (1), (2) and Mr. Little- 
wood's theorem, we infer the convergence of Σ ὁ,» 


t Cf. Hardy, /.c., p. 303. 
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| d(C) xt] y (1.— 2)" 
Again, Ag or) | -- er ἃ ; με 1 "- An Qn 


nw ὦ 


== (κ Ἢ 1) ae : 


Hence (8) the necessary and sufficient condition that the series ΣᾺ 
should be summable (R, A, κ- 1) is that the integral 


[ae 


wt? 
should be convergent. 

I shall now show that, when the c’s satisfy condition (1) of the theorem, 
(8) implies (a). From this it will obviously follow that the summability 


of the series implies its convergence. 
We have, in the first place, 


Now, let. us suppose that (a) is not true, and that eg., the upper 


limit of w~*~'B* (w) is positive. Then there is a positive constant H, such 
that 


(2) B*(o) > Ho", 


for values of w exceeding all limit. 
Suppose €>w. Then 


g 
(8) B*(€)—B* (ω) = c| B*-"(u) du. 
Also [ΒΩ] =| Zw As)*7 ba | 
< K Σ (u—An)*~ (An—An—1) 
Ans 


<K | (u—w)* dw = Ke. 
0 K 
Hence 


ὦ) | BOB w) |<K | wdu= Ao (της πὴ < + ς- ὡξ' 


Let Q= (1 +p) ώ, 


where p is a positive constant to be chosen later. Then, for ὦ «  « Ω, 
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we have, by (2) and (4), 
B*(é) > BY(w)— |B €)—B*(o) |> Ho — a) 


_ Kptpy") 
k+1 ante 


But, when H and K are given, we can evidently choose p so that 


> {H 


Kp(-Fp)" τη 


K+1 
Then B‘(€) > 4Ho**?, 
for ω«ξ«ῷ, 
2. Β'"(ξ) ee Hp 
and so [ ἊΣ ἀξ» ΠΗ (ῶ --) ΤῚΣ = ὙΠΕΡ Τ ΤΙ Gta 


That this should hold for values of w exceeding all limit is a contradiction 
of the hypothesis (8). The theorem is therefore established. 


4. I add some remarks relating to the case in which the increase of 
the A’s is rapid and fairly regular. 


Suppose that Angi/An > 1+6> 1, 
where ὃ is a constant. Then the condition (1) of the theorem reduces to 
C, == O(1). 


But, in this case, more is true than is asserted by the theorem. It is, in 
fact, true that no series can be summable (R, A, «) unless it is convergent ; 
in other words, for such forms of A,, Riesz’s methods are completely 
trivial ; they sum convergent series and convergent series only. This can 
be deduced from another of Riesz’s theorems, viz., that* ¢f 2c, 2s 
summable (R, A, x) to sum C, then 


Se -- An+1 ᾽ 
Cr Toa Cans : 


This conclusion, so far as it goes, bears out Mr. Littlewood’s conjec- 


* A proof of this theorem also will be given in the Tract. 
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ure* that, for such “ regular high indices” Δ, the existence of the limit 


lim 2 Cy, e7**, 
K—>0 


always involves the convergence of > cp. 


5. Landau has generalised the “‘ general Cesaro-Tauber” theorem by 
substituting for the hypothesis 


C, = O(1/n), 
the less exacting hypothesis ὁ, = O,(1/n), 
that is to say, Cy > —K/n.t 


There is, of course, a corresponding extension of Theorem 1, which 
runs as follows. 


THEOREM 2.—A series Ucn, for which 


(1) | Cy = O1 (3: 


cannot be summable by Riesz’s means unless tt is convergent. 


The proof of this theorem requires merely a slight modification of the 
proof of Theorem 1. We have 


(1) Cy τ-- EK (An—An—-D/An 
If 
(2) B*(w) > Ho**! 


for values of w exceeding all limit, we take 


Q = (1+ p)o, 
and show, by substantially the same argument! as in ὃ 8, that 


B“(€) > 4Ho*! (ὦ « E<Q). 


* Littlewood, Proc. London Math. Soc., Ser. 2, Vol. 9, p. 446. 

t Prac Matematyczno-Fizycenych, Vol. 21, p. 97. In Landau's form of the theorem c, 
must obviously be supposed to be real, or it must be asserted explicitly that both the real and 
the imaginary parts of c, satisfy his condition. 

{ The only difference is that we use algebraical inequalities instead of inequalities be- 
tween absolute values. 3 
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In order to prove that the lower limit of indetermination is also zero, 
that is to say, that the inequality 
B‘ (wo) <—Ho**! (H>9)), 


cannot hold for values of w exceeding all limit, we need only modify the 
argument to the extent of considering an interval 


instead of an interval w<&< 0 = (( Ἐρ) w.* 


* Either interval would have served our purposes in proving Theorem 1. 


CORRECTIONS 
p. 176, lst footnote, line 5. For xk > 0, read x > 0. 


p. 177, line 8. Here and for the rest of the proof, for (α) and (B) read ‘the condition in 
(«)’ and ‘the condition in (β)". 


p. 177, 3 lines up, and p. 178 (3 times). For 
p. 179, last line, For = read < 


at after the first occurrence read K. 


COMMENTS 


Riesz’s theorem, stated in § 2, is included in Theorem 28 of H.R. 

The proof of Theorem 1, in ὃ 3, establishes the summability (R, A, 1) of Σ 6... but 
not its convergence. This was pointed out by Ananda-Rau,f who gave a proof of the 
final step, which is the case x = 1 of the theorem.{ In fact, if A, < w < Ap4, and 
€ > w, the Tauberian condition only gives | B(£)— B(w)| = |B(é)— B(A,)| < K|E—A,|, 
which does not imply (4) with « = 0. On the other hand, the condition B(w) = o(w) 
is equivalent to B(A,) = o(A,), and convergence is established by replacing the 
exceptional intervals ὦ < € < (1+ :)w by intervals A, < & < (1+ )Ap. 

The proof of Theorem 2 also establishes the summability (R,A,1) of }c,, and 
Ananda-Rau’s method gives 

| lim B(Ay)/An < 9, 
but not lim B(A,)/An, > 0 


Ananda-Rau§ showed by an example that the final step cannot be taken if λ, is 
unrestricted, but that it is valid if A,,,/A, > 1. Szasz|| showed that it is sufficient to 
add the (necessary) condition: lines 70: 

Some related Tauberian theorems for general Dirichlet series are given by Hardy 
and Littlewood in 1914, 11. See also D.S., Theorems 67, 103, and 104, and the Notes 
there. A number of gaps in 1913, 3 and 1914, 11 were filled independently by Ingham, 
in an unpublished manuscript dated 1924; see his obituary notice.ftf 


t Proc. London Math. Soc. (2), 17 (1918), 334-6. 
1 Hardy says (§ 2) that Riesz had indicated to ) him the ‘general lines of ἃ proof’ in this 
case. 
§ Proc. London Math. Soc. (2), 30 (1930), 367-72. 
|| Satz. d. Bayerischen Akad. d. Wiss. 59 (1929), 325-40 (published in 1930). 
tt Bull. London Math. Soc. 1 (1969), 109-24 (Paper 1 ()). 
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TAUBERIAN THEOREMS CONCERNING SERIES 
OF POSITIVE TERMS. 


By G. H. Hardy and J. E. Littlewood. 


THE theorems which we state here, and of which we hope 
to publish complete proofs later elsewhere, are of the same 
general character as those which we proved in our paper 
‘Contributions to the Arithmetic Theory of Series” recently 
published in the Proceedings of the London Mathematical 
Society.* There is, however, one distinctive feature in them, 
viz., that they are concerned with power series, or Dirichlet’s 
series, whose coefficients are all positive. 

Our analysis is based upon the following lemma, which is 
a particular case of a theorem due to Landau.t 


Lemma. [f0<«<1, and 


1 
J () Ὁ (ime) (k>0) 
as ὦ -» 1; and (1 --αἡ f' (x) is an increasing function of x; 
then | 


, . ke*i * 
—x)** 


fr — 
/ (1 
From this lemma it is easy to deduce 
THeoremM 1. If 2(α)Ξ Σὰ, αὐ is a power series whose 
coefficients are positive, and 


f(z)» 


1 
( -- οὐ" 


(ὦ: 0) 


as ¢—>1, then 
fi (a) ~ k(k + cas 1) . 
(1 — a)" 
And from this we deducet 
THEOREM 2. If the conditions of Theorem 1 are satisfied, then 
k 


4 = Boat a+-.-Fa,~ r(1+h) : 


* Vol. xi., pp. 411--478. 

‘+ Prac Matematyczeno- Fizyeznych, vol. xxi., p. 116. 

1 Ihis proof is far more difficult than that of ‘Theorem 1, but is of the same 
general character as that of the proof of the generalised form of ‘lauber’s theorem 
(Littlewood, Proc. Lond. Math. Soc. vol. ix., pp.. 434-448). The theorem is 
a particular case of a more general theorem in which the hypothesis that ana 
is positive is replaced by the hypothesis that a,>— Kn*", The superior generality 
of the latter theorem is, however, only apparent, as it is quite easy to show that 
the two theorems are equivalent. 


1913, 10 (with J. E. Littlewood) Messenger of Mathematics, 42, 
191-2. 
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We have also proved the analogues of Theorems 1 and 2 
for ordinary Dirichlet’s series, viz., 
ΤΉΕΟΒΕΜ 8. Jf s>1 and 
α 1 
(4) = 3 ~ ——_, 
760) ὌΝ (9 -- 1} 
as 8- 1, the coefficients a, all being positive, then 
; a, log n k 
conse 9.) Ξε μοὶ, πῶσ ΤῊΝ ------τ--τ--ς --ς 
7, 6) Σ γχ" ~ [5-- 2). 


THEOREM 4. If the conditions of Theorem 3 are satisfied, then 


a ἂς ΑΝ. ΟΝ 
fo ag ee (1+) - 


We have not yet proved the analogous theorems immedi- 
ately suggested for Dirichlet’s series of the most general type 


Da, e-Ans, 


COMMENTS 


This paper is an introduction to results proved in 1914, 4. 
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TAUBERIAN THEOREMS CONCERNING POWER SERIES AND 
DIRICHLET’S SERIES WHOSE COEFFICIENTS ARE 
POSITIVE* 


By 6. H. Harpy and J. K. LirrLewoop. 


[Received October 3rd, 1913.—Read November 13th, 1913.] 


1. The general nature of the theorems contained in this paper re- 
sembles that of the ““ Tauberian”’ theorems which we have proved in a 
series of recent papers.t They have, however, a character of their own, 
in that they are concerned primarily with series of positive terms. 


Let f(z) = La,x” 


be a power series convergent for #|<1. Weshall consider only positive 
values of x less than 1. 


Let Sy = Agta t+... Fan, 
L (u) = (log wu)” (log log u)* ..., 
where the a’s are real. Then it is known that, af 


8, ~ An’ L(n), 


where A ΞΕΟ, as n—> w, the indices a, ay, ag, ... being such that n*L(n) 
tends to a positive limit or to infinity, then 


fa)~A +2) 1 (4), 


(1—z)*t} 1—2z 
as x—>1.} 


i a a LS ---.ς---.--------. 


* A short abstract of some of the principal results of this paper was published under the 
title ““ Tauberian Theorems concerning Series of Positive Terms ’’ in the Messenger of Mathe- 
matics, Vol. 42, pp. 191, 192. 

+ Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 301-320; Vol. 9, pp. 434-448 ; Vol. 11, 
pp. 1-16 and pp. 411-478. 

+ The first of the a’s which is ποὺ zero must be positive. If a= a, =a,;=...=0, the 
theorem reduces to Abel’s well known theorem, Thespecia] theorem in which a, = a, =...=0 


1914, 4 (with J. E. Littlewood) Proceedings of the London Mathematical Society (2), 13, 174-91. 
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The principal object of this paper is to prove that the converse of the 
theorem is true when the coefficients a, are positive. We shall prove, for 
example, that 2f a, > 0, and 


fv) = Σα,.“" ~ (A > 0, a > 0), 


_A 
(l—2)* 
An* 


then 8η, ™~ Tata’ 


This result is a very curious one, largely because it lies much deeper and 
is much harder to prove than a first impression might tempt one to 
believe. Its appearance is that of a “special’’* (or ‘o”) Tauberian 
theorem. In reality, as will appear in the sequel, it is a theorem of the 
“general” (or ““O”’) type, and left-handed’’+ in addition. It is, in fact, 
of the same order of difficulty as the theorem “if a, >—K/n, and 
J(x%) >A, then Xa, converges to the sum 4. 1 The proof therefore 
naturally involves all the apparatus of repeated differentiation on which 
the proofs of such theorems ultimately depend.§ 


2. We begin by proving some subsidiary theorems which are interest- 
ing in themselves. It is hardly necessary to remark that all variables 
and functions considered in them are real. We suppose first that z is a 
variable which tends to infinity. 

We shall begin by proving a theorem which is due to Landau, and on 
which nearly all our subsequent analysis depends. The theorem is of 
great interest in itself, inasmuch as its general character is that of an 
“‘O” Tauberian theorem, and it was the first theorem of this nature 
stated explicitly. 


ΤΉΒΟΒΕΝ 1.—Suppose that (i) f(x) is differentiable, and (ii) xf" (a) 


was proved by Appell, Comptes Rendus, Vol. 87, p. 689. The substance of the general 
theorem is due to Lasker, Phil. Trans. Roy. Soc., (A), Vol. 196, p. 444: Lasker does not 
actually state it, but it is a trivial deduction from the theorem which he proves. The theorem 
was first stated explicitly in the form we have adopted by Pringsheim, Acta Mathematica, 
Vol. 28, p. 29. Pringsheim, however, proves a more general theorem, inasmuch as he con- 
siders paths of approach of x to 1 other than the real axis. 

* Cf. Hardy and Littlewood, Proc. London Math. Soc., Ser. 2, Vol. 11, p. 413. 

Tt L.c., p. 416. 

+ We stated this theorem without proof at the end of our paper already quoted (l.c., 
p. 478). 

§ Littlewood, ‘‘ The Converse of Abel’s Theorem,’’ Proc. London Math. Soc., Ser. 2, 
Vol. 9, pp. 434 et seq. 
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steadily wrcreases. Then 


f(@)~ a, 


involves ΖΓ ἡ ~ 1.5 


Suppose that the theorem is untrue. Then it must be possible to find 
a number ἦν different from 1, and a sequence (#,) of values of x tending to 
infinity, such that file) >h, 


as v—> 0. Let us suppose, for example, that h>1; and let ὃ be a 
positive number. Then, as ,>o, 


F(t. +62,) —f(z,) a2 1 , ? (nae > a, ἢ Ly) Γ dz 


Ox, OL, Ja, ox 2x 


Ly 


h (®t dx _ hlog(1+6) 


~~ —<— ——_ 


δ. κα ὃ 


But, since f(z) ~ ὦ, 


fla, +6e)—f@) 1. 


δα, 


and these two results are contradictory if ὃ is sufficiently small. The 
hypothesis that h <1 may be disposed of similarly. 


8. Tueorem 2.—Let d(x) be a function which tends to infinity with x 
and has a continuous and positive derivative, and suppose that 


P(t) 
(1) $ (a) 2, 


(ii) x2f'(x) steadily increases. 
Then F(a) ~ φ() 
anvolves 1 (x) ~ ¢'(@). 


This theorem follows at once from Theorem 1 by means of the substi- 


tution r= oy): 


* The converse inference may, of course, always be made, Theorem 1 was proved by 
Landau (Rendiconti di Palermo, Vol. 26, p. 218). We insert a proof for the sake of com- 
pleteness. 
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By means of one or other of the substitutions 


1 
yc’ omy 


we deduce 


TueoremM 2a.—Let (x) be a function of x which tends to infinity as 
x tends to ὁ from above or from below ; and suppose that 


ἡ $@) .... 
(1) $' (a) (x—c), 


(1) (α---ο f'(x) steadily decreases or increases.* 


Then f(x) ~ p(x) involves f'(x) ~ φ' (2). 


Suppose, in particular, that 


where 4 >0, a>0, and «—1 from below. Then 1-- ~ ag/¢’. 
Hence we have 


ΤΉΒΟΒΕΜ 8.—If (ὦ ~ τς: L (=), 


where A>0,a>0, and (1—2) f'(x) increases as x—>1, then 


Oe L (τ. 


(1—a)**! 1—z 


4. From Theorem 8 we can deduce a preliminary theorem concerning 
power series which seems of considerable interest in itself. 


ΤΉΒΟΒΕΜ 4.—If f(x) = Za, x" is a power series with positivet co- 


efficients, and 
A 1 
: f(a) ~ Goat (=) (4A >0, a> 0), 
i V'(a+7) A aS 
a fe) ~ Tay Tare © (5): 


* (x—c) f (x) must be an increasing or a decreasing function according as ὦ tends to its 
limit from below or above. 
t We use ““ positive "’ to include ‘‘ zero,’’ 
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We have 


— x. ge -/ ~ 4 7 1.1 
g(x) = 25,2" = = d—pntk ( ) 


Also 
( --- αὐ σ' (a) = ( ---ὖ Dns,2"-! = $,+ (28,—5,) + (88g—2sq)x"+... 


has all its coefficients positive, since s, increases steadily with n. Hence 
(1—z) g'(x) increases with z, and so, by Theorem 3, 


(a+1)A ( 1 ) 


9' (5) ~ Goat \i—e 


! A 1 
Ζῶ = 1—2)9'@)—9@) ~ 7 “ab (75). 


A repetition of the argument leads to a complete proof of the theorem. 


It is important to observe that this process of differentiation is πού legitimate when 
a=0. Suppose, ¢.g., that 


We cannot infer that ὁ f' () ~ sah ; 


all that the argument leads to is 
Ὄπ θυ 11} 
f' (α) τ ο Ϊ 122 log ae ᾿ 


We can show, moreover, by actual examples, that the suggested inference would be invalid. 


8 le, th , 
uppose, for example, that f(e)= 3a" (a> 2). 


Then it is easy to see that 8, ~ logan, and 580 


f(a) ~ log ( Ξ ). 


log a 1-ὦ 


But it is not true that (1 -- αὐ f' (x) leads to a limit as ὦ - Ὁ 1. This is most easily proved by 
means of Theorem 8 below. Since 


af' (x) = 2a" 
is a series of positive terms, f’ (x) ~ A/(1—) would involve 


ἐ Ξῷώ 3S a*~ Ay; 
αἰ «“ν 


and this is obviously untrue, since whenever ν passes through ἃ value equal to a power of a, a 
new term is introduced into ¢, which is greater than the sum of all which precede.* 


* See Hardy, Quarterly Journal, Vol. 38, pp. 279 et seg., for analytical formule which 


show in an explicit manner the behaviour as z->1 of the series 22%", Σί-- 1)" οὖ and their 
derivatives. 
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In the sequel we shall use not Theorem 4 itself, but the theorem into 
which it is transformed by the substitutions 


eae, f(iz)= FO. 
ΤΉΕΟΒΕΜ 4a.—If a, Σ5 0, and 
F(t) = Saye" ~ At*L (+): 


as ἐ-» 0, then 


(—po From ~£ EE? ate 7 (F ). 


5. Theorem 4 is capable of various interesting generalisations. 


THEOREM 5.—The condition that an > 0 of Theorem 4 may be replaced by the more 


general condition that Nan = Ox {neL (n)} 
4.¢., that 1a, > —Kn*L (n). 
Let g(x) = Σ διῶ" = Σ {an+ Kn2-! L(n)} x". 
1 1 
n ’ po ————— ἢ | ——— . 
Then ὃ, > 0, and g (x) (4+ Fe \ (ioe) (τὲς 


ee Ὄπ fy) Ye 
Hence, by Theorem 4, g' (x) {4 + τοὶ ἃ --α)ετι (=) : 


Aa [1 
and so f' (x) ~ 4Ξ “ent (755): 


THEOREM 6.—The condition that an > 0 of Theorem 4 may also be replaced by s, > 0, or 
by sk > 0, where sk is any one of Cesdro’s means formed from the series Zan; or, more 
generally, by sn = Ox {nL ()} or 


sk = Or {net* L (n)}. 


In the proof of Theorem 4, the condition a, > Ο is used only to justify the differentiation 
of the asymptotic equality 
A 


= Rom ee es ,.1 
9 Ξε ες τὸν (532): 


And the result of the theorem shows that s, > 0 is a sufficient condition for this, Repeating 
this argument we see that sk > O is a sufficient condition. 


The more general results may be established in the same way, if we appeal at each stage 
to Theorem 5 instead of to Theorem 4. 


6. Suppose that the conditions of Theorem 4 (or of one of its generalisations) are satisfied. 


Then Aa 1 
Σ παν = xf (x) ow? Tee es a (+). 


Operating repeatedly in this manner, we see that 


snta,en ~ Eietr A ( 1 


Γ(α) (1--α)ατν Ng 
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for all positive integral values of r. We shall now show that this result holds 'for all values of 
y greater than ~a. 
It is plainly enough to prove this when 7 = --β, 0< B< a. We write 


w=e-', f(x) = F(t), 


so that F(t) ~ 41(4), 
as £0. Then 
1 Ἵ 1 ἵν a] 
Σηυ βϑα,,.6 -5ὶ = =a | ue-1Sa,e-" 8+") du = =a | μθ-}} (t+u) du. 
(6) Jo F(A) Jo oe) 
Also β- A(t ad A i ae L{ 1 ) au 
[- δος Ι. (τὴν ἔτ 
_ AT (β)Γ (α--β) μ.-α (+ * 
F(a) pe t ) 


The result is thus established for —a < r <0; the general result then follows by using the 
special result in which 7 is a positive integer. We have thus proved 


THEOREM 7.—If f(x) = Za, x” is a power series with positive coefficients (or subject to the 
more general conditions of Theorems 5 or 6), and 


f(e)~ ~~ 4 ( 1 (A >0, a> 0), 


(1 -- α)ς 1--α 
ee Ss (7) ae οι, +.) 
then Fr (a) = En'An x T (a) Gann” {1 ' 


for any value of r, integral or not, greater than —a. 


7. We pass now to the proof of the principal theorem of the paper. 


ΤΉΒΟΒΕΝ 8.—If f(z) = Σ αι") ts a power series with positive co- 


efficients, and 
A 1 
fa) ~ qa (5): 


1—z 


where A>O and the indices a, ay, dg, ... are such that n*L (n) tends 
to a positive limit or to infinity as n—> w, then 


A a 
Sn ™ T(a+1)” Ln). 


We suppose A = 1, and write x = e~’, so that ἐ-- 0, and 
(1) f(a) = F(t) = La,e™™ ~ t-°*L (1/0). 
* These transformations, of course, merely express the general lines of a straightforward 


proof, the details of which will easily be supplied by anyone accustomed to work of this 
character, 


1918.] TAUBERIAN THEOREMS. 181 


In the first place, we have 


Sn<e Daye" < eF (1/n), 
0 


and so, from (1), 


(2) S, = O{n*L (n)}. 
Next, we have 
(8) Σ 5, δ πο ΠῚ, (1/0). 


Differentiating this relation r times, as we may do in virtue of Theorem 4, 
since a+1>0, we obtain 


(A) Σ 8,6 ~ Πα γ-Ὁ1) pracy (= +). 


T(a+1) 


We shall now prove that, <f any positive e is given, we can choose, 
jurst r and ¢, and then bps a ta 


in such a way that 


ο0 a T'(a+r+1) -—a-r— i 
Εἰ Σ nt 65: pe el AON ee val ) 
5, (l+g)(atrye pepe aa '(a+1) t 
(1=¢)(a+r)/t TP (a+r+1) 1 ), 
r .—nt aN EE pare —l pane 
(6) ΣΟ ante eT OE (ἢ 


for 0<t< ht 


We shall suppose that 7 and ¢ are functions of one another such that 
677 > © and (°7->0as7—> οὐ and €—>0. We may suppose, for example, 
that ζὅγεξ 1. The condition that ¢9x-—> 0 will not be used until ὃ 9. 


8. It follows from (2) that the left-hand side of (5) is of the form 


O n*** Ti(nye~™.t 
(1+9)(a+ryt 


The maximum of the function under the sign of summation, considered as 


* 7 will be large, ¢ small, and ¢) small; and r and ¢ will be connected in a way which 
will be defined precisely in a moment. 

t The limits of summation are not in general integral. The extreme terms, considered 
as functions of ¢, are not of higher order than ¢-*-"Z(1/t), and the argument is in no way 
affected by including or excluding an additional term or two. 

{ Here and in the sequel the constant implied by the O is independent of r, ¢, and ¢, 
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a function of 2, occurs for a value of » given by an equation 
atrte, = nt, 


where e, is a function of 2 only which tends to zero as n>. Hence 
the function decreases steadily throughout the limits of the summation, and 


[9] 


n+" T,(n) 6" << νη τῦ Ly) t+ u*t* ZL (u) e~“ du, 


(14+¢)(a+ryt (1+¢)(a+ ryt 


where n = ν corresponds to the first term of the sum. The isolated term 


may be neglected.* 
The integral we write in the form 


lea} 
{ u2t? L(u)e~ lat) 6 (1 ἘΦ) dy, 
(14 Q)(a+n)/t 


The maximum of the function u**”L(we"“'*9 is given by an equation 


of the form 
| (1+¢)(a-+7+ en) = wut. 


Writing (1+¢)(a-+r+e.,)/¢ for τὸ in the first three factors of the subject 
of integration, and observing that the functions 


ὁ. 


ἔν 

( τ α-ἘΥ 

are, when 7. is large enough and ¢ small enough, certainly less than con- 

stant multiples of 1 and LZ (1/t) respectively, we see that our integral is 
of the form 


ofjanticto (2) ef 


esutl+s) a | 
(1+$)(a+r)/e . 


=) [es (at ptt? e~ Gt t+ slog α τῶ) fra-r-1l yp (+) ] 
= 0 [lag nprrerrrenZ(4)}, 


since (—log(1+¢) >0 when ¢>0. Our conclusion now follows from 


* See the last footnote. 
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the facts that 
D(atr+l) ~ (a+r)ttttt τ ατν, (2m), 
as 7-> o, and that C77, >a. 


The inequality (6) may be established in the same way. We write 


en ut Ξε gull) psutl—sy 


and have finally to observe that ¢+log(1—{) <0. Otherwise the argu- 
ment 15 practically the same. 

From (4), (5), and (6) it follows that when e is given, we can choose r, 
€, and ty(e, r, €) in such a way that 


(7) (1 —e) Da+r+1) f-e-r-17, (=) 


Γ(α- 1) 

«αι Ot < O40 PEE en L (Ὁ) 
for 0<t<t).* Hence, as s, is an increasing function of 2, we obtain 
(8. Sa-ey(a+nyt a nen < ate eer” πὴ & (+), 

Θ᾽) —sasgeae, 2 we > απὸ ἘΦ ΈΡΕΡ ἐμόσαν (1). 
9. Now write ἪΞΞ at? +A, 


so that |A|< ¢(a+7)/t. The next step in the proof consists in showing 
that we may replace »"e~™, in the inequalities (8) and (9), by 


(247) " exp [--α--»-- | 


We have here to make use of the second relation between r and €¢, 
namely that ¢°7 is small. We have 


nme—™ = (247) exp | —a—r—dAt-+r log (1+ 9} : 


ee ee eee 


* We do not imply that 7, ὦ, t) have the same values as before. 
+ We may interpret sx, when x is not integral, as meaning sz}. But the truth of the 
inequalities would not be affected by the inclusion or exclusion of an additional term or two. 
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Also, as |A| < ¢(a+7)/t, we have 


λέ ore γλϑιϑ αλί 
rtog (1+ mes) λέ = τ Fant Btn ate 
ME 
= gp FOCN+0€): 
and the factor οο( Ὁ +066) 


tends to 1 as 7 tends to infinity and ¢ to zero. If now we make this 
substitution in (8) and (9), and also substitute for [(a+7-+1) its asymp- 
totic equivalent given by Stirling’s theorem, we arrive at the following 
conclusion. Given any positive e, it ts possible to choose first r and ζ, 
and then t, = tole, 7, €), wm such a way that 


eat a+r? ( te) / (277) (af rets te LL ( 1 i: 


(40) Sa-eya4nyt & < Τα ἢ) es 


μάν {τὸν (2 πὶ oer Τὶ 
(11) ϑβαιρανὴμ Σ 6 RN > SF tn +4 L(+), 


for 0<t<t, the values of Χ included in the sums being those which 
differ from (a+r)/t by an integer and are less in absolute value than 


C(a+7)/t. 


10. In the inequalities (10) and (11) we may suppose that ἃ ranges 
from —@ to +o. For, when this is so, 


a9 Se-mimoon br / (22) 
t y 7} 
as ¢->0. On the other hand, 
(13) Σ δ᾽ τ = Οὐδ "ἢ +| en λλθία εν)} ΦΧ. 
A> C(atnyft S(a+ryt 


The integral is 


C(a-+7) ᾿ 2p 1, --- a+r ee "| 
She | ¢ au = 0 ree ; 


As ¢?r is large, the sum (18) is small compared with the sum (12). 

A similar argument may, of course, be applied to the terms for which 
ris large and negative. We may therefore suppose that ἃ ranges from 
—o to +o in (10) and (11). 
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We now use the asymptotic relation (12) to transform these inequalities. 
Observing that r ~ a+r as r—> ©, and that, when 7 is fixed, 


υ (1) (FF) 


as ἐ-»0, we see that given ε it ts possible to choose r, ζ, and ἐρίε, 7, ζ), 
so that 


(8) sa-rerne < Pep {0 Ὁ (HF), 


(14) δα τα τη) > ἐ ἡ ad Ε ι 


for O<t<t. Taking ἡ =(l—O)(a+n)/t and πΞῷ (1+ 6)(atn)/t in 
turn, and remembering that ¢ is small, we see that when ε vs given τέ 18 
possible to choose ny so that 


(l—e) Δ], (ἡ) < Γ(Ι -Ἑ α) 85, < (1+6)n*L Οὐ), 


for n>%. Thus Theorem 8 is proved. 


11. Theorem 8 has, as we remarked, in ὃ 1, the appearance of a 
‘special ” (or “‘o’’) Tauberian theorem.* But wecan at once deduce from 
it a theorem of an obviously “ general ᾿᾿ (or ‘“‘ O’’) character. 


THEOREM 9.—If we suppose, in Theorem 8, that a > 0, then the con- 
dition that a, >0 may be replaced by the condition that 


NA, = Or {n*L(n)} ; 
ὑ.6., that NA, > — Kn*L(n). 


For let g(a) = Y{an+Kn* L(n)} a” = Dbyx”.+ 


Then 0, > 0, and 
ate 1 ( 1 ). 


95) as 1—z 


* When all the a’s are zero, the theorem really is an ‘‘o’’ theorem. This may account 
for its having this appearance in general. 

Τ᾽ We may suppress enough terms at the beginning to ensure that L (n) is defined for all 
values of ἢ in question, 
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Hence, by Theorem 8, 


) «-- ~ Atk) κα 
> {a,+Ky*"L()} γάτα Vl, 
A τὸς 
and so Sy ™~ ΤΠ vl (72). 


It is also easy to see that, in all the theorems which we have been 
discussing, the function D(z), instead of having the special form 


(log u)™ (log log u)” ..., 
may be any logarithmico-exponential function,* such that 
un - L(u) <u. 
Hence we deduce 


THtorEeM 10.—If a, >0, and 


fa) ~ 2 (=), 


1—z 


where &(u) ts any logarithmico-exponential function such that 
1 < &(u) <u, 


so that “(Ὁ = wL(u), where a>O0 and κι ὃ X Lu) < ὁ, then 


(n). 


Sn 


1 
ἀν τε τὰ 


12. Theorem 9 may be proved by another method which possesses 
considerable interest. It is less direct than that which we have followed, 
and involves an appeal to a theorem of which we have not published any 
proof. But it exhibits the relations between Theorem 9 and some of our 
former theorems in a very interesting light. 

We suppose, for simplicity, that 


αι ΞΞ Ag... = 0. 
It is easy to see that it is enough to prove that 7 


f(z) = o(1—2)™, 


ne rn ME -Γ,ς----ς----ς----.----.-ς.-.-ς-.-ς..ὕὄ  --- 


* For an explanation of the terminology and notation of the next few lines see Hardy, 
‘‘ Orders of infinity,’’ Camb. Math. Tracts, No. 12. | 
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and An = Oz, (n*7), 
then Sn ΞΞ o(n’). 
We write g(x) = Laat Kn* ἢ. = Σὺ, 2". 


Then 6,>0 and g(x) = O(1—2)~‘*; and it follows, as at the beginning 
of § 7, that 


Σ ὃ, = O(n"), 
and so that 8, = O(n’). But, from the equations 

8, = O(n"), Ds,2" = 0ο(1--,) οτὶ, 
it follows, by Theorem 26 of our last paper,* that 
aS pass eee oe — o(n**), 


Now we know that if ¢(z) is a function of x which has a continuous 
second derivative ¢"(z) for all sufficiently large values of 2, and 


p(z) =o(x**),  p"(z) = O@*), 
then φ' (x) = o(x*).t 
It is possible to generalise this result by writing 

φ' (2) = Ὁ,“ 
for po" (xz) = O(r**'). 
And this generalised result possesses an analogue for series, namely : if 

Sotsy +... +8, = οὐ ἢ, an = Ox (n*—'), 

then 8, = o(n’). 


From this it is clear that we can deduce the result required. It must 
not be supposed, however, that in this proof we really dispense with the 
process of r-fold differentiation. This is involved in our former Theorem 
26, by an appeal to which we covered the most difficult transition of our 
proof. 


* Tc., Ὁ. 443. 


Tt This follows from Theorem 1 of our last paper if a 21, and from Theorem 5 in 
any case. 
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13. The analogue of Theorem 9, in the case in which 


C= = 44 = δος SO, 


is as follows. 


ΤΉΒΟΒΕΜ 11.—If f(z) >A as «> 1, and a, >—K/n, then Za, con- 
verges to the sum A. 


This theorem is true, and constitutes a very interesting extension of Littlewood’s 
generalisation of Tauber’s theorem. But a special proof is required.* 


We have, as 2 --" 1, f(z) = A+o(1), 
and f" (2) = Sn ()η1-- 1) ayv™-? > —KZ(n—1) 2"? = 058, (1 -- τα) 2, 
From this it may be deduced that f' =o0(1—2)-}. 

We write y for 1—2, so that y— 0, by positive values. The theorem we wish to prove is 
that the equations Fy) =A+o(1), 1") = Ox(1/y)? 
imply 1" (y) = 0 (1/y). 

Suppose first that, if possible FE" (γὼ > H/y, (H > 0), 
for an infinity of values y, of y whose limit is zero. We have also F"'(y) > —K/y?, and so, if 
Eas F'(y) = F'(y,) + { ᾿ F"' (u) du > = = ae. 
It is clearly possible to choose a positive number δ, so that 


᾿" (υ) » ΖΗ]; 


tor le Sy <1, = ( τδ)νυ:- 
And then F(n)—F(y;) = ik F' (y) dy > gH Ce = 13H, 
V5 ’ 


which contradicts F(y) = A+o(I). 


Similarly we can show that it is impossible that 
B' (ys) <—-H/ys (H>0). 
In this case we start from the fact that, if Ὁ < y < y;, 


F"(y) = F' (ys) =|" EF" (u) du<— = + Κι) WY, 
ν Ys 


and argue in the same way. Hence F" (y) = 0 (1/y). 


* If we write g(x) = 3 (an+ =) α" = 26,2", 


g (x) is of higher order than f(x). Hence we cannot prove that s, = Ο (1) in the way in which 
we proved s, = O(n) in §12. 
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Hence sna, αὐ = 0 (= ) 
1—ax 
and Nady = Ο, (1). 
Hence, by Theorem 9, Q,+2dgt+...+ Na, = 0(n); 


and the convergence of Za, now follows from Pringsheim’s generalisation of Tauber’s 
theorem.* 


14. In Theorem 9 we supposed that «a >0. An argument similar to that of the last 
section enables us to remove this restriction. 


THEOREM 12.—The result of Theorem 9 holds even when a = 0.T 


1 
We have fay ~L(-—), 
it er ae 1 1 
and f" (αἢ > —K3(n—1) D(n)a-2 = Ο, aia” Foner Be 
: ὶ = 1 1 ᾿ 
From this we deduce} f (x) = 0 = L (=) ; 
oe 1 1 a 
Hence Σ παρα Ξ-ο͵-" απ (:-:.}}: 


and therefore, by Theorem 9, a,+2a;,+...+7@, = 0 {nb (1}}}.ὄ 


That s, ~ L (2) now follows from Theorem 45 of our last paper.§ 


15. Before leaving power series and passing on to Dirichlet’s series we may add one 
further remark. The theorems which we have proved are all of what we have called an 
‘* Abel-Tauber’’ type; in all of them we start from (i) a hypothesis as to the behaviour of 
f(z) = S a,x" as x—>1, (ii) an inequality satisfied by a,, and deduce information as to the 
behaviour of s,, There are, of course, corresponding theorems of a ‘‘ Cesaro-Tauber’’ type, in 
which the hypothesis (i) is replaced by a hypothesis as to the behaviour of one of Cesaro’s 
means formed from Za,. These theorems are naturally easier to prove. We may content 
ourselves with enunciating the simplest analogue of Theorem 9, viz., 


* See Bromwich, Injintte Series, p. 251, Ex. 28. 

t This theorem contains Theorem 11 as a particular case. 

t The proof is similar to that of § 13. 

§ The argument by which Theorem 9 itself was proved would only lead to the result with 
an unnecessarily severe restriction on @,, viz., that 


ay = Or {y (7)}, 
where [ Ψ (u)du ““ Ln). 


Thus, if L(u) = log u, this argument would require a, = Οἱ (1/n), whereas the real condition is 
a, = O,(logn/n). The reason why a more elaborate argument is needed when α = 0 than 
when a > 0 lies in the fact that 

du 


(ἢ) 


|" 101, (2) 


is of order n*L(n) when a > 0, but of higher order when a = 0. 
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THEOREM 13.—If (5. +5, +... +58n)/(n+1) ~ Ant (4 >0, a > 0), 
and Nin = Or (n), 
then $, ~ An, 


It was substantially this theorem which was assumed at the end of §12. The reader 
will have no difficulty in framing further theorems of this type and of a more general 
character. 


16. We conclude by a brief statement of the analogues of the most 
important of the preceding theorems for ordinary Dirichlet’s series. There 
are corresponding theorems, for Dirichlet’s series of the general type 
2ane~™°, which it is our intention to publish elsewhere, and we shall 
therefore not enter into the details of the proofs. 


ΤΉΕΟΒΕΝ 14,—IJf f(s) = Zann is an ordinary Dirichlet’s series with 
positive coefficients, convergent - s> 1, and 


γὼ τ u(y) «>o, 


as 85-» 1, then 


(—1)" f(s) = Dan (log n)" n-§ ~ 


T(atr) A ( 1 


Τα) (s—1)**" ~~” \s—1/" 


Ihe argument by which we prove this theorem is substantially the 
same as that which we used in proving Theorem 4. We have only to 
observe that, if g(s) = f(s)/(s—1), then 


(s—1) g'(s) = f' (s)— £8) = — Sogn ayn “#2 San 


steadily decreases as s > 0. 

Theorem 14, though interesting in itself, does not give us precisely 
what is required for the proof of the analogue of Theorem 8. ‘This is 
contained in 


ΤΉΒΟΒΕΜ 15.—A result similar to that of Theorem 14 holds for series 


of the form 


Sa, [1 - τπ] (dn > 0). 


The proof of this theorem is very much the same as that of 


Theorem 14. 


17. From Theorem 15 we can deduce the analogue of Theorem 8, viz., 


ΤΉΒΟΒΕΝ 16.—If f(s) = Σα, γι" is an ordinary Dirichlet’s series with 
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positive coefficients, convergent for s > 1, and 
τ -- 
79 ~ Ea s—1/’ 


the indices a, a,... being such that (log n)* L (log n) tends to a positive 
lamit or to infinity as n—> οὐ, then 


— 44% Qn A a 
δὴ ΞΞ 7 + 5 +...4 = Papp es” Li (log n). 


We have first 


Ay 1 
Sn < ΟΣ — eg log v/log n < of ( ) 


ιν log n 
and so Sn = O { (log n)* L (log 72)}. 
Next f(s) = (Feces) et tt) 
ΟΧ 8) ΞΞ δὴ, ns) (a +1)*7} (s—1)* s—l1 ᾿ 


a relation which takes the place of (3) of § 7. We differentiate 7 times, as 
we are entitled to do in virtue of Theorem 15; and the rest of the argu- 
ment follows the lines of the proof of Theorem 8, no new difficulty of 
principle occurring. 


17. We do not propose to write this argument out at length, nor to 
discuss in detail the analogues of Theorems 9 et seq. It may, however, 
be observed that the left-handed condition which now occurs instead of 


An, = Οχ {n*L(n)} 
is log” an = Ο, { (log n)*L (log n) }. 
Further, the analogue of Theorem 11 deserves a separate statement. It ig 


ΤΉΒΟΒΕΝ 17.—If f(s) = Sa,zn-*> A as s>1, and a> — K/log n, 
then X(an/n) converges to the sum A. 


This is the “left-handed” form of Littlewood’s* generalisation of 
Landau’st analogue of Tauber’s theorem for ordinary Dirichlet’s series. 


a en OS 


* Littlewood, l.c., p. 438. ΑΒ we are supposing s to tend to unity instead of to zero, our 
condition is αν >—K/logm instead of an > — K/n log n. 
t Landau. Monatshefte fiir Math., Vol. 18, p. 8. 
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CORRECTIONS 


p. 179, line 7. For (— 1) read (— 1)". 
K 
Γί(α) 
line 18. For ‘ Cesaro’s means’ read ‘ Cesaro’s sums’; compare line 20. 
line 19. Read sy. 


οο 
p. 180, line 7. For > read >. 
1 


lines 14-15. For read KI'(a) (twice). 


p. 182, line 1 up. For ‘Our conclusion’ read ‘The inequality (5)’. 

footnote. For ‘the last footnote’ read ‘footnote f on p. 181’. 

p. 184, line 9 up. The series in (12) should be the same as that in (10) and (11). 

p. 186, line 8. The line should read ‘yu < Lu) < uw, if a > 0; or - Liu) < uv, 
if « = 0’. 

p. 187, line 9 up. For x*+! read x°7}. 

p. 189, last footnote, ine 2 up. For n“% read τ. 


p. 191, line 7. For e~#!€»/loe™ read ele v/0e ας, For f ( 


) read f (1+ : ) 


logn logn 


COMMENTS 


There is an abstract of the main results of this paper in 1913, 10. 

Theorem 1 seems to need some amendment before it includes Theorem 2. If we 
transform Theorem 2, by putting y = (x), x = ly), f(z) = Fly), it becomes: 
Theorem 1’. If ψ'(") is positive and continuous, and u(y) > οὐ as y > 0, and 1} (1) 
b(y)ib'(y) ~ ys (ii) F’(y oly) /b’(y) increases, then F(y) σαν umplies F'(y) ~ Lasy > ©. 
Theorem 2 is obtained by reversing the transformation. The proof of Theorem 1’ is 
similar to that of Theorem 1. 

To obtain Theorem 3, a positive factor « should be inserted on the right in condition 
(i) of Theorem 1’, and on the left in condition (i) of Theorems 2 and 2(a). 

The formula in § 6, for the fractional integral of a sum of powers of exponentials, is 
due to Liouville.t 

Theorem 11, ὃ 13, is the 0,-Tauberian theorem for Abel summability; stated in an 
addendum to 1913, 2. It includes Landau’s O,-theorem for Cesaro summability{ 
and Littlewood’s O-theorem for Abel summability,§ which both include Hardy’s 
O-theorem for Cesaro summability (1910, 3). The O,-Tauberian condition was 
extended by Schmidt|| to: s, slowly decreasing, i.e. lim(8_,—S,) > Oasn + οὐ, ὅν > N, 
m/n - 1. Theorem 11 is deduced from Theorem 8, the ‘positive’ Tauberian theorem. 
In D.S., pp. 154-5 and 162-3, Hardy shows, conversely, that Theorem 8 (with 
α = 1, L(u) = 1) may be deduced from Theorem 11. 

The one-sided result for sequences, stated at the end of § 12, needs to be proved 
independently of the first proof of Theorem 9, in order to complete the second proof. 
For a = 0, the result is Landau’s O,-theorem for (C, 1) summability (loc. cit.); the 
general case is included in a theorem of Mordell.tf 


+ J. de lV’ Ecole polytech. 18, cah. 21 (1832), 1-67. 
t Prace Mat.-Fiz. 21 (1910), 97-177. 
§ Proc. London Math. Soc. (2), 9 (1911), 434-48. 
|| Math. Zeit 22 (1925), 89-152. 
++ J. London Math. Soc. 3 (1928), 86-9. 
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The corresponding one-sided result for derivatives, also stated, is not used in 
δ 12. A proof, fora = —1, is contained (effectively) in the proof of: Theorem 11, since 
it makes no difference whether y > 0 or y > 00. Mordelltt gave another proof for 
a = —I, and a proof in Landau’s Darstellung .. ., §§ fora < —1, is substantially un- 
altered if « > —1. These proofs depend on Taylor’s theorem, and do not require the 
continuity of f”; compare the footnote at the end of 1914. 11. 

In §§ 12 and 14, references to ‘our last paper’ are to 1913, 2. The theorems for 
Dirichlet’s series of general type, mentioned at the beginning of § 16, are proved by 
Hardy and Littlewood in 1914, 11. 


tf J. London Math. Soc. 3 (1928), 119-21. 


§§ Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionentheorie, 2nd edn. 


(1929), p. 58. Springer, Berlin. 
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NOTE ON LAMBERT’S SERIES 


By G. H. Harpy. 


[Received September 25th, 1913.—Read November 13th, 1913.] 


1. In a very interesting memoir “ Uber Lambertsche Reihen,” pub- 
lished recently in Crelle’s Journal,* Herr K. Knopp proves the following 
thearem :— 


Suppose that the series 


wo ἢ 
ῳ 

>a 

Ξ mn 1 — 7 


is certainly absolutely convergent for r=|a|<1. Let f(x) denote the 
sum of the latter series for r <1, and let 

— ἽΝ --- rerrilk 
where x is prime tok. Then 


ω 
Aky 


im — fle) = ξ ἄς. 
In its simplest form, when k= 1, this theorem is the analogue for 
Lambert’s series, that is to say, series of the form 


nv 
ω 


Σ ἀμ i—x" ’ 


of Abel’s theorem on the continuity of power series. I gave a proof of 


-------.---. 


* Journal fiir Math., Vol. 142, p. 2838. A less general theorem of the same character 
was proved by Franel, Math. Annalen, Vol. 52, pp. 543 ef sey. 


530 1914, 6 Proceedings of the London Mathematical Society (2), 13, 192-8. 
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this special form of the theorem in a paper published some years ago in 
these Proceedings ;* and in a later papert I stated without proof a 
generalised form of the result, in which the hypothesis of convergence is 
replaced by that of summability by some one of Cesaro’s means. It is 
naturally suggested that Knopp’s theorem should be capable of a similar 
generalisation, in which the hypothesis is that of the ea of the 


variou 8 series 
Aky +1 


κν-Εἰ 


That the theorem thus suggested is, in fact, true will appear in the 
sequel. It is not, however, precisely that which I propose to prove. A 
little reflection, in fact, shows that Knopp’s hypothesis may be replaced 
by another which is more natural and also slightly more general. His 
theorem consists in reality of two parts. Let us write 


_k-1 ὦ 


f(t) = Σ a Τ᾿ τῆν we ον Σ 2 Ay +1 t= ΒΕ ΣΟΙ = fo(x)+ Σ Sil), 


the first series containing those terms which become infinite as 2 — 2p. 
It is clear that the limit assigned by the theorem arises solely from f,(2): 
the theorem is, in fact, equivalent to two theorems, expressed respectively 
by the equations 

ἀν 


ky’ 


(1) lim (1—7) fo(x) = 


(2) lim (l—7) f(z) = 0. 


Conditions for the truth of (1) are naturally expressed in terms of the 
series on the right- hand side; but there is nothing in (2) to suggest the 
introduction of the series 

Mv th 


ἐν-Ἐ 1)" 


I propose therefore to modify Knopp’s condition. The condition 


* Proc. London Math. Soc., Ser. 2, Vol. 4, p. 253. 
t Math. Annalen, Vol. 64, p. 91. 


} The denominator ky arises from the fact that 


: 1-r : 1—r 1 
ae ee ae 
But Nii Ψ Ψ 
1 χὰν τὶ 
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which I shall suppose satisfied is that 


m 


Σ Cys = o(m). 
v=-0 


This is more appropriate and also more general :* we shall find, moreover, 
that the adoption of the more general hypothesis leads to a simplification 
of the proof. 

This modified form of Knopp’s theorem is a particular case of the 
theorem which follows, and the proof of which is the object of this note. 


2. THeorem 1.—Let Ay41 = 0,,1, and suppose that an integer p exists, 
such that (i) the series 
b 0 A}: 
ky ky 


as summable (C, p), (ii) the p-th Cesiro swm ΒΡ, formed from the serves 
Σ b,1, satisfies the relation 


== o(v?*’). 


αν 


7 


Then | lim (l—7) f(a) = Σ 
rl 


8. This theorem, like Knopp’s theorem, is really equivalent to two. 
We first consider ζῷα), and write y = αὐ (so that y is real), and c, = b,, οἰν. 
Then it is clear that what we have to prove is 


Tueorem 2.—If Le, is summable (C, p), then 


lim S¢ vy —y) = D6 
yl “1 Ξο i 


pe 


a ιι..μυιὄ.Ἄέήά͵͵͵,,ρ,οϑ ’’ρὃὖϑ.-΄ὖ’’Πἐ“ἐ“ἕἐἝ ὁ σΠπτπττςΓ Ὃς: ---ρ--:-.Ὁ--’Ῥ--ς-ρ--ς-ς--ςς  ὺὕὺὕΟ0Ὁ.π ΛΜ Ε᾽- 


* If, is the sum of the first 1ν terms of a series Zu, the convergence of Σ (2,/n) involves 
S, = 0(n), whereas the converse is not true. 

+ That the series which represents f(x) still converges absolutely for r <1 is trivial. 
That the hypothesis (ii) is more general than the hypothesis that 2 Pl is summable (C, p), 
follows from Theorem 14 of Mr. Littlewood’s and my paper ‘‘ Contributions to the Arithmetic 
Theory of Series,’’ Proc. London Math. Soc., Ser. 2, Vol. 11, p. 435. 

The least values of Ὁ for which (i) or (ii) is satisfied may differ according to the value 
of J. If one of them is satisfied for any special p, it is satisfied for any greater p; there is 
therefore no objection to supposing all the p’s the same. 


195 Mr. 6. H. Harpy [Nov. 13, 


This is the theorem which I stated in my paper in the Math. Annalen 
already referred to. It may be proved as follows. 


Write y=e"% φν(ιὴ Ξξ oe 


The result will follow from Theorem 8 of the paper quoted, if we can 
show that 
(1) the differences Md,(u) O<A< pti) 


can be divided into g, groups of successive terms of the same sign, where 
ga is a number which may depend upon wz, but remains less than a con- 
stant as ὦ -»  ; 


(2) the absolute value of 
| vy A* &, (uw) | O<A < p) 


is less than a constant for all values of ν and w in question. 


| Ζ,--ξιι 
Let P(E) = Ὁ ΞΞ — -- Ev (€). 


Then it is easily verified that 


( A A 2 A ὶ 
(λ) — (--ὴὴλ ς A, 1 λ, 3 A, A+] 
W (E) ( μ) ἰ εξ" ---. 1 + (ot — 1)? + eee -- (ef — 1+? J ἢ 


ἃ {AAj-1,1—-Aa 1&0 , λάχογ οππάχ, Eu 
pp) a peer 1 { A 1. 1 A, 1 A 1,2 A, 2 
(€) ( ἴω | es — 1 ss (6:"--- 1)" 


ae λάνχ. 1 χ-- Aa, Eu ἫΝ Ay agi Eu ) 
(e&"— 1) (e8"—J)*t1 5’ 


where the A’s are positive constants and 4,1 = 1, Ay xsi =A! for all 
values of A. If 6%(€) = 0, we obtain 


(A—&u) e+ ...+... = 0, 


an equation in ¢u whose remaining terms contain powers of e& lower than 
the A-th. It is plain that the number s of positive roots of this equation 
depends only on >. Let us denote these roots by ἡ, 2, ..., 45. Then 
the roots of 6“ (ξ) = 0 are 


Ex=n/u, mie, ...,  y6/r. 
Now dy (u) = (1 --οῦ ἢ Pv), 
Δλφν(ι) = (L—e“) Mb) = (— 1) (L—e φῶς), 
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where ν < €<v+A. Choose wu small enough to ensure that no two of 
n,/U, o/U, ..., -/% differ by less than A, so that the interval (ν, y+) can 
include at most one root of P”(€) = 0. As ν increases from 1 onwards, 
A*¢,(u) remains of fixed sign until y+A > é,/u. After this alternations 
may occur, but they must cease as soon as vy > €,/u. The total number 
of possible changes of sign associated with the root ¢,/w is at most A+1. 
Proceeding in this way we see that Δλῴν (0) cannot change sign more than 
(Λ- 1) 5 times in all. This proves the proposition (1). 
In order to prove (2) we must show that 


| (( --- οὖ AAS (y) | 
is less than a constant; and this will be so if the same assertion is true of 
| wE*™ (€) | . 


Referring back to the explicit formula for Φί" (ξ), we see that what we 
have to prove is that the functions 


(€a)* 
(e&— 1)¥ 


(E€u)**3 
(μα < λ), (e&"— 1)" (μ < A+ 1) 


are less than constants, and this is obvious. Thus (2) is true, and the 
proof of Theorem 2 is accordingly completed. 


4, In order to complete the proof of Theorem 1, we have to show that 


ἐντὶ 1 
fil®) = 2 by, 1 7th = Ὁ (+). 


The series may be written in the form 


ky +l 
a? 
20.) Ξ ΞΤΕ ΣΕ: 
’ 1— art! 
where a = e2*"'*, Hence our theorem will follow as a corollary of 


THEOREM 3.—If 


γὴν + l 


ya ἊΣ 
90) ΞΡ Ξε 1--- αν» ν τ 


where a is any number other than a positive number not less than 1, and 
the p-th Cesaro sum ΟἹ formed from Σ ον satisfies 


C,= 0), 


then g(r) =o (+) 


as γ7-- 1. 
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The proof of this is simple. Let p =7* and 8 =a. Then 


A yh? ak p” = ( --- p) p" 
1—ar’t! ~~ ~ 1—Bp" (1 —Bp”)(1—Bp”*?)’ 
AZ pkey (1 —p)* ρ"( + Bp’*) 


1—ar®** ~ 1 —Bp)\(1—Bp"*)1—Bp"*)’ 
and generally 


Art! γῆν (1—p)?*" ρ" ame | 
1—oare ti (1— 8p’) (1—Bp"t}) τὰν ( — Bp’t?t) 


where xXp+1 18 a polynomial in p and 8 whose coefficients depend only 
on p. As ββ satisfies the same condition as a, the factors in the de- 
nominator are all greater in absolute value than a constant. Hence 


gh 
AP+! 75 = (1—p)?*!p"0 (1) ; 


1—ar 
j Σ γὴν γὴν P χ μὴ γεν 
and so oT per = =C, An = ~=2ca 1---αγῖν 
= O(1—7)?*! Σο(ν» "ἢ γῆν = o (+) ; 


5. It is easy to verify that all our conditions are satisfied if 
| ay = (== 1)" nv, 
where s is any number real or complex, and ὦ is odd. Hence, when 
“& approaches the point e”*"'* along a radius vector, 


1)” 928 a” ~~ 


1—2” 


f(z) = >> (— =~ 2 (— 1)}νν aA, 


{f k is even, the series on the right is no longer summable; and f(z) is, 
in fact, of higher order than 1/(1—7). Suppose, ¢.g., that s is positive, 
and k= 2, «=1, so that z>—1. Then 


my" Τ(Ἐ1) ¢(s+)) 
f@)=2; aah qa 


aus y=—2—->1,* 


6. It is natural to suppose that Theorems 1-8 retain their validity 


a ο΄... .. .. ο..--.... ...............,.,....,,. ee eee i νι τ πέσ en 


* See Knopp, Dissertation, Berlin, 1907, p. 34. 
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when x > ἄρ along any “ Stolz-path,” .6., any curve which has a con- 
tinuous tangent and does not touch the unit circle. Knopp* has extended 
his theorem to this case, but only under a narrower hypothesis, viz., that 
An 


the series 2 is convergent. It is quite easy to see that Theorem 3 


is still true under the more general hypothesis; but to make the corre- 
sponding extension of Theorem 2 (and so of Theorem 1) appears to be a 
less simple matter. The proof would presumably be based upon a 
theorem of Dr. Bromwicht which includes as a special case the theorem 
of mine used in § 8. 


eee 


ἘΠῚ ο., $1, p. 300. 
+ Math. Annalen, Vol. 65, p. 359. 


COMMENTS 


In D.S., Appendix IV, p. 373, footnote, Hardy remarks that Theorem 2, § 3, is more 
simply deduced from the theorem of Bromwicht mentioned in § 6 (cf. 1936, 1, p. 1, 
footnote) that: if (i) > n?|APtf,(y)| < K (0 < y < 1), (ii) f, = o(n-?) (0 < y < 1), 
and (111) fr(y) > las y > 1, and uf > c, 18 summable (C, p) to 8, then D> Cn JS nly) converges 
for0 <y < land tends tos as y > 1. 

Theorem 3 is included in a similar theorem, in which Ὁ} is replaced by »?+? in (i) 
and (11), and 1 replaced by 0 in (iii). 

In 1921, 6 (in Vol. IT) Hardy and Littlewood prove the deeper theorem that: if 
Σ en 18 summable by Lambert’s methodt (i.e. the conclusion in Theorem 2 holds), then 
dC, 18 summable by Abel’s method. See also D.S., pp. 373—4, and the Comments on 
1921, 6. Some related Tauberian theorems are given in 1936, 1. 


+ Math. Annalen 65 (1908), 350-69; see the Comments on 1907, 6. 
t DS., p. 372. 
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NOTES ON SOME POINTS IN THE 
INTEGRAL CALCULUS. 


By G. H. Hardy. 
XXXVII. 
On the region of convergence of Borel’s integral. 


1. Boret’s integral, associated with a power series 


2 () Σα͵ αὖ, 
18 7 

(2) f(x)= | on (tx) dt, 
where : ᾿ 

(3) u (2) = 2= . 


If the series (1) has a positive radius of convergence, the 
region of convergence of the integral (2) is Borel’s “ polygon 
of summability”; the integral is convergent everywhere 
inside, and nowhere outside, the polygon, and represents the 
analytic function f(x) defined in the ordinary way by the 
series (1). 7 

Let us suppose now that the radius of convergence of (1) 
is zero. If (2) converges for «=w,, it converges uniformly 
along the straight line (0, «,).* And if it represents an 
analytic function f(x) in a region D, that region must extend 
up to the origin, and the origin must be a singular point 
of / (a). 7 

My object in this note is to show by examples how Borel’s 


integral may converge in two different regions of the plane, 


having only the origin as a common boundary point, and 
represent, in these two regions, two different analytic functions. 


2. I consider first the series 
2! 4! 
14+0—-—+0+—+4+0-... 


ονϊ 


° ΝῊ ΒΡ ΜΝ pees a 
in which a, =(— 1) τ’ Sad 0. 


Here Borel’s integral is 
fia)= | eteedt, 
0 


* See Note ΧΧΧΙ,, vol. xl., p. 161. 


1914, 9 Messenger of Mathematics, 43, 22-4. 
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which is plainly convergent if 
—li<amz <1 
dor Same Sir 
5 “)} <= 5 
or ὅπ Same Ξ ὅπ, 


t.e., in two quadrants abutting at the origin. 
Suppose « real and positive. ‘Then 


1. A 
χω-- e-(u/z)-u" du, 


or, 1 ὦ ΞΕ 1 ||, 
7()-ν | emrerduayerr | er do 
9 ay 


= yely’ {3 VT — [ 
- Ὁ) 


say. The function 1 (7) is an integral function of y. Thus, 
in the quadrant which includes the positive real axis, 


f (e)=F (1/2). 
In the other quadrant it is plain that 
“Ζῶ =F (-1/a), 
which differs from 1. (1 [«]) by 
νπ 


τ ΓΔ ο- 35 e 
we 


e~" ae} 


Thus /(a) is equal to different analytic functions in the two 
regions. 


3. As asecond example I shall consider the series in which 


Pee τ ἢ 
ὡ 0 γὶ 
Here ΓΞ τα a (=U as 
onto vi o vi 
= e-e, 
Thus Borel’s integral is 
(4) fla)= | ete dt, 


If x=&+1n, “ 
|e-e*| = e—eF cosnt, 

It is easy to see that, if €>0, the integral (4) is convergent 

if and only if 7=0. On the other hand, if €<0, it is con- 

vergent for all values of ἡ. Thus the integral is convergent 
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(i) along the positive real axis and (ii) in the half-plane to the 
left. of the imaginary axis. | 
First suppose ὧ =€>0. Then, putting οἰ ται, we obtain 


f(x) = | eteltdt = i enue OM 
0 


1 U 


a | emg /E1 aig 
1 


=—y i e-vwy-l dw, 
1 


where y=—1/&=—1/zx. If, in the ordinary notation of the 
theory of the Gamma function, we write 


οο , .] Le) 
Γ (5) = | evws-ldw = | e-“ys-l dy + | e—’ws-l dw 
0 0 I 
= P(s) +4 (9), 
when the real part of s is positive, then Ὁ (5) is an integral 
function of s; and, for x real and positive, we have 


ena) | emma 
(6) f@)=~9(-=). 
Secondly, suppose §<0, andw=F=—r. Then 


I (x)= | e-t-e™ dt = | ew oe 


ae | e—wyy(1/¥)-l dw 
r 0 


1 
= ¥ | e-vwy-| dw, 
0 


where y=1/A=-1/E=-1/xz. Thus, for real negative 
values of a2, 
1 1 
(6) f(e)=-— P(--). 


The function P(s) is regular for all values of s save negative 
integral values (including zero), where it has simple poles. 


Thus | 
. ρ (- ~) 
x 2X 
is regular in the half-plane which we are considering, and it 
is clear that equation (6) is valid throughout this half-plane. 


The equations (5) and (6) show that Borel’s integral converges, 
for different values of x, to two different analytic functions. 


a in > . 


COMMENTS 


The examples in this paper illustrate 1911, 8; see D.S., pp. 184-90, 
and the Comments on.1911, 8. 
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SOME THEOREMS CONCERNING DIRICHLET’S 
SERIES. 


By G. H. Hardy and J. E. Littlewood. 
I. 


1. ΤῊΒ present paper is intended as a supplement to a 
serics of papers published during the last few years in the 
Proceedings of the London Mathematieal Society. 

‘hese papers have been concerned, in the main, with 
what we have called “ ‘lauberian ” theorems, theorems whose 
general charaeter is the same as that of Tauber’s well-known 
converse of Abel’s theorem on the continuity of a power- 
series. ‘Che most typical ‘lauberian theorems have, as one 
of their hypotheses, a hypothesis of the type 


(1.1) a, =O (n°), 


where a, is the genera] term of the series considered. It is 
a natural conjecture that there must be analogues of these 
theorems in which this hypothesis is replaced by one as to 
the convergence of a series of the type 


(1.2) Tn | a, [Ὁ 


and the fundamental importance of such hypotheses in the 
theory of Fourier’s series suggests that theorems of this 
character might prove to be very interesting. 

One such theorem has been proved already by Fejér.* 
Fejér shows that 

if (i) the series Za, ts summable (C1), (11) the series Snia, |” 
ts convergent, then the series La, 18 convergent. 

This theorem is the analogue, in the direction indicated 
above, of the simplest case of what we have called the 
“ general Cesaro-'l'auber theorem,” from which it differs in 
that the hypothesis that a4,=O(1/n) is replaced by the 
hypothesis (i). 


2, We do not propose now to work out systematically 
a whole theory analogous to that contained in our former 
papers. We shall confine ourselves to proving the analogues 
of two of our simplest theorems, viz.: (i) {7} α, ΞΕ Ο (1 {πη and 


f (a) = Za,x" tends to a limit as ἃ tends to 1 through real 


values less than 1, then Ya, ts convergent; (ii) ffa,=O(1/n), 


* Comptes Rendus, 6th January, 1913. 


1914, 11 (with J. E. Littlewood) Messenger of Mathematics, 43, 
134-47. 
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b τε Ο (1/n), and the series Za,, Xb, are convergent, then the 
product series Xc,, formed in accordance with Cauchy's rule 
for multiplication, ts convergent: or rather of the generali- 
sations of these two theorems which held for Dirichlet’s 
series and Dirichlet’s multiplication. 

One preliminary remark is required. In our previous 
researches there was a sharp distinction between “general ἢ 
theorems, theorems whose hypotheses involve an Ὁ, and 
“special” theorems, theorems whose hypotheses involve an 9. 
This distinction now disappears: the theorems which we shall 
prove are of a “special” character, and their proots involve 
none of the characteristic difficulties of these of the “general” 
theorems; nor do they appear to be capable of any generali- 
sation analogous to the passage from the “special” to the 
“« weneral.”’ 


3. In what follows we shall, as usual, denote by (A,) an 
arbitrary increasing sequence of positive numbers, tending to 
infinity with 2, and we shall be concerned with series 2a,, 
such that the series 

rn 7 1011 

(8.1) a) ha. 
where p is a positive number, is convergent: this series 
reduces to Sn?|a,/?"' when A,=n. It will be convenient to 
write A, =0. 

It should be observed first that the convergence of the series 
(3.1) for any particular value of p neither tmplies, nor ts 
emplied by, its convergence for any other value of p. We can 
see this by considering the special case in which A,=7. 
Suppose first that 

1 


a, = ——— 

" 9 (log η) Ὁ 
where 0<a<i1. ‘Then the series (3.1) is convergent if 

p> (1 /a) —1, 
so that its chance of convergence is increased by an increase 
in p. If on the other hand we suppose that a,=v™" when 
n=v, qa and β being positive integers, of which the latter 
is the greater, and that a,=0 when ἢ is not a perfect 2" 
power, the series (3.1) assumes the form 


συ» β- (ΨΈΪ)α 
. . ? 
and is convergent if 
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thus in this case the chance of convergence is diminished by 
an increase In p. 

Secondly, we observe that ¢f the series (3.1) ds convergent, 
the series Xa,e-8 is absolutely convergent for all positive values 
of s. ‘The proof of this depends on an inequality on which 
much of our subsequent analysis will depend, viz., the inequality 


(3.2) Σ αὖ «- (Σ αἴ ἢ VP+h) 5 prt ΡΡΓΡΕΙ) 


known as the “generalised inequality of Schwarz,” In this 
inequality the a’s, the δ᾽ 8, and p are positive.* | 
We have : 


n n Pee pi (p+1) Ay — Ap—1\2/(P+1) 
—A,s — ee ee fe ee = 
Σου ΣΙ αν) ( Ay ) : 


n λν » I/(v+l) (™ ἐὰν τ λιν. P/(p+1) 
<i> (; ae ) dy rl 13 Ga τ σἰφηγρλοὶ ; 
1 \Ap~Ay-1 | | 1 Ny 


Also 


r,s 


nm ἜΒΗ τ 1 nr 
Σ (5Ξ9} elPHPIs < ΤΟΣ (λν-- Ἀν. 4) 6- ἐφ ΠΣ ρ]λυν 
1 Ny rN, l 


< Ἵ | On ΑΕ ΩΣ < fee eee ᾿ 
ALJ (p+1)A,s 


From these inequalities our assertion follows immediately. 


4. THEOREM A. Suppose that the series 
5 ( Xr, ) la hae 
r δ Ant : 
as convergent, and that the series f(s) = Za,e-Ans, then certainly 


absolutely convergent for s>0, tends to a limit A as s—30. 
Then the series Sa, is convergent to the sum A. 


Choose m so that 
| 7 : P 
Σ (. α, |< εἴ" 
mat Ay — Ayo | 5 9 
and s so that s=1/2,, where n>m. hen, if 


a,+a,+...¢4a,=A_, 


we have 
/ m n ἐῤ 
A, -σίς) = Za,(1 -- ers) -ἘΠΣ a, (1-- ev) — 3 ayes 
” l m+1 n+l 
— 8, + S, + 8.5 


say. ‘Then 


* For a proof of the inequality see, e.g., F. Riesz, Math. Annalen, vol. 69, p. 435. 
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nm 


[5.48 2A, Ja,| 
m+1 


n ry Po, 1/(ptl) ( 2 P/(pt1) 
<s| > ( ) la, ett | > 11a) 


m+1 Ay— Ay Ϊ m+l 
a p/(p+) 
< €s jaar, - ἊΝ <esrt = ε. 
1 
Also 
_ 1. )1/(p4+1) ( +1 
|S,|< > oh "ὦ 4 > ἜΣ ΣΝ ; 
n+l (Ay— λν- "Ὁ n+l 
< €d-P/ (p+) (| e-l(pH)yplts uu)” ai 
0 
(p+ 
-ε( p a Ned 
pri 


Finally it is evident that, if » is large enough in comparison 
with m, we have | S,|<e, and so 


A,- f=) 


and the theorem is therefore proved. 

In particular the convergence of Sn?{a,|?", and the exist- 
ence of Abel’s limit lim Za," when «-—>1, involve the con- 
vergence of Za,. Finally, since the summability (Cr) of 2a, 
involves the existence of Abel’s limit. a series 2a,, such that 
ΣΡ] α, [δ΄ is convergent, cannot be summable (Cr) unless 
convergent. For »y=1, 7=1, this reduces to Fejér’s result. 


«8ε; 


5. Turorem B. Jf 3a,, 2b, converge to sums A, B, and 


λ » λ 4 
[ ptl n b qtl 
Σ Cons wa la, |P, —) 6. 


are convergent, then the Dirichlet’s product of the two series, 
formed according to the rule associated with Dirichlet’s series 
of type (X,), converges to the sum AB. 

‘The proof of this theorem is a modification of that of the 
theorem of which it is the analogue, given in one of our 
former papers.* 


* Proc. London Math. Soc., vol. 10, p. 899. 
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We shall use the notation 


U(x) = Σ u, 
πα 
to denote the sum of those terms of a series u,+2,+... whose 
rank is not greater than a positive number α; not necessarily 


an integer. We shall denote by ἃ () a continuous and 


steadily increasing function of , which assumes the value A, 
for «=n, and by (v,) the sequence (A,,+A,), arranged in 
ascending order of magnitude. 

The product series is Ec, where 


c= 3 ab. 
a AmtAn=r 
Thus 


C (r) = Σα, 
where the summation is bounded by the inequalities 
m>1, n21, A +A, ἕν, 


mon? 


Let us draw the curve whose equation is 
d(x) +r (y) = 
and take on it the point P whose coordinates are 
ae d (ξν)), Y= (ἐν), 


where ἃ is the function inverse to. Then C(r) is the sum 
of all products a,,6, such that (m, n) lies in or on the boundary 
of the region $QQ’, and A (x,) B(x.) the sum of all such 
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that (m, m) lies in or on the boundary of SRPR’. Hence 


σι) -- Α() B(x.) = Σ 4,3,+ 

(2) ( 
where D and D’ denote the regions PQR, P'Q'R’, the 
boundaries of these regions being reckoned aa part of them, 
except in so far as they are formed by the lines PR, PR’. 
It is plainly sufficient for our purpose to show that (e.g.) 


Σ a0 4, 
7" 


Σα, ὗ, -ῷ 0. 
(D) 
aS r—> oO. 
Now Sab= D a B{r(v,-A,)}, 
(D) es eae 


the modulus of which is less than a constant multiple of 
Σ |a,,|. 
ἀνρ«λριξν, 
We can choose r so that 


Ss λ ᾿ ‘ 
> “- ja Paes 
ἀν, <A wm Soy Na λ ] 7 


ἢ 


and then 


ΡῈ] Ξ +1 
=|a |< Σ(.-Ξ5 -]α "ΡῈ (p+) (5 "5 πὴ πὸ ) 
“ πῶ δὰ r 


A —A p/(p+1) 
<€ Ss νι Ν)-ὶ . 
biy-<Am<Svr An 


But 
λ —A vy αἰ! 
ἀν, <Am<r Mn ἀν» t 
Hence Σ |a,|~>09, 
ἀνε«λιι ἕν» 
and so Σ a,b, -> 0, 
(D) 
as ra>o. 


6. A comparison of the argument which precedes with 
that of our previous paper shows at once that a series 3a, for 
which 
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ts convergent may be multiplied by a series Sh, for which 


AX -λ 
b= (“5 A=) 
n 0 λ 


11 


Whether o may be replaced by Ο in this result we cannot say. 

In another of our papers* we showed that our theorem 
concerning the multiplication, by Cauchy’s rule, of series 
whose general terms are of order 1/n is a το αγν of another 
theorem, viz., that α series Za,, for which a,=O(1/n), ὕ' 
summable by any of Cesiro’s means, is summable (C, ~1+8) 
for all positive values of δι It is naturally suggested that 
this theorem also has an analogue, and we have in fact 
proved the following result. 


THEOREM C. Jf Xa, ts summable (Ck) for any value of 
k, and 


Zn? la, Κ΄ 
ts convergent, then Da, is summable (ο - ἜΣ + δ) for all 


positive values of δ. 


In order to prove this theorem, we observef that the 
necessary and sufficient condition that a series Sa,, known 
to be summable (Ὁ, 7 +1), shall be summable (Cr), 1 is that 


t”=o(n""), 


p(T ae (OTE a, ΤῊ +(? +) na, 


Plainly 


where 


t*=Of{n"la,| + (ι -- 1)" 2{a,|+...4+-2]a, |}. 


7] 


We divide the expression inside the brackets into the two 
parts 


Ne 7) 
S,= Σ (κι --ν τ 1)" ν αν]; 5, Ξε S(n-vt+1)' vas; 
vl +1 


and we choose 2 so that 


oO 
Sv? farce, 
m+] 


eens .-..»........».».-...»...».»“ονὐὦοὸὃὍ. .».»...ὕ..............-.-.-.---.ςἊ-.-ς.-.--ς-.-.-.. -ὸ.Ἅἅῇ se - «-..... -. A Ea 


* Proc. London Afath. Soc., wl. My Ὁ. 1 462, 
{ Proc. London Math. Soc., vol. 8, Ῥ. 804, 
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Then 
n nN 
1S.) <( Bw la, PH) ΡῈ) ΕΣ (n— ν Ἐ 1 ΦΈΡ ylipye/e+)) 
m+) m+1L 


n 
«ΕἰΣ (η -- ν τ 1){ΦῈ1}»}}Ρ ylpjelet) < eKn!, 
1 
where AK is ἃ constant. Also 
ἢ} 
[51 <n" Zvla,|<en™, 
1 


if n is large enough in comparison with m. These inequalities 
obviously suffice to establish Theorem C. 


TT. 


7. The theorem with which we shall conclude this paper 
is of a deeper character, 

We have shown* that ¢f f(a”) = 2a,x" is a power series, all 
of whose coefficients are positive, and which ts convergent when 
0<xa<1, and if 

A 
2) ~ ——-  (A>0, a>0) 
7Ζι ) , (1 —x)* ( ? }: 
as -» 1. then 
An* 


A= α, ἢ αι, Ἴ...-Ὲ α͵, Ὁ ΓΕ - αἱ a 


Further, we showed that the hypothesis that a,> 0 may be 
replaced by the more general hypothesis that a, >— Ine, 


8. We shall now prove 


‘THEOREM ἢ. Jf f(s) = 3a,e-\»8 ts a Dirtchlet’s series con- 
vergent for 5: 0, of type (A,) such that 


Nave —> 1 
Xr ; 


n 


* Proe. London Math. Sac., vol. 13. ‘Chis paper has not yet been published. 
+ In the paper referred to above we consider relations of the type 


γῶν ae oe (4) foe ch) 


The differences introduced into the proof by the adoption of the more general 
hypothesis are of the nature of trivial complications, and we shall confine ourselves 
now to the case in which a,=a,=...=0. The reader will easily eatisfy himself of 
the truth of the more general results which are at once suggested. 
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asn=-> οὐ, and with positive coefficients ; if further 


7) ~ As-* (450, a>0) 
as s—=>0- then 


A =a +a,+...¢F¢a,~ a . 
ny 5. Ὁ 539 ᾿ r(i+a) 


ASN>H., 
We shall base our proof on the following lemma. 


Lemma Di. 70 the series 


Ant) 
δ᾽ (8) = Za, | e dx 


ΕΣ 


Ἐπ 


F(s)~ 49 (A>0, α: 0) 


as convergent for 5» 0, tf further a,>0 and 


as 8- 0, then — 2" (59) ~ Aas", 
Let Θ)- 9, 
then 
7" (6) 


96! (s) =F" (s) -- 


) On ae 1 Any i ΗΝ 
Ξε --͵σα͵ ve da -- - Xa, 6" dx 
ϑ Aa ϑ An 


plainly decreases steadily as s->0. Hence, by a theorem 
of Landau,* 


, G(s) ~ © (Ag = — A (a+1) 5-2-2, | 


'σῳς- 


— Ο' (8) ~ Aas-e-!, 


There is also another lemma which we shall find useful, 
although it is of no particular intrinsic interest. 


Lemma D2. I/Z and p are positive, and 


C0, p->w, Jp, 
then 
1 


p(i—¢) ee 
e“uedu->0, =~ | e “uP du=-> 0. 
1) J 0 Γ(ρ +1) J pasty) | 


1 


* Rendiconti di Palermo, vol, 26, p. 218; see also Proc. London Math. Soc., 
vol. 13. 
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Consider the second integral, for example. It is 
1 on 
a RPT uPe—u/(1+C)e-Su/(1+%) du 
I (p +'1) J (14%) 
«ἱρ(1 Ἐξ))}ρ 
I (p + 1) 
(1 + δ» 
< Kk ——— 
Cup 
K 
= —— ¢-e{t-logil+2)} 
ἕνρ 
"ἘΠ 
Ca/p ? 


where K is a constant. That the other integral tends to zero 
may be proved in a similar manner. 


| 6- ζω (Ὁ dy 
ρ(τῷ 


οτ-τρ 


9. Before proceeding to the proof of the main theorem we 
add the following preliminary remarks. 


(i) Our argument will involve three variables, & γ, and 5. 
Of these € and » are definite functions of one another, and 
ζ-Ό, γερο, ζυ τοῦ. We may, for example, suppose 
that 2*7=1. The choice of a value of s will always be sub- 
sequent to that of and r. 


(1) We shall make a number of assertions of the type 


FS 7) 8) « ε, 


φ(ζ, 1, 8, €) <0. 


All such assertions are to be interpreted as follows: “ given 
any positive number e, we can choose 7, so that, when any 
definite r greater than 7, is taken, we can then choose s, 80 
that ¢ <0 for 0<s<s,, or for all such values of s as satisfy 
some further condition or conditions previously laid down.” 

It follows, of course, that when e occurs in each of a 
succession of inequalities it must not be regarded as a definite 
number having the same value in each inequality. 


(111) We may plainly take 4 =1. 


or, more generally, 


10. We observe first that 


(10.1) A, = 0(A%)3 
ες 1 
since A, <eS ae) < f(—) | 
1 n 
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Next, we have 


λ 
ST (s) = Daehn τ ZA, (e~Aas τὰ e~Anis) = stA, [= dc, 
n e 


nay 
and so Ed, | e-st@ dn wm g-a-!, 
An 


Hence, by I.emma D1, 


oe 
(10.2) 3A | fe ee es eee 
"J dn I‘ (a + 1) 


for any value of *. 
We shall suppose that 7 and s are such that 


τα 


8 μὰ 


and we shall denote by Am-y and Amy, the last and first 
respectively of the A’s such that 


(10.3) Am—v < (1 - ζῚ Amy Am+y > (1 + Ζ) Am. 


It is important to observe that ἐξ 7s possible to choose r and 
s so that either m—v or m+v shall be equal to any assigned 
large integer p. For example, m—v=p if 


ἐ ΞΘ ἐ Ὁ. 4 5 UO ote) 


eres ze 


and we can certainly choose 7 and s so that these inequalities 
shall be satisfied. ‘Chus m—v and m+v may be regarded as 
variables which assume all integral values, from a certain 
point onwards, as they tend to οὐ. 

Now 


Ans o ἃ [{λπι 
Σ A, arestedn< Καὶ 3X, i αὐ esedar 
An 


mtu An m+y 


fo a) 
<K | xr t+ae—sx dp, 
M+v 


fo a) 
= Ks-r-a-1 | urtae—4 du, 


SXmav 


where A is a constant. The lower limit is greater than 
(1+¢) (*+a). Hence, by Lemma D2, we have 


(10.4) Σ A, arestda «ΕΓ (r Ἐ α 1 1) sve}; 


γῆν An 
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and a similar argument shows that 
m—v—1 


ies 
(105) 3 A, ' are-sedy < eT (rtati)st-e-l, 
1 


11. From (10.2), (10.4), and (10.5) it follows that 


m+v—l Nasi r (r +at+t 1) 
11.11 = A x" est de> (1 -- ε)------ ------ --. 4 φπνπα-1 
( m—v | J An ( ) Τ' (a + 1) 
m+v—1 Ned Τ' (> +a+1) 
11.12 are-stdz < (14 €) + set, 
ὼς Σ Αι. ἀμ μὰ I (a+ 1) 
But, since a,>0, A, is a steadily increasing function of n. 
Hence 
Amey C(rtat+i1) 
Am-y i ese dx < (1 + €) Tati) 5.3) ~a-l, 
Amey UT (r+a4+1) 
γ,ρ--δὰ 1 eg) τ τ φ- 5 6 51 
Amty τ wae dx> ( €) Τ' (a - 1) 


In virtue of Lemma D2, we may replace the limits in these 
integrals by 0 and o. ‘The first inequality then gives 


‘T(rtatl) | 
ων ἡ ana στ τ ἃ 


1 "λα 
ee eee (=); 


I(a+1) \s 
1+ €é A 
(11.2) Amv < Tat as 
Now Am-v<(1—Z) Am, Am—v4t = (1—F) Am, 
and uate —> 1.* 
Hence ᾿ 
(11.3) Ages 


a νὰ 
C(at1) 7”? 


and similarly we can show that 


1 -- Ἐς α 
Αἰ, εν » T(a+1) Am+ty - 


* It is interesting to observe that this is the only point in the proof at which 
any use is made of this hy pothesis. 


993 


994 


146 Mr, Hardy and Mr. Littlewood, Some 


It now follows from the remark made early in §10 that, 
given any positive e, we can choose p, so that 
1—e 1+e 
—— 0. @< A. < ——__-__)\* 
Pati)? ~“*<Piati)? 
for p>p,, and the proof of the theorem is accordingly 
completed, | 3 | 


12. It is easy to deduce from ‘Theorem D a more general 
theorem. 


THEOREM E. The conclusion of Theorem D 7s still valid 
when a>0 and the condition that a, ts positive is replaced by 
the more general condition 


a,>— Kit (X,,—A,_,)- 


Let φ (8) = BAN (A, — Ay) τὰν, 


Then it is easily proved that the series is convergent for s> 0 
and that | 
9 (2) Γ (α)5 


as 8-» 0. 
The series ῳ (8) = f (6) + Ko (s) = Σ δ, 6.λ., 
where b,=a,+ KAR (A, Ay), 


satisfies the condition 


n A K 
H b, w ¥——— + —S AP: 
ence 2 Iman tst n) 
: ce λ΄ 
and since ZA, (Ay —Ay-1) ~ πῆ , 
1 α 
, rv." 
it follows that Aw a ; 
" T'(a+1) 


13. THeorem F. The conclusion of Theorem E ts still 
valid when a= 0. 

The proof given in the last section depends essentially on 
the hypothesis a>0. ‘The result is true when a=9, but the 
proof is more subtle. tf 


* Cf. Knopp, “ Divergenzcharactere gewisser Dirichlet’scher Reihen,” Acta 
Mathematica, vol. 34, pp. 165-204 (especially pp. 191-294). 
+ Cf. Proce. London Math. Soc., vol. 13. 
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We have to prove that ¢f 


: λ - λ 
(i) a,>—-K =", 


(ii) f(@) = Baer > A, 
as s->0, then a, is convergent. 


We have J (s)=A+o(1), 
and 
SJ" (8) = Ba,Me-ds > — IE TA,(N,—A,_,) eA > — Καὶ 9. 


Hence* — J (s) =0(1/s), 
2a,,r,e-Axs = 0(1/s). 
To this series we can apply ‘Theorem E; and so we obtain 
a,A,+a,r,+...+ 4,0, = 0(X,). 


But this equation, together with condition (ii), secures the 
convergence of the series Σὰ Τ; so that the theorem is 
proved. ᾿Εν theorem is of considerable interest as embody- 
ing the widest direct extension at present known of ‘l'auber’s 
original converse of Abel’s theorem.t 


ree 


* Proc. London Math. Soc., 1.6. supra. 

Τ᾿ Schnee, Rendiconti di Palermo, vol. 27, p. 87. 

1 In our earlier writings on this subject we have made considerable use of the 
following preliminary lemma: /f f(x) has continuous derivatives of the Jirst two 
orders, and f(x)=A+o0(1), f" (x) =O(1), as x 0, then SJ'(x)=o(1). Prof. J. 
Hadamard has very kindly pointed out to us that this result had already been 
proved independently, in the course of certain dynamical investigations, by 
himself (“Sur certaines propriétés des trajectories en Dynamique,” Journal de 
Mathematiques, ser. 5, vol. 8, 1897, p. 834), and by Herr A. Kneser (“Studien 
liber die Bewegungsvorgiinge in der Umgebung iustabiler Gleichgewichtslagen, 
Journal fiir Mathematik, vol. 118, 1897, p. 199). Hadamard and Kneser indeed 
prove the result, as Prof. Landau asks us to state, in the more general form in 
which it appears in his paper “ Kinige Ungleichungen fiir zweimal differentiierbare 
Funktionen” (Pree. London Math. Soc., ser. 2, vol. 13, 1913, p. 43), where only 
the existence and not the continuity of 2,“ (x) is presupposed. 

Both in our own writings and in Landan’s paper the theorem in question 
appears only as a preliminary to a series of numbered theorems, the novelty 
of which is in no way affected by this anticipation. 

We take this opportunity of referring also to a recent paper by Mr. A. Rosenblatt 
(‘Uber die Multiplikation der unendlichen Reihen,” Bulletin de 0 Académie dis 
Sciences de Cracovie, 1913, p. 603), which contains a number of very interesting 
generalisations of some of our theorems on the multiplication of series. 
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CORRECTIONS 
p. 139, line 11 up (3 times). For > read > 


aes em 
p. 142, line 7 up. For G(s) read sGi’(s). 
p. 146, lst footnote. Read Vol. 34, pp. 165-204 (especially pp. 191— 
204). 


p. 147, line 3. For f(z) read I (8). 


COMMENTS 


Part I 
In § 1, Fejér’s theorem is described as an analogue of the ‘general 
Cesaro-Tauber theorem’, but in ὃ 2 the theorems of Part I are 
said to be of a ‘special’ character. In fact, Fejér’s Tauberian condi- 


n ἵν 
tion implies the o-condition > va, = o(n), by the proof of Theorem 
1 


C, withr = 0,p = 1. 

In § 2, it is remarked that the theorems of Part I do not ‘appear 
to be capable of any generalisation analogous to the passage from 
the “special” to the “general’’. However, Szasz and Iyert 
extended the Tauberian condition in Theorem A, where p > 0, to 


Σ (Ap—Ap_a) PART a, ρει = O(n): 
1 


which is satisfied when a, = O((An—An_1)/An)- Szasz (loc. cit., 
paper (2)) extended this to a one-sided form, in which a, is 
replaced by |a,|—@,, with the extra condition lima, > 0. This is 
satisfied when a, > —K(Ay,—An_1)/An and lima, > 9. 

Theorem B is analogous to Theorem I of 1912, 2. In each case the 
Tauberian conditions are included in the pair of conditions 

> [σα] = o(1), 
42<drn<ux 

where Cy, = Gy, or By. 

Nedert replaced the o by O. This answers a question raised in 
§ 6, and also includes Rosenblatt’s extension of Theorem II of 
1912, 2 (see the Comments on 1912, 2). For further results see 1927, 
10 and 1944, 2. 

In an addendum to 1915, 6 (in Vol. V), Hardy remarks that in 
the proof of Theorem C, § 6, ‘the argument obviously depends on 
the assumption that r > —p/(p+ 1), which is not explicitly stated’. 


+ Szasz (1) Sttz. d. Bayerischen Akad. d. Wiss. 59 (1929), 325-40, 
with the superfluous condition lim @, > 0. Without the extra condition, 
Iyer, Ann. of Math. (2), 36 (1935), 100-16; Szasz (2), T'rans. American 
Math. Soc. 39 (1936), 117-30. 

t Proc. London Math. Soc. (2), 23 (1925), 172-84. 


Parr IT 


Theorem D, ὃ 8, is an extension of the ‘positive’ theorem proved 
in 1914, 4. Szasz (loc cit., paper (1)) showed that the hypothesis 
Anti/An > 1 may be omitted. On the other hand, both he and 
Ananda-Rau§ pointed out that, if « > 0, A > 0, the condition is 
in fact a consequence of the other hypotheses. This is because they 
imply that A(w) = ὩΣ A, ~ Aw/T(a+1), 

< 


n= W 


and hence that 

A(An)/Ag god A(An)/Aias ee A/T (a+ 1). 
Szasz (loc. cit., paper (1)) also remarked that Theorem D holds 
for A = 0, with the condition omitted; this is implicit in the proof 
of (10.1), § 10. 

In Theorems E and F, §§ 12-13, the condition A, 41/An > Lis still 
assumed. A method of Ingham|| may be adapted to show that in 
Theorem E, where « > 0, A > 0, the condition is again implied 
by the other hypotheses. First (cf. Ingham, loc. cit., p. 476) these 
imply that A(w) > —Kw* (w > A,) and 


00 A 
J Alte dt ~ a: 
0 


Then, by the ‘positive’ theorem for integrals, tT. 


μὴ A 
A,(w) = J A(t) dt ~ Tarn” +1, 
and hence 
(w—A,)A(A,) = A,(w)—A,(A,) = Toa (wet! — Ant1)+ ο( 11), 


wheredA, < ὦ < dy,,. PuttingA, = HAn+Ans1)s5n = HAngi—An)s 
we obtain, since a > 0, 

A,(An+6,)—24,(A,)+4,(A,—65,) =0= Adi, f*1/T (x) + ο(λα 8), 
where A,—6, < € « A,+8,. It follows that 5, = OAns1)> 1.6. 
Anii/An > 1. 

An example of Ananda-Rau{t{ shows that Theorem F becomes 
false if the condition A,,,/A, > 1 is omitted; see D.S., p-. 161 and 
also the Comments on 1913, 3. The proof of Theorem F uses 
Theorem E for A = 0. The proof of Theorem E holds for A = 0, 
but becomes false if the condition A,,,,/A, > 1 is omitted. This may 
be shown by a modification of Ananda—Rau’s example; take 
Xo = 0 and, for m > 1, 


Nem—1 = 2", dom = 2"+1, Aom_1 = —Agm = — 2™, 


§ Szasz (1); Ananda-Rau, Rend. del. Circolo Mat. di Palermo 54 (1930), 
455-61. 
|| Proc. London Math. Soc. (2), 38 (1935), 458-80. 
ΤΊ See 1930, 4, and the Comments on 1930, 4. 
11 Proc. London Math. Soc. (2), 30 (1930), 367-72. 
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Szasz (loc. cit., paper (1)) extended the Tauberian condition 


in Theorem F to: A(w) slowly decreasing, and deduced that the 
condition A, ,1/A, > 1 in Theorem F may be replaced by lima, > 0. 
Similarly, in Theorem E for A = 0, the condition may be replaced 


by lim @,/AR z= 0; 
compare the addendum to 1930, 1 and Ingham, loc. cit., p. 480. 


In the final footnote, § 12, it is mentioned that Littlewood’s 


Tauberian lemma for derivatives§§ was first obtained by Hadamard 
and Kneser in 1897. Kneser gave a detailed argument using Taylor’s 
theorem, as in Landau’s proof quoted in the footnote. Hadamard 
argued as follows: 


Nous avons & faire voir que la dérivée premiére est, pour ¢ suffisam- 
ment grand, plus petite en valeur absolue qu’un nombre quelconque 
donné ε. ; 

Soit, ἃ cet effet, J un nombre choisi arbitrairement. Dans la suite des 
valeurs de ἐ, il ne peut exister une infinité d’intervalles ayant chacun 
une étendue supérieure ἃ | et oti |df/dt| soit plus grand que ¢/2: car, 
dans un pareil intervalle, f varierait de plus de le/2, ce qui ne peut se 
produire indéfiniment puisque f tend vers une limite. A partir du 
moment ow ces intervalles cesseront de se rencontrer, le module de 
df/dt sera manifestement plus petit que ε si nous avons pris pour / un 
nombre qui, multiplié par la limite supérieure de |d?f/dt?|, donne 
un produit inférieur ἃ ¢/2. 


δὲ Proc. London Math. Soc. (2), 9 (1911), 484-48, Theorem (A); see also © 
Littlewood’s A mathematician’s miscellany, p. 36. Methuen, London, 
1953. 


Example to illustrate a Point in the Theory of 
Dirichlet’s Series, 


by 
G. H. Harpy in Cambridge, England. 


1. Suppose that 


(1) δὴ Mn δ 


where s=o+ti, is a Dirichlet’s series whose region of convergence 
is the half-plane ¢>o,; and that the function /(s) defined by the series 
is regular for σὴ», where 7<o,). In such cases it is often possible to 
obtain the analytic continuation of f(s), throughout the whole or part of 
the region 7<¢ ΞΞ συ, by one or other of the methods of summation em-. 
ployed in the theory of divergent series, as for example by the use of 
Cesaro’s means or the more general typical means of Marcel 
Riesz('). It results, in fact, from the researches of Bohr and Riesz, 
that the necessary and sufficient condition that the series (1) should be 
summable by typical means for o> 1s that f(s) should be regular and of 
finite order for o>), that is to say that, given any positive number ὃ, 
we should have 
Ζῶ πος), 
where & is a number which depends only on δ, uniformly for 
: ao =h+4, |é| =1(°). 

The simplest illustration of the theorem just quoted is provided by 

the series | 


0 es aes . 
This series converges for ¢>0, and represents the function 
(1 —2'-*) ζ(), 


which is regular all over the plane and of finite order in any half-plane 


(1) For a systematic account of the theory of typical means see G. H. Hardy and 
Marcel Riesz, ‘The general theory of Dirichlet’s series,’ Cambridge Tracts in 
Mathematics and Mathematical Physics, 1915. 


(?) Hardy and Riesz, loc. cit, Theorem 45. The result was first given for — 


‘ordinary’ Dirichlet’s series Sa,n-*, by Bohr (Gittinger Nachrichten, 1909). 


1915, 11 Téhoku Mathematical Journal, 8, 59-66. 
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o>. The theorem then asserts that the series is summable by 
Cesaro’s means (*) for all values of s; and it is in fact summable by 
means of order k for σ᾿» --ἰ (5). 

It is of some theoretical interest to give simple examples in which 
the method of summation by typical means entirely fails to effect the 
analytic continuation of the function f(s). In this note I give two such 
examples ; in each /(s) is regular all over the plane, but the half-plane 
of summability coincides with the half-plane of convergence. 


2, The series 
(2) ; a, ( sai, Lo a ane 
1 ς 


where O<a<1, is convergent if and only if ¢>0, and then absolutely 
convergent. Suppose now that «>0, k>0 and that (sn*)-“ has its 
principal value. Then, in virtue of a well known formula of Mellin (*), 


we have | 
K+in 


ge ἘΠῚ ἫΝ | (sn")-"I" (u) du. 
2πὶ 
Καὶ 


If further ee ; we may multiply by (—1)"~? and sum under the sign 
a 


2 


of integration from 1 to o(*), obtaining 


: K+ia 
tL ae 1 : 
(33), f(s)= DX ἘΠῚ δον ἄς -- 8:1 (ἡ 4 (au) du, 
: k-ix 


(1) There are two kinds of typical means, the ‘first’ and the ‘second’ kind, asso- 
ciated with a Dirichlet’s series of given type. In the case of an ordinary Dirichlet’s 
series, the means of the second kind are equivalent to Cesaro’s. It is indifferent, in the 
enunciation of the theorem quoted above, whether the typical means referred to are of 
the first or the second kind. See Hardy and Riesz, loc. cit, and the memoirs of 
Bohr and of Riesz there quoted, in particular the note of Riesz entitled ‘ Une méthode 
de sommation équivalente a la méthode des moyennes arithmétiques’ (Comptes Rendus, 12 
June 1911). 2 i 

(2) The substance of this result is due to Bohr, who however considered integral 
orders of summation only. The extension to non-integral orders is due to Chapman. 
For fuller information see Hardy and Riesz, loc. cit., pp. 20, 24. 

(3) See eg. Mellin, Math. Annalen, vol. 68. 

(5) Since | 
5s * h+io = 


fie Ir (u) | Dp (τα | | du | 
1 

Κ-οὶ Ὁ 

is convergent. 
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where 
NH 
ἡ () Ξ- δ) (-- tacts (1-2 ne (2). 
1 


It is moreover easy to prove that the integral (3) is equal to the sum 
of the residues of the subject of integration at the poles ἡ πε), —1, 
.('). We thus obtain the equation 


(4) J(3)= parca 7 (—an), 


which shows that /(s) is an integral function of s(?). 

But the series (2) is not summable by Cesiro’s means for any 
value of s whose real part is negative. For, if a series δὼ is summa- 
ble by Cesaro’s means of order Δ, then 


C= OG) CAS 


and it is obvious that this condition is not satisfied in this case. The 
typical means of the first kind, for a Dirichlet’s series of type wu’, 
are equivalent to Cesiro’s(*). The series (2) is therefore not summa- 
ble by typical means for any value of s whose real part is negative. 
For the sake of completeness I may add that, when o=0, the series is 
summable by Cesiro’s means of any positive order. 

9. The series (2) is not an ordinary Dirichlet’s series. I shall 
now give an example of an ordinary Dirichlet’s series which pos- 
sesses similar properties. 

The series 


Ky elt! (log ἢ}: 


Κ 
(5) De 95 

au 
where “#>0 and a>], is absolutely convergent if o>1 and convergent, 
though not absolutely convergent, if g=1. It is not convergent for any 
value of s whose real part is less than 1, and it is easy to prove that 


(1) I suppress the details of the proof, which rests merely on an application of 
Cauchy’s theorem entirely similar to many others made alrendy by Mellin. See 
for example, Mellin, Acta Societatis Fennicae, vol. 31, no. 2. 

(2) The series is convergent for all values of s. This would not be true if a=1. 

(8) Chapman, Proc. Lond. Math. Soc., ser. 2, vol. 9. See Hardy and Riesz, 
loc. cit., Theorem 21. 


(*) Hardy and Riesz, loc. cit., Theorem 19. 
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it is not summable by any of Cesdro’s means for any such value of 
s. For it is known(') that if Σὰ, Τὴ is an ordinary Dirichlet’s 
series whose line of absolute convergence is a=1, and a,=O (n®) for all 
positive values of δ, then the distance between two successive lines of 
summability of integral order cannot exceed that between the lines of 
convergence and absolute convergence. In this case the lines of con- 
vergence and sabsolute convergence are coincident, and so the lines of 
summability must all also coincide with them. 

It remains to prove that the series (5) represents an integral func- 
tion of s. | 

4, I shall prove first that the integral 


| Ὁ pbb log aa : 
6 j=) -——_— a7, 
(6) φ)-  “- 
1 


convergent if o = 1, represents an integral function of 8. 
Let us suppose for the moment that s is real and greater than 1. 
Putting «=c", we obtain 


(7) ὁ (= fori “OD de 
0 
Now ἰοὺ α be a positive number such that « < , aun. Then 


R| μὲν er’? —(s—1) re? 
== -τ  γ,, sin αθ --- (8--- 1) r cos AS —(s—1) reosa 


for 9 =u. ῃ follows that the integral (6) may be taken along the 
radius vector @=a, in the plane of the complex variable u=r οἷ, instead 
of along the real axis. We thus obtain 
(8) φ (8) =e" | give eat (sm Ir el oy, 
υ 

But the last integral is uniformly convergent throughout any finite 
domain of values of s, since 

το - τὸ ον a ee 


(1) Hardy and Littlewood, Contributions to the arithmetic theory of series, 
Proc. Lond. Math. Soe., ser. 2, vol. 11, Theorem 23. 
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| bina eai8 | ἘΞ ὩΣ pre sin ag: 


and 5[ 9)» 0 and a>1. Thus ¢$(s) is an integral function of 8. 
It is evident that the integral 


4 


4 (log ᾳ)α 
[ Saige dz, 
A 


1 


where 1<g<oo, is an integral function of s. We have therefore proved 
that 


obi (log α)α | 
(9) ¥()=[ —— ar, 
as 
g 


where g = 1, is an integral function of 5. 

5. We return to the series (5). 

Suppose first that s>1, and that g and ἢ are positive and 1<g<2. 
Further, suppose that C is the contour formed by the threo straight 
lines 

(o+hi, στ hi), (g+hi, g—hi), (g—hi, w—hit) 


in the plane of the complex variable 2; and that ΟἹ and C, are the 
parts of C which lie respectively above and below the real axis. Then 


co μὲ (log na 1 ett (log x) | 
7 (8) Ξξ -΄ὖϑῸὺϑ -- σ- cob πῷ ——__._ dx. 
70 = I | 5 


πὶ 


0 


We divide C into the two parts ΟἹ and C,, and we write 


. 2πὶ 
x cob an e=— att ds 
1 en “πὶ 
on C;, and 
any 
. ὺ 
ποοὺπωτεπί!-- 
οὗπ 1 


on C,. We thus obtain 


i (log w)o μὲ (log a) 
40 f(s)= - ΈΞ-- dxp [Ce ὦ 
4 ba 


as ' Ἴ... ο΄ enix 
CQ Cy 
μὲ (log w)@ t (log x)4 
1 pebe Cog 
.1 [6 dup [oo ὦ 
2 α“ Lr gun] 
Co. ( 
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ὃ (log wx) 
=| ee A(s) +f (9), 


4 


where 
mt (log x)% 
(11) A@)= <a 
os 1 0 2riz 
μ᾽ (log a) ᾿ 
(2) fi(sy=f -“-- πεν τος 
ἋΣ ern, 


Cs, 
We have proved already that the integral on the right hand side of 
(10) represents an integral function of s. It will therefore be sufficient 
for our purpose to prove that each of Λ(8) and f(s) is an in gral 
function of s. 
6. I shall prove first that in the equations (11) and 4g), we may 
replace the contours C, and C, by the straight lines 


(στ οὐ, g) and (7, J-®2) 


respectively. 
Let e=s+ Hu ; 
I shall prove that a constant K exists such that 
i (log x) 
(13) Ht = K 
1 τῆς τ ο. πὶ 


throughout the domain D,, defined by $= y, ἢ =h, and 
| oui (log x)" 


ce" iz τ 


(4) «Καὶ 


throughout the domain D,, defined by f= >g, 7h. The truth of 
the assertion made at the beginning of this section will then follow by 
a simple application of Cauchy’s theorem, since s>1. 


π a 
Tf στοῦ οἷ, where ——- <6<—, we have 
2 2 


; a i¢ 
log z=pe", 


p= sf (log 1)?+ 6° z =are tan ( ao) 


where 


and 
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os 
ὧν 


(8) ὁ δ cage ata 


The last function is bounded in D,; and, since 


1 
1 = e72niz 


is also bounded in D,, we at once obtain the inequality (13). The in- 
equality (14) is a little less obvious. The angle 6 is negative in D,, 
and ᾧ and sina are negative and small when r is large. Τὸ follows 
from (15) that a constant Z exists such that 


ὁ (log a} Lil a-l]9 
οἰὰ (log ia | — Ρ (logrya-t] 0] 


if ὦ lies in D, and r is large enough. On the other hand 


| 
| Gale 1 


is, throughout D,, less than a constant multiple of ¢""*"°; and a posi- 
tive constant 77 exists such that 


1 — Mr | 6| 
Ree 6 ὡ 

ο΄ πὶς ΘΝ 1 < 
Also 

Wr>2 L (log r)*"}, 
if r is large enough. It follows that 

ey 

οὐπ 1 


if x lies in D, and r is large enough; and from this follows im- 
mediately the truth of the inequality (14). 
7. We have therefore 


ppt (log α)α 
(0 7,(8) -[ πρανέσιν, ΠΕΡ 
: as 1 iy. en "πὶ 
πὶ 
Δ atti (log, x) 
(17) f(s) -[“-----ὕ ἕᾧ ὁ, 
“ὃ e7mix 1 
g 


if s>1. But each of these integrals is absolutely and uniformly con- 
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vergent throughout any finite domain of values of s(’). Hence /,(s) 
and f(s) are integral functions of 8; and so /(s) is an integral func- 
tion of s. | 

It should be observed that the hypothesis that a>1 is essential 
for the truth of the conclusion. If a=1 we have 


f(9)> δ Σ,πζο-- μῦ--1, 


and f(s) is not an integral function. 


a a nr a etd 


(1) Since the subject of integration in each integral contains a factor which tends 


..9 
to zero like 6 ΝΣ 


COMMENTS 


The properties of the series (5), established in §§ 3-6, were stated by Hardy and 
Littlewood in 1913, 2, p. 436, as an example. If R(s) < 1, the Cesaro means of 
order r (r = 0,1,...) oscillate like ‘> 

n-stl(log η) (ΓΕ) α-)ρμὺ (log n)4 


The series is discussed further in 1916, 1; see also 1916, 7. 
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THE APPLICATION OF ABEL’S METHOD OF 
SUMMATION TO DIRICHLET’S SERIES. 


By G. H. Harpy. 


§ 1. A SERIES 3a, may be said to be summable by 


Abel’s method, or summabdle (A), to sum J, if 


Σα 6" 


is convergent for all positive values of y and 
φ (y)= sae" —>l 


as y->0. In this paper* I propose to discuss the application 
of this method of summation to the theory of ordinary 
Dirichlet’s series 

a 8 


a 
nm? 

It is curious, considering the amount that has been written 
concerning the application of Cesaro’s method, and the allied 
methods of Marcel Riesz, to such series, that the similar 
problems connected with Abel’s method should not have been 
discussed before. 

I suppose that 
a, = Ο (nk) 


for some value of AK. The series has then a region of con- 
vergence, and represents an analytic function /(s) =/(o + it). 

Lhe region of summability (C) of the series Sa,n™ has 
been determined by Bohr. The series is summable (C) for 
o> A vf, and only if, f(s) ts regular and of finite order for 
o> A; that is to say, if to every positive number e corre- 
sponds a number k= (e) such that 


IF (s) [=O {fe} 
for o>Ate. 
Any series summable (C) is summable (A). The region 
of summability (4) therefore includes the half-plane o> A. 


* A short account of some of the chief results of the paper appeared, under 
the title ‘Sur la sommation des séries de Dirichlet’, in the Comptes Rendus, 
27 March 1916, 


1916, 1 Quarterly Journal of Mathematics, 47, 176-92. 
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In §2 1 prove that the region of summability (A) is also a 


half-plane. In §§3—4 I show that this half-plane o> @ is 
the half-plane in which f(s) ts regular and of the form 


Ο (e# ltl), 
where H<in. 


In §§5—7 I use the idea of summability (4) to prove and 
extend an important theorem of Bohr. Bohr has shown that if 


J (8)= 0 (4) 


for o> w+8> ὦ, whatever the value of δ, then Za,n™ is absolutely 
convergent for σ τ ἢ. Here 1 prove that the same con- 
clusion follows if we are given only that 


op | Ife Γι: 000), 


as 7’—>0o, in every half-plane o> w+ 6. 

In §§ 8—10 I state some further results concerning mean 
values of the type just mentioned, and in §§ 11—12 1 illustrate 
some of the theorems which precede by means of some special 
functions, and in particular the function 


eAi (log n)? 
706) =2 ca ie ’ 
where A> 0. 
I conclude the paper by indicating, in § 13, some general- 
isations of my results for other methods of summation and for 
the theory of Dirichlet’s series of the most general type. 


The region of summabiltty ( A). 


§2. THEoreM 1. If Sa, ts summable (A), then Sa,n™ as 
summable (A) for all values of s whose real part 18 positive. 


Let φ (y) = Σα,, 6" (y> 9). 
Then ¢ (y) is continuous for y > 0, and 
φ (7) > > (0), 


say, asy->0, Also 
ΓΝ Dike Hise 
φ (υ, 8) = Za,n ¢ "=TG) u 'Φ (uty) du 


0 
for o> 0. 
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The integral | uo (ut y) du 
0 
is uniformly convergent for0<y<y,. For 


$ (uty) =O(e) 
uniformly in y, so that 


[ ws@ty)du 
is uniformly sanpaieent And 

ἰφ( Ὁ }))} «Κ 
for OSu<l, 0<y<y, 
so that | va p(uty)du 


is uniformly convergent. Hence 


1 
i = du, 
ym $ (Ys 8) Γ(5) i p(w) “ 
and the theorem is proved. 


From Theorem 1 we can at once deduce 

THEOREM 2. The region of summability (A) is a half-plane. 

§ 3. Before proceeding further we require some preliminary 
theorems. Suppose that /(s) is an analytic function regular 
at all points of the line c= 8, and that H=H({) is the 
lower bound of the numbers & such that 

f(s) = 0 (et). 

We call H the index of f(s) for c=8. We may have 
H=o or H=-o. 

THEOREM 3. Suppose that f(s) ts regular for 8, <a <B,, 


and that 
I (8) =O (el4l), 


for some value of K and untformly for B,<o<B8,, so that 
H{ (a) is bounded above in this interval. Then 


σ σ -- β.. 
- FO)+ Bre H(8,), 


B, 
(ca) < Β, 
for B,<o <8,. 
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We may evidently suppose, without loss of generality, 


that 8,= 0, C= 1. Let 


H(0)=H, H(A)=4H, 
and h=h(o)=(1-—¢0)H,+048,; 
and let us suppose first that ¢ is positive. 

Let g (8) = edais* trois, 
where a=H—-H, b=H,+6, 
and 6 is any positive number. ‘Then 

lg (8) | = 6-ασε- δι, 


[9 (at) | =e-(t0), |g (1 + at) | = eat dh, 


Hence, if I (s)9 (s) =F'(s), 
we have Fath=O(1), FU+2)=O(1), 
and — F(o +t) =O (eX), 


ae some value of A and uniformly for 0<o<1. It follows* 
that | 
ΓᾺ(σ - ἐδ 0 (1), 
uniformly ἴον 0<o<1. Hence 
f(o 4 it) =O {elao+b) ¢} 
= Ο feleta)t} 
uniformly for 0 ἐσ <1, 
A similar argument may be applied for negative values of 
ἐ, taking 
9 ( 8) — e—}ais’—di, 
Thus f(a tit) =O fel +9) Kei} 
for all positive values of 6; ze. 
Η (σ) Ξ ἀ(σ)ξξ --σὴ) Π(0) τ σΠᾳ). 


which proves the theorem. 


* By Lindeléf’s Theorem (Theorem 14 of the tract “The general theory of 
Dirichlet’s series”, by M. Riesz and myself). As is indicated in the tract, it is 
enough that we should have 


f(s) =0 (e), 


for 0<o<1 and for every positive value of «. 
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THEOREM 4. Suppose that Za,n™ ts absolutely convergent for 
a>, and that f(s) is regular and has a finite index for o> ¥, 
where y<o. Then either H(c) is zero for o>¥; or tt is 
zero for o>, where y<y, <9, while for y<o<y, tt is a 
positive, strictly decreasing, convex, and continuous function of σ. 


The proof of this theorem requires merely a repetition of 
the arguments of pp. 16 e¢ seq. of the tract just referred to. 


§4. THEOREM 5. Suppose that Xan‘ is summable (A) far 
o>€A. Then H(c) <in foro>Q@. | 


Since H(c) is a strictly decreasing function of o, it is 
enough to prove that H(o) <47, we. that 


[7 (s) |= O fetertlel} 


for every o greater than @ and every positive «. And it 
is evidently enough, in order to prove this, to prove that 2f 
Za, 1s summable (A), then 


f(a + ti) =O {elbrte)ie}} 


Sor every positive pair of values of o and e. 


Now f(s)= a7 | ne @ (2) der, 
where 7 o(e) = Za,e™, 
and | “at | g(a) | dx 


is convergent, Hence 


1 t -σὴ ΞΞ w+e)lt 
s()= 0} που μη ε8--σ) = O feldr+e)iel} 


ΤΉΒΟΒΕΜ 6. If f(s) ts regular, and Π(σ) <47, for o> n, 

then 7 (8) ts summable (A) for o>, so that A <7. 
ΓΚ 2) K-+400 si 

We have ia ig ['(u) du 
if y>0, «>0, and y™ has its principal value. If now we 
suppose that «>, write ny for y, multiply by a,n™“, and sum, 
we obtain 

1 K+100 
φ (y ? 5) = Zane ™ = Dare | y™ r (u) Σα “du 
1 κιὶὶ 


“y"T(w)f(s+u)du, 


πὶ κ-- 
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the inversion of the order of integration and summation being 
justified by the fact that 


KD 
[2 ἼΓΩΜΙα, || de 
is convergent. 
The formula 


Q) φῳόες fo” PW sfletu) de 


has been proved for every positive « and all values of s whose 
real part is sufficiently large. But it is easy to prove that it 
holds provided only «>0 and o>vn. For let D be any finite 
region of values of s throughout which 


σξΞητδρη, 
and let w=a+ir. Then στ κρ η-Ἦ 6, and so 
f(e+u) = 0 {elbr-Wini, 
where > 0, uniformly throughout D, On the other hand 
y"=O(1), Γ(ὼΩ Ξ: Ο fea Or ; 


y"T (uf (s+ u) = Ο (el!) 


uniformly throughout D, The integral on the right-hand 
side of (1) is therefore uniformly convergent throughout D; 
and so (1) holds for o> 7. 

Suppose now that o>7+ 8, and let A be a positive num- 
ber less than $5. Consider the integral 


τι [Κλ (6 + w) αι, 
taken round the rectangle whose angles are at the points 
k—tT, καῖ —A+0T, --λι τ. 
Since σ--λρβὲιη 46, 
there is a positive number ¢ such that 
Sf (stu) =O {elar-%) i71} 


uniformly for --ὰ <4 (u) <«; and an argument similar to 
that used immediately above shows that the contributions to 
the integral of the horizontal sides of the rectangle tend to 
zero. We have therefore 


(2) oy, s)=f(8) + sol. y“T (u) f (s+u) du. 


—A\—10 


so that 


N2 
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Suppose now that y->0. Then 
1 —\-+1oo 


jf tw (s+u)du=O (af e-Htirldr) =0(1). 


πὶ -λ--ἰ 
Hence φίγ, 5) -»7 (s), 
and the proof of the theorem is completed. 


Combining Theorems 5 and 6, we obtain 


THEOREM 7. The half-plane of summability (A) of the series 
Zan‘ 15 edentical with the half-plane throughout which f(s) ts 
regular and of the form 


O(eHtly, 


where H<tr. 


Bohr’s Theorem and its extension. 


§ 5. THEOREM 8. Suppose that f(s) ts regular and bounded 
in every half-plane o>yH+5>%. Then Sa,n" ts absolutely 
convergent for a>n+4. 


This important theorem, due to Bohr,* is very easily proved 
by means of the ideas of the preceding sections. We require 
the following preliminary theorem. 


THEOREM 9. If f(s) ds bounded tn every half-plane o> + 6, 
then Za,n™ is uniformly summable (A) in every such half-plane. 


This theorem is a corollary of another well-known theorem 
of Bohr,t which asserts that the series is uniformly convergent 
in every such half-plane. It is more consonant with the plan 
of this paper to prove the theorem directly as follows. 


We have, by equation (2) of § 4, 


OO N=fO) ts f yr) f(etu) de; 


fi “ Uber die Bedeutung der Potenzreihen unendlich vieler Vuariabeln in der 
Theorie der Dirichletschen Reihen Da,n-*”, Géttinger Nachrichten, 1913, pp. 441— 
488 (p. 480). 

t “Sur la convergence des séries de Dirichlet”, Comptes Rendus, 1 Aug. 1910; 


ε Uber die gleichmassige Konvergenz Dirichletscher Reihen”, Journal Sir Mathe- 
matik, vol. cxliii., 1913, pp. 203-211. 
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and hence, when y-> 0, we have 
φῳ, ) γώ =O} y [|r (—n-+ i)|ar] 


=0(1), 
uniformly for o> 7+ 5.* 
Incidentally we have proved that to every ὃ corresponds a 


KE such that | | 
lo (y, 5)-1 
for  o2nt+6, y>0. 


§6. We can now prove Bohr’s Theorem. We have,f for 
any positive value of y, 


= ΚΟ Ἰΐαι -ἦ, [ lo (y, 5} αἱ 
n'* ae 97) _T ’ ἢ 
whatever the value οὖσ. We have therefore 


= tal gram < Κ' 
n 


for o> +56, y>0. Making y—>0, we see that 


is convergent ἴον σϑ' η- ὃ. But 


(sel) cole st, 


nutg+é+o, n2nt26 ~ y1+26, ἢ 


and Sa,n™ is therefore absolutely convergent for 
c=n+t+ 44646, 


whatever be the positive numbers δ and 6,, and therefore for 
o>nt+h. | | κῃ 
Bohr’s Theorem may be generalised as follows. 


* If f(s)=O(1) then f(s+u)=O(1); this is the point of the proof. If 
we were only given an equation of the type f(s) = O (x |t|)—for example, as in 84, 
7.6) =O [exp {((ξπ--)}6}}]-τοῦμϑι we could only assert that 3 
Sf (stu) =O {x (it + [7h 


and the proof would fail on the point of uniformity. 
¢ Landau, Handbuch, p. 776. 
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§7. ΤΉΕΟΒΕΜ 10. If 
1 /? 5 
ὅτ {Vora 


is bounded in every half-plane o> +6, then San" ts abso- 
lutely convergent for o> +4. | 


Suppose that 
1 (ft 
= [1179] dt<K 


for o>7+46. Suppose further that o>9+6, T>1, and 
0«λ «ἐδ. ‘Then, as in ὃ δ, we have 


by ὅτε; [ ν ΤΟ Ο Ἑ τ ἄν 
-λιῖοο 
- 7 5): ἐς 15 ags I'(u)f(s+u) du. 
Hence 


T 
op | qio(y s)Pae 
Τ' —rA-+420 
= oF [. yo) + — nee y“T(uf(s+u)du 
1 7 ᾿ 1 Τ 
ΕΟ op |. 


<2K+d, 


say, where 
Ι fz 
5 4πἾ1 ie 


«ὅν Γ,{{{Πρελτ κλνιστλνί(ν nile | αἱ 


‘dt 


dt 


Γ΄ ντῶλο + u)du 


dt 


[- yprr(-rvA+ 17) f{e --ὶ τ τ({Ὲ t)\dr 


< Ξ rin [τ| ἔπλε- ἐπί! γ[σ --ὰ τ (Ὁ τὴ} lar] at 


1, being another constant. | 
Applying ‘Schwarz’s inequality’ to the integral with 
respect to τι we obtain 
LT ΓΓ 
40} ῇ [τ[τἐπτλοτόπ]τὶ dr 
1 —T -οὦ Ω 


Χ [. [τ[ -ἐπλοτάπ]τι] f fo —A+4+c(t+7)} rar | dt 


αἱ τ Ι 7 | fit πλεῖ rigs Ὁ} ar dt. 
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where is a constant. Thus 


M (“ Tr 
7 «τὰ [τ Retin [rte —A+2(t+7)} μαι] dr 
M (Ὁ Φ Τιτ 
= --- πὸπτλ πἰπίτὶ -- Ὶ ῳ 
7 mu e [να A+ tw) | do dr 


M οο 
<a [τρια Ὲ |tpeteilar 


=KM [|r deter ἘΝ 


] ᾿{τ|β-λοὐπιτιάτ < Ν, 


where WN also is a constant. 
Thus a constant P exists such that 


a7 | pl Qrs)Rdt<P 


for o>n+6, ΤΊΣΙ, y>0. 
It follows that 


a,,|" In 5 1 ᾿ 2 
= ol e 7" = lim ar | po s)|' dt < P. 


T>« 


The proof of the theorem may now be completed as in § 6. 


§8. In Theorem 7 we assumed that /(s) is bounded in 
every half-plane σϑ ἡ- δι It is an easy deduction from 
Lindeléf’s ‘Theorem that this condition is fulfilled whenever 
J (6) is bounded on every lineo=n+5. This condition may 
therefore replace the former one. | 

A similar modification may be made in Theorem 10. For 
it may be shown that 7f 


ap] frat 


ts bounded on the line o =a,, then it ts bounded in the half- 
plane o=o,. Ido not propose to give a proof of this result 
in the present paper. It will find a more natural place 
among a number of general theorems that I have proved, 
constructed on the model of Lindelét’s Theorem, but dealing 
with mean values. ‘The typical theorem of this type is the 
following. 


THEOREM 11. Jf f(s) ts regular for 8, <r <B,, and 
I (s)=0 (e), 
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for every positive ε and uniformly for B,<a <8,; and if 


1/7. π᾿ 
sp [ lf G+ in dt=0 (Ta), 


see a 
oT | plf(+i)Itdt= 0 (15) 


where 4,20, 4,20; then 


ι (ἢ 
ΟΡ [,)α +it)'dt= Ο (15), 


where 
B, ne B, : β, Ξ B, ᾿ 
89. If we bear these remarks in mind we obtain the 
following interesting consequence. 


THEOREM 12. Suppose that o, and @ are the abscissae of 
convergence and absolute convergence of the serves Za,n™, 
and that 

c= o,+1. 


Suppose further that w is the lower bound of the values of a 
for which 


1 (7 ; 
τ \_,f@ld=0 1). 
Then ὠτεσ, ἘΞ. 


In the first place, it follows from Theorem 10 (when modi- 
fied in the manner indicated in the last section) that 


G<w+h, w20,+}. 
Secondly we have 


2 frasonam alah 


n?? 


for o>o,+4.* 
Hence w<o,+. 

It should be observed that the result that ὦ falls half-way 
between o, and σ᾽ depends on the hypothesis that the difference 


* Landau, Handbuch, pp. 798-799 (Satz 41). 
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between o and oa, is 1, the maximum possible. ‘Thus, for the 
function 


n(s)=1°- 2°43". .t=(1—2'")Z(s), 


we have g,=0, f=1, w=}; 
but for | n(s)+2(s+4) 
we have σι Ξεξ, g=1, w=}, 


On the other hand ὦ may fall half-way between σι and σ 
even when σ <o,+1. I have proved for example that, for 


the function 
eAint 


nt? 


where A> 0, 0 <a<}, we have 


= pees 1: } 
σι, ΞΞῚ --α, σ-Ξ 1, w=1-—ha. 


§10. I take this opportunity of stating some further results 
concerning ‘mean values’ of functions represented by Dirich- 
let’s series, to which I have been led in the course of these 
researches. ‘These results involve a parameter p, and some 
are valid for all positive values of p, others for p> i, and 
others again only when p is an even integer. For the sake 
of simplicity of statement I shall suppose this last condition 
satisfied. I also suppose that f(s) is a function represented 
by an ordinary Dirichlet’s series which possesses a region of 
convergence, and that /(s) is regular for all values of s under 
consideration. If 


1 ᾿ 4.)}» dt -Ξ- ps 
(1) a7 | pV (e +i Pde=0( 7%), 
I write | 
(2) J (e+ tt) =0,(/t/), 
and I denote by u,(c) the lower bound of the values of & for 
which (2) is true. If «(o) is the ordinary u-function* of f(s), 
we have 
My < My <M Soe SM 

Further, we have 

μι, ἘΞ, ἘΞ, ἘΞ... μ, 


and | | lim p= μ. 


pro 


* See Hardy and Riesz, /. c. supra, Ὁ. 14. 
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Each of the functions μ, (oc) is ultimately zero, and, when not 
zero or infinite, is a positive, strictly decreasing, convex and 
continuous function of σ. 

Many important general theorems in the theory of Dirich- 
let’s series, usually stated with a hypothesis of the type 


J (8) =0 (\t/'), 


remain valid when this hypothesis is generalised to 


J (8) =O, ([1}}" 


In particular this is so with the ‘Schnee-Landau’ theorem,* 
and with Theorem 41 of Riesz’s and my tract. 


Examples. 


811, If f(s) is regular and of finite order all over the 
pane the series Za,n™ is summable (A) all over the plane. 
xamples are furnished by the series 


ur 


eAine 
aiid =" (450, 0<a<1). 


These functions are, however, of finite order, and the series 
summable (C), all over the plane, so that it is not necessary 
to use Abel’s method. 

A particularly interesting example of the scope of the 
method is afforded by the function 


Ai (log n)? 
f(s) = eae (A>0). 


I have shown elsewheref that f(s) is regular all over the 
plane, and that its lines of absolute convergence, convergence, 
and summability (C), all coincide in the line o=1. 

In the paper referred to I proved that 


ο edi (log n)? 


f(s) =2—— =9 (9) AO) +40) 


* Landau, Handbuch, p. 853. 

+ Hardy and Riesz, /. ¢., p. 53. 

1 Hardy, “Examples to illustrate a point in the theory of Dirichlet’s series”, 
The Tohoku Mathematical Journal, vol. viii., pp. 59—66. 
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where ¢(s), f(s), and /,(s) are integral functions of s, ¢(s) 
is defined for o > 1 by the formula 


o()=] 
7,(s) and f,(s) are defined for all values of s by the formule 
iS ef eAt (log x)? dx 


A,(s) = 
g 


rg-+oo €-*2 9 Ai (log x)? dn 


μῶςτ 


and g and α are numbers subject to the inequalities 


© 9 At (log x)? 
πε «Oa, 


8° 


a 1—e—271x ? 
on’ eer 1 1 ’ 


l<g <2, 0<a<4m. 


We may suppose the paths of integration to be parallel to 
the imaginary axis until they reach the lines amaw=a@ or 
am αἱ ΞΞ -- αι and then to go off to infinity along these lines. 
Let us first consider f(s). On the vertical part of the 
contour we have 0 «δὴ ὦ <a, and 80 | 


jo" | = |o0re-tame > |avjremat, 
and the contribution of this part is therefore, whatever be σ, 
of the form O(e#!4!). On the remaining part of the contour 


we have . 
v — re”, 


Jatlares, 


< Ke-27r sin a, 


1 ΜῈ ἔτος 


| eAt (log x)? | --Ξ- | eA (log r+ta)? | 
=_ e-2Aa log + = y—-2Aa, 
Hence 


fo a) 


I; (s) = O (ε4:2}) Se O (eal?!) po —2Aa p—2rrsina dr, 


g sea 
= O(erltl), 
In a similar manner it may be proved that 


F,(8) = O (esl), 


whatever the value of σι Since ἃ may be as small as we 


please, we have 
J (8) = (8) + O (er), 


for all values of o and every positive e. 
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s)=| 

This integral is convergent only for o> 1, but ¢ (5) is, as 


I showed in the paper referred to above, an integral function 
of s. Similarly the integral 


ψῶς- 


Ai (log x)? bad 
mee Slay ae | 6 Aiw’—(s-1)u du, 
logg 


= ἘΣ 


Ιο 
oa | sd eAiu?—(s—1)u du, 


—D 


which is convergent only for σ <1, represents an integral 
function of s. We can calculate 


p(s) ἘΨ (9) 


s=1+ Ut, 


by supposing that 


when both integrals are convergent. We have then 


o (8) +9 (s) = [. eAint—itu dy 
= /(B) e (Fi) 
= 4/(3) (2) exp [Ὁ + eet 


and this equation must hold for ail values of 8. 
Suppose now that σ «1. Then 


p(s) = 0(1), 


when |t]/—>00. Hence 


6 @=,/(5) exp Ἔ is ran: + 0(1) 


=/(3) exp Sa ee ed O (1). 
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Then, combining our previous results, we see that 


70) Ξ J (3) exp {S aoe i} +0 (641). 
Thus S(s)=0 (6"4), 


when ¢->—o, while 


IF (9) Ὁ / (5) e(l—o)t/24 | 


when ¢-> 00 ; and the index of f(s) ts 
1—o 


2A 


when o <1. 


§ 12. It follows that the series 
eA (log n)? 


Σ 


as summable (A) if σ! 1 -- π΄| but not if σ«1-- 4π. The 

breadth of the strip in which the series is summable (A), but 

not convergent or summable (C), 1s Am. ΣΝ | 
A similar investigation shows that the series 


eA? (log n)* 


is summable (A) all over the plane tf a> 2, but never sum- 
mable (A) if 1<a<2andoa<1. In none of these cases is 
the series summable (C) anywhere except in its region of 
convergence. | 


Generalisations, 
812. We say that 2a, is summable (A, v) if 
Σα, 6:55 
is convergent for all positive values of y and 
$ (y) = 2a," 
tends to a limit as y—>0. We have then 


| ae 
o(y, 8) = Zanrem= τος 0) J ul (a + y)du, 


ifo>0. Arguing as in §2, we see that the region of summa- 
bility (A, v) ts a half-plane. ᾿ 

The argument used in proving ‘Theorem 5 shows that 7 
Zan‘ ts summable (A, v) for a>A, then H(c) <a/2v for 
a>). 
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A similar modification can be made in Theorem 6. Lf 
II(o) «π|2ν for o>, then the series is summable (A, v) for 


o>. For 
1 ΚΈϊ09 v\—u 
nV -- ἜΝ (γη “I'(u) du, 
1 κι 
φΦ (ν, 5) = Σα, πτ δ 6 νην = Sad as y “(uf (s + vu) du, 


for sufficiently large values of « The remainder of the 
argument follows the course of the proof of Theorem 6, 
Combining these results, we see that the region of summa- 
bility (A, v) ds the half-plane in which 
7 


H (c) Ξν ἢ 


Thus, for example, the series 


Ai (logn)? 
= (A> 0) 


: ; A : A 
is summable (A, v) of o> 1-—, but not if o<1——— 


§13. Similar methods may be applied to the general series 
Ta,e-\n8 == Za,l*. 


We may say that the series 2a, is summable (A, 1) if 3a,e-' 
is convergent for all positive values of y and tends to a limit 
when y->0. Thus summability (A) is the same as summa- 
bility (A, 2), and summability (A, ν) as summability (A, n’). 
If we suppose that Sa.e~\ has a region of absolute con- 
vergence, we can prove a series of results analogous to those 
proved in the preceding sections for ordinary Dirichlet’s series. 
The region of summability (A, 1) ts the half-plane in which 


Ha) <4n. 
If Xa,e-y'n” 


tends to a limit, we may say that Za, is summable (A, 1, v). 
The region of summability (A, 1, v) of the series Σα, 6-λο" is the 
half-plane in which 


τ 
Ἠ(σ) «ς; 
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CORRECTIONS 


p. 180, line 4 up. Fork > ag read ao > o. 
p. 181, line 9 up. For the 2nd —A+iT read —A—iT. 
p. 185, line 5. For e47'7| read e~27"", 


line 13. For Theorem 7 read Theorem 8. 
line 2 up. For A read o. 


pp. 191-2. The last two paragraphs should be numbered 13 and 14. 


COMMENTS 


A summary of the main results of this paper is given in 1916, 7. 

The condition a, — O(n) (δ 1) is necessary and sufficient for 
the ordinary Dirichlet series > a, n— to have half-planes of absolute 
convergence (o > δ), uniform convergence (σ > a,) and con- 
vergence (σ > σι). This also ensures the existence of f(s), and of 
half-planes of regularity of f(s) (σ > p), ‘index’ < ἐπ (ao > y); 
‘finite order’ (σ > A), and boundedness of f(s) (σ > β), each half- 
plane being the union of the open half-planes with the appropriate 
property. Then 

—o<p<y<AK<ca<m<P<F< om, 


where the relation o,, < βὶ is Bohr’s theorem mentioned after the 
statement of Theorem 9, ὃ 5. The existence of δ is assumed through- 
out §§ 1-10, except in Theorems 3 and 11, which are independent of 
Dirichlet series. Bohr proved in Bidrag . . . that the half-plane of 
Cesaro summability (σ > A) is identical with o > A. Here Hardy 
proves that the half-plane of Abel summability (σ > Y) is identical 
with o > y. 

In the proof of Theorem 1, the remark that the integral over (0, 1) 
is ‘uniformly convergent’ seems to refer to its convergence as an 
improper integral at u = 0. The analysis in the proof of Theorem 1 
leads to the further conclusion that, when YU = 0, the formula 


70) = τίς | egw) de 
ye 


gives the analytic continuation of > a, ἢ, ὃ onto the strip 0 < a< συ; 
and hence shows that p < U. Theorem 5 shows that p < y < U, and 
Theorem 6 that p < U< y. 


The mean value formula quoted from Landau,f in the proof of 
Theorem 8, § 6, may be written 


T 
Σ [bqltw-t = him 37, | |Sban-t dt 
—T 


where ὃ, = α,6 ἢ" (y > 0). The series > δ, is absolutely con- 
vergent for every s, sincea, = O(n*). Asimple proof of this formula 
is given in Titchmarsh’s Theory of functions, §9.5;{ Landau’s 
proof is for general Dirichlet series. 

The modification of Theorem 8, stated in § 8 (see Corrections), 
follows from H.R., Theorem 14, since δ᾽ exists. The corresponding 
modification of Theorem 10 follows in the same way from Theorem 
11. Theorem 11, which is not proved here, is included in Theorem 6 
of 1927, 5, by Hardy, Ingham, and Pélya (in Vol. IV). They say, 
§ 1.3, that ‘the question of the existence of theorems, for mean 
values, of the Phragmén—Lindeléf type was apparently first 
raised by Hardy’ in the present paper. They also say that Hardy 
states theorems, which are ‘included, in forms both more general 
and more precise, in Carlson’s independent researches’ ὃ 

Some results from Carlson (papers (1) and (2)) are given by 
Titchmarsh (loc. cit.), 88. 9.51-5. In particular, he gives a theorem 
which includes Theorem 10, § 7, and the modification of it in § 8. 
Carlson’s paper (3) contains extensions of the Schnee—Landau 
theorem, as foreseen in §10. In paper (4), Carlson states some 
results for pth power means, which overlap the results in 1927, 5. 

The first string of inequalities in § 10 may be obtained in the form 


Bp <bg << pB (0 «ρ «- ᾳ), 


from the inequalities 
M,<M,<M (0<p<4q), 


ὃ 1» 
where M, = = | \g|? i and M = ess.sup. |g(t)|; 
—a 
a 


axt<b 


| Handbuch der Lehre von der Verteilung der Primzahlen, Vol. 2, 
pp. 776-9. Teubner, Leipzig, 1909. 

1 Oxford University Press, 1932. 

§ Carlson (1) Comptes rendus 172 (1921), 838-40; (2) Arkiv for Mat. 
16 (1922), No. 18, 1-19; (3) ibid. 19 (1926), No. 25, 1-17; (4) Comptes 
rendus 181 (1925), 397-9. 
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see Inequalities,|| Theorems 192-3. We have 


T 
eee l : 1jp 
μη», = μρ(σ) = πιο σι} | f(o+2t) |? a| [10 T, 


μ = μ(σ) = limlog|f(o+%t)|/logé. 
— ἔσο 
The second string may be obtained in the form 


Ppt l/p > μεατιᾳᾳα:μ (0 «ρ « 4) 
in two steps. The first step is a proof that μη 1 > pw (p > 0). 
This was stated by Carlson (paper. (4)), and is a corollary of 
Theorem 2 in 1927, 5. Since μρί(σ) is a decreasing function of o for 
o > A, whenever δ᾽ exists, Hardy, Ingham, and Pélya’s theorem 
shows that ula) < μιίσ--ε)- 1» 


for « > 0. Since μρ(σ) is continuous, it follows that 


μ(σ) < μι(σ) l/p. 
The second step is to prove that . 
Myptl/p > pgtl/q (0< p< q). 

For this we may use the Lemma: if b—a> 1, and δὲ. > M for 
some q > 0, where S, = (b—a)"4M, then Sp, > S, for0 <p <q. 
The proof is analogous to that of Jensen’s inequality; see In- 
equalities, Theorem 19. Excluding the trivial case M = 0, we have, 
for 0 < p <q, since S,/M > 1 and |g|/M < 1 p.p., 


14 
fe 


b | b “" 
M <8,=M{ | |o/M|eat] < M( [|ρ!μ ae) 
a a 


ὃ 1» 
< μῷ [σ᾿] at] = Sp. 
a 


If b—a = 1, then S, < S,(0 < p < 4); see Hardy 1929, 2 (in Vol. 
III), p. 74. In this case S, = M,, and the condition S, > M cannot 
be satisfied unless g = constant. 

Some remarks in Carlson (4) indicate another way of completing 
step two. He says that (i) v, = puy+ 1 28 convex; (11) vp/p 18 a convex 
function of 1/p; (111) limv,/p = μ. Now (1) follows from the logarith- 
mic convexity of Θ᾽ for p > 0; see Inequalities, Theorem 196. Also 
(i) is equivalent to (1i)’: the convexity of pv), for p > 0, by Theorem 


|| Hardy, Littlewood, and Pélya’s Inequalities. Cambridge University 
Press, 1934. 


119 of Inequalities, while (ii)’ is equivalent to (ii). Further, (iii) 
follows from step one and the first string of inequalities. Finally, 
since v,/p is never less than its limit as p — 00, it follows from (ii) 
that v,/p must decrease as p increases. 

In § 11, results are quoted from 1915, 11; see also 1913, 2, p. 436. 
The results in the second § 12 have been extended by Cartwright.tt 
Hardy gives further extensions in D.S., Appendix V. 


tf Cartwright (1), J. London Math. Soc. 3 (1928), 262-7; (2), Proc. 
London Math. Soc, (2), 31 (1930), 81-96. 
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THE SECOND THEOREM OF CONSISTENCY FOR SUMMABLE 
SERIES 


By G. H. Harpy. 


{Received June 25th, 1915.—Read November 110}, 1915.] 


1. My object in writing this paper is to give a full proof of a theorem 
enunciated without proof in the tract “ The general theory of Dirichlet’s 
series’, recently published by Dr. Marcel Riesz and myself*. The theorem 
is as follows : 


If (Ὁ the serves Xe, 1s summable (A, x), to sum C; 
(11) « vs ὦ logarithmico-exponential function of X such that 
μα = O(A*), 


where A is a constant; then the series ΣΟ, ts summable (u, x) to sum C. 


2. I begin by recalling Riesz’s definitiont of summability (A, x), Ὑ.6. 
sumimability by means of type A and order x. Suppose that (A,) is an 
ascending sequence of positive numbers whose limit is infinity ; and let 


Οχ(Τ) = Og... Fen 


if An < T= Ayes 

Further let 

(2.1) Ci (w) — Cy (w) 

if « = 0, and 

(2.2) ΓΙ 5 Cy ()ίω---τ)κ-ὶ dt 
λέω 4 


* Cambridge Tracts in Mathematics and Mathematical Physics, No. 18, p. 33 (Theorem 
19). I refer to this tract as ‘‘ H. and R.”’ 
+ Η, and R., p. 21, 


1916, 5 Proceedings of the London Mathematical Society (2), 15, 72-88. 
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if «>0. Then w-" Cx (w) 


is called the typical mean of type Δ and order « formed from the series 
cy, and the series is said to be summable (A, x), to sum C, if this “‘ typical 
mean ᾿᾿ tends to the limit C when ὦ -» o. 

When XA, =”, the means are said to be arithmetic. Arithmetic 
means are equivalent to Cesaro’s means, or to the generalisations of 
Cesaro’s means considered by Knopp and Chapman: a series is summable 
(n, x) if and only if it is summable (C, κ). ἢ 

The first theorem of consistencyt asserts that, if a series is summable 
(A, x), then itis summable (A, κ᾿), to the same sum, for any value of κ' greater 
than x. In particular a convergent series is summable by typical means 
of any positive order, since summability (A, 0) is equivalent to conver- 
gence. The general idea expressed by the first theorem of consistency is 
that, so long as the type remains the same, the efficacy of a method of 
summation increases with the order. 

The second theorem. of consistency lies somewhat deeper. The general 
idea which it expresses is that, when the order of a method of summation 
remains the same, zs efficacy increases as the type decreases, that is to 
say as the rate of increase of the function A, which defines the type de- 


ereases. If χρ Aer OK, 


that is to say if the rate of increase of A, is as great as that of an expo- 
nential 64", then the efficacy of the method is mil: it will sum convergent 
series and no otherst. If A, runs through the functions of the 
logarithmico-exponential scale, such as 


e", n, logn, log logn, ..., 


then we obtain a succession of systems of methods of gradually increasing 
efficacy. 

The theorem suggested by this general idea is that af @ series 18 
summable (A, x) then it is summable (u, x), m being any function of n 
whose rate of increase is less than that of X. The actual theorem stated 
in § 1 is in one way less general and in another more general than this. 
In the first place, in order to ensure the truth of the theorem, we must 
suppose that the relation between the rates of increase of « and A is 
characterised by a certain regularity ; and the ‘most convenient way of 


* Riesz, ‘‘Sur une méthode de sommation équivalente ἃ la méthode des moyennes 
arithmétiques’’, Comptes Rendus, 12 June 1911. 

+ H. and R., p. 29 (Theorem 16). 

+ H. and R., p. 46 (Theorem 36), 


289 


ο90 


1915.] THe seconD THEOREM OF CONSISTENCY FOR SUMMABLE SERIES. 74 


ensuring this is to suppose that mu is a logarithmico-exponential function 
of A, a phrase which we will define more precisely in a moment. But, 
when this limitation is made, we are able to assert rather more than our 
general principle suggests. The efficacy of the method Increases, or at 
any rate does not decrease, as the rate of increase of the type decreases ; 
a series summable (A, «) is certainly summable (u, «) if uw increases more 
slowly than A. But the converse implication will also be true, and the 
two methods completely equivalent, if the difference between the rates of 
increase of ἃ and μ is not too pronounced, if in fact either function in- 
creases with a rapidity comparable to that of a power of the other. If, 
for example, both ἃ and μ are powers of n, then any series summable (A, x) 
will be summable (u, x), and conversely. 


3. Proofs of certain special cases of this theorem have already been 
published. The most important case is that in which 


(8.1) | a = log ar. 


This case of the theorem was enunciated in 1909 by Riesz* ; and his 
proof was published for the first time in our tract+. Another case is that 
in which 


(8.2) uw = P(A), 


where P is a polynomial. This case has been treated by Berwaldt, when 
A =n and κ is an integer. A third case§ is that in which «= 1: the 
theorem then amounts to little more than a restatement in different lan- 
guage of a theorem of Cesaro. 

I had conjectured the truth of the general theorem some years ago, 
when engaged, in collaboration with Mr. Chapman, on a paper dealing 
with the general theory of summability||. At that time I had a proof not 
of the theorem itself, but of its analogue for integrals, and only in the two 
cases in which (1) κ is an integer or (1) Ὁ «“κ «1. As soon as I became 
familiar with Riesz’s methods it became clear to me that my proof applied 
to series as well; but I was still unable to overcome the algebraical ditti- 
culties presented by the proof of the theorem in its most general form. 


* ‘Sur la sommation des séries de Dirichlet’’, Comptes Rendus, 5 July 1909. 

+ H. and R., p. 30 (Theorem 17). 

t **Solution nouvelle d’un probléme de Fourier’’, Arkiv fir Matematik, Vol. 9, 1913, 
No, 14. 

ἢ Hardy, ‘‘ On certain oscillating series’’, Quarterly Journal, Vol. 38, 1907, pp. 269-288. 

|| Hardy and Chapman, ‘‘ A general view of the theory of summable series’’, Quarterly 
Journal, Vol. 42, 1911, pp. 181-216. 
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It was only when Riesz, in the course of the preparation of our tract, dis- 
covered an important simplification of his method of treatment of the case 
in which » = log A, that I was able to find a completely general proof. 


Definitions and lemmas from the Infinitdrcalcul.* 


4. A logarithmico-exponential function, or, shortly, an L-function, 1s 
a real one-valued function which can be defined by an explicit formula 
involving, each only a finite number of times, the ordinary algebraical 


symbols 

y +, τ; Χ ’ τ “', 
and the symbols log(...), 6 

of the logarithmic and exponential functions. 


The properties of Z-functions which are required for the argument of 
this paper are as follows. 


4.1. Any L-function μ (A) is continuous, of constant sign, and mono- 
tonic, from a certain value of X onwards ; and the same is true of any of 
its derwatives.t 


We may suppose, without real loss of generality, that «(A), and such 
of its derivatives as occur in the argument, satisfy these conditions for all 
values of A in question. 


4.2. If w> ὦ, anda number A exists such that 


(4.21) wp = OA), 
then w= O (4), 


wu denoting the r-th derivative of u(A).t 


4.3. If w satisfies the conditions of 4.2, and ν les between two posi- 


* See Hardy, ‘‘ Orders of infinity’’, Cambridge Tracts in Mathematics and Mathematical 
Physwes, No. 12, 1910, or ‘' Properties of logarithmico-exponential functions ’’, Proc. London 
Math. Soc., Ser. 2, Vol. 10, 1912, pp. 54-90. I refer to the first of these publications as 
Ἔν Τοὺς 

+ O.1., p. 18. See also “" Properties &c.’’, p. 40 

t O.1., pp. 38 et seg. 


591 


292 


1915.] THe seconD THEOREM OF CONSISTENCY FOR SUMMABLE SERIES. 76 


tive numbers g and G, then positive numbers h and H exist, such that 


4.31 (BOY) cH 
( ) h< κι) « Η. 
᾿ dv) 5 ( (8) | 
For μίλν _ log» (Av)—logw A) — 2 ! _1\% | 
᾿ Oy a aC 


where θ lies between A and Av. Hence 


pu. (Av) — Pvdpr) -- οὐ) 
μί(λ) 


It is evident that the same result holds for decreasing functions which 
decrease less rapidly than \~* for some value of A. 


Proof of the theorem when κ 1s an integer. 


5.1. In proving the theorem we may suppose ¢, to be real: if ¢, 18 
complex we can consider the real and imaginary parts of the series 
separately. We may also suppose, without real loss of generality, that 
C=0. If C is not zero we begin by proving the theorem for the series 


(6, —C) ἘΦ ἘΦ Ἔ. 43 


and afterwards add to this series the convergent series 


C+0+0-+.... 
We are given that 

(5.11) [ 0x(0) (no) do = o(n"),+ 
Ay 

and we wish to prove that 
ς 

(5.12) | C,, (7) (€—7)* dr = o(€*). 
μι 

Τὴ (5.12) we put τ = μ(σ), 
and observe that C,{ulo)} = Cy(o). 


* More precise results of this character will be found in my paper ‘‘ Oscillating Dirichlet’s 
integrals’, Quarterly Journal, Vol. 44, 1913, pp. 1-40 (see p. 23 et seq.). 

+ Since Cy, (co) = 0 for O<o KA, it is a matter of indifference whether the lower 
limit is Ὁ or Aj. 
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We thus obtain 
ἢ 

(ὃ. 18) | Cy (o)(€— μ) 1 ude = o(¢"), 
λ 


where μ Ξε μ(σ, C= p(y). 


From this point onwards our argument depends on the nature of «x. 


shall suppose first that x is an integer. 


5.2. If x is an integer, we have 


Oo) = + (5 Oe)" 


The integral (5.13) is therefore a constant multiple of 


yn d 2 d eae 
(5.21) J = ie (€—p) (:) Ck (a)do. 


We transform this integral by « integrations by parts. Observing that 
Cy,(o) and its first «—1 derivatives vanish for o = ),, and that ἔ--μ 


vanishes for o == 7, we obtain 


(8.29) r= (nox (£) ew] ἢ 


+(- |" oxo) (2) μγ5α 


= JIitds, 
say. 
5.3. In the first place 
(5.31) J, Ξέ —K! Ox (E')*, 
where ¢’ is the value of u’ when o = ἡ, μ = €. Hence 
- Cyn) (ηζ'" oe Bate ac pee 
σι Ξε τ et ae (: ) E* = o(1) O(1) & = o(€4, 


by 4.2. 


a i at a a Sj nj a Fe Sn  ΘΕΡ ΘΙ ΘΕΟΣ ΘΝΗ ΝΟΣ 


* H. and R., p. 28. 
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On the other hand, it is easily verified that 


d κιὶ 
(5.32) (2) (ζ- μ»" ΞΞ LAC μ᾽} (ul!) walt 


where the A’s are constants, and 


(5.381) 0O<s+s5+5.+... =" «(κ, 
(5.882) $, +28, +3s3+... = κ-ΕἸ. 
Hence our integral reduces to a sum of constant multiples of integrals of 
the types 

ἢ 
(ὅ.84) ‘aad OS (a) μ' ("5 (ul)... de. 

At 
Observing that Cy() = o(6"*), 

| OO +) 

and μ O ( x7)? 


by 4.2, we see that (5.84) is of the form 


(5.85) 0 (a σκ δι 28g 853... ἘΠ pitti y'da | 
ΝΙΝ ” ᾿ 
ΞΞ 0 ΟΣ \ ne dr) —_ o(€*). 


This completes the proof of the theorem when « is an integer. 


Proof when 0<« <1. 


6.1. We consider next the case in which 0 «κ <1. I shall suppose 
first that the increase of μ is greater than that of log A, so that Au’ tends 
steadily to infinity with A. 

We observe first that, in virtue of the first theorem of consistency, 
Sc, is summable (A, 1), to sum zero, so that | 


(6.11) | ΟἹ (σὺ) = ο(σ). 


Now let 4 be any positive constant. Then we can, when 7 is large 
enough, determine a unique number 7, such that 


(6.12) A<n<a §(-G=Amh, 
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where 


(6.121) G=em), & =wn'(y). 


For, as o increases from A, to 7, €—« decreases steadily from (—,, (which 

is large when ἡ is large) to zero, whereas ou’ increases steadily with σ. 
Let us suppose that 0< 4 < 1, and that 7, has been chosen so as 

to satisfy (6.12). Then we can determine a, positive constant A such that 


(6.18) hn <m <n. 
For ζ-- = (y—m) , 


where ¢ is the value of u’ when o has a certain value ng, between », and η. 
Thus 


Amt = ζ--ὦ — (η---η) & — a 1963 > πὰ mo, 
2 


since cu’ increases with \. Hence 


A> se m > (1—A) y, 


and we may take h=1-—A. 


6.2. We now write 
y ; HL y 
6.21) J= \ Co) (€— μ).τ-μ' σ =| i | gage 
1 Ay Ἢ) 


say. We begin by considering J,. Integrating by parts, we obtain 
; Ἢ] a ; 
(6.22) J, =Aip(e—-Ey'€ -᾿ Cho) = {-..μ).-ὶμ'} do 
= Jj, itd: 1, 2» 


say. In the first place 


Ολ ? } κ ς 
(6.23) Jy, 1 ΞΞ — (An, Gy) m1 = o(m ᾧ)" = o (¢1) = o(¢"). 
Secondly, 
(6.24) Ji 2 = (k—1) i ONE — a)" "dor — |" ὮΝ (σ)(ζ--- ae” der 


= Ji, iti, 2,25 
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say. Now 


Ι ! r) 1 
(6.25) JO ee ee ΟΣ 
ζᾧτ-τ = ae ae Ἅη, 1 Ὁ Α 


since λὶ <o<7, and cw’ increases with σ. Hence 


(6.26) Ji, 2,1 = (k—1) \" ο(σ)(ζ--- μα)" μ΄ oH do 
λ ᾧ--μ 


= Ὁ ᾿ (ζ--- μ)"  μ' do 
AL 


= ο(ζῦ). 
Also 


(6.27) hag = : ο(σ)(ξ---μ).-ἴὸ (+) de 
Al eT 


= οἦ" (ζ-- ). pide 
= 0(€*). 
From (6.22)-(6.27) it follows that 


(6. 28) J ἘΞ ἢ 


6.8. It remains to consider Jy. We have 


(6.811) i= \ Ο, (σ)(ξ---μ).-ἰ μ' do 


-ὖῷ \ C, (o)(€—m)"} ae 


ἢ 
if μ' increases ; and 


N2 


(6.812) 7, -- 4] Οκ(σ)(ξ--μ).-1 de 


80 


if μ' decreases, 7, denoting in either case a number between 7, and 7. Now 


ἃ ἕπ-μ. ζ-μ-ἀατ--οὴμ' ζ΄ --μ' 
ds η--σ ()--- σ)" ητ-τσ 


> 


ζ΄ being the value of μ' for a value ἢ of its argument between o and 7. 
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This is positive if μ΄ increases and negative if u’ decreases. Hence 


ἔτ μ 


π-σ 


is monotonic, and varies in the same sense as μ΄; so that 


(+) κ--Ἰ 


is monotonic in the sense opposite to that of the variation of μ΄. We have 
therefore 


n a κ--Ὁ 
(6.821) J, = | Ch (σ) (=) (n—o)*—' do 
=e k—-1 fn 
=¢' (Ξ ἡ ᾿ Cy (σ)(η--- σ)" " dr 


if μ' increases; and 


Ne == k—1 
(6.822) Jn ΞΞ G1 { C) (a) (Ξ) (η--- σὴ)" " de 


= α (EB) |" cxora—or ao 


if μ' decreases, 73 being in either case another number between 7, and 7. 
And in either case e—¢ 
S52 


1—~ "Ne 
lies between ¢ and ¢’. 


The order of μ lies between log X and A‘, and that of u’ between 1/r 
and A*~", and a fortiori between Δ’ ἃ and A4.* Also 


hn<ny<n. 


It follows from 4. 8 that the ratio G/¢’ lies between fixed positive mits 
We have therefore in any case 


(6.33) Jy = og" |" Ολ(σ)0)--- σ)" 1 do. 


* Evidently we may suppose A > 1. 
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But* 
(6.84) " Clo) (n—o)*-1do | <2 Max Cy(r). 
ns Mery 
Hence 
(6.35) Jo = O(€')* oly) = o(ng'* = ο(ζῦ. 
From (6.21), (6.28), and (6.35) it follows that 
(6.86) ji 0(C*). 


6.4. We have thus proved the theorem when 0< « <1 and the order 
of μ lies between log and A4. Suppose next that the order of μ lies be- 
tween log log ἃ and (log A)“; and let 


ν = (log A)", 


where @>1. The series is summable (A, κ), and therefore, by what 
precedes, summable (ν, x). But 


mA) = wer") 


is an L-function of ν whose order lies between (1/a) logy and »**. Hence 
the series is summable (u, x). The theorem is thus proved when 
0<x<1 and the order of mw is greater than loglogA. Repeating 
the argument, we prove it whenever the order of u is greater than any 
one of | 
log log log A, log log log log A, 

Since any L-function which tends to infinity must increase more rapidly 
than some one of the repeated logarithmic functionst, the theorem is true 
without restriction on uw. The proof when 0 < « <1 is thus complete. 


Proof when x is greater than 1 and not integral. 


7.1. The proof of the theorem when « is greater than 1, but not an 
integer, presents no fresh difficulty of principle. All that is necessary 18 
to combine in an appropriate manner the arguments used in 5 and 6. 

We suppose that 


(7.11) k<«< k+l, 


* H, and R., p. 28 (Lemma 7). 
+ O.1., p. 20; ‘* Properties &c.’’, pp. 63 et seq. 
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i: being an integer, and (for the moment) that μ is of higher order than 
logA. Integrating the integral (5.13) & times by parts, we obtain a con- 
stant multiple of 


n d K+1 
ἜΘΟΣ k re 4 
(7.12) J= CF (@)( =) (Gu do. 


We write, as in 6.2, 


(7.18) J= \"+ ᾿ ΞΡ eee A 


Ἦι 


7.2. In order to obtain an upper limit for J, we integrate once more 
by parts. We thus obtain 


Κι k+1 Ἢ] k+2 
(7.21) J, = @ (=) (ξ-ζ)--- mo} C+ (g) (2) (ζ- μι)" do 


k+1 λάηι 
= Ji itdi., 
say. Now 
d\*t} 
(7.22) (7) Gea = BA EWU Wn 
where 
(7.281) SHS +S.+... =k, 
(7.282) 8: +25,.+3s3+... =Ak+1. 
Hence 
C**? (ny) ἣν 

(7.24) 1 ΞΞ “Ἐππ DA (E—G) Gi) * (Gi)... 

But C*+(n1) = o(n**?), 
since the series is summable (A, x), and a fortiort summable (A, +1), to 
sum 0. Also ξ-- = O(n 0), 
by (6.12), and COs 0 ($5), 
by 4.2. Hence 
(7. 25) Fi, 1 = Do {Hkh (nF) ge 2mm (ζρλἘ5Ὲ..} 


= So i ea a a (G78 +8454.) 


= 2 O(n, G)etatat.. = οὐ 1)" 


= ο(ζῇ) = 0 (€*). 
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7.8. The integral Ji,¢ is a sum of constant multiples of integrals of 
the type 


(7.31) \" ΟΡ ΤΙ (σ)(ζ--- pm)? (a!) (ul)? ... de, 
where now 

(7.821) S+5,+Sg+... = κ, 

(7. 822) 8.1 25. -} 88. -Ἐ ... = k+2. 


The integral (7.31) is of the form 
Μ᾿ . 

(1.88) | ook τ ς(ζ-τμ)ῦ τὶ (αΑὙ11 (ult) 2 (Ga)! do. 
λι 

Now ζΞ μι > ες = Amo > 4σμ', 


for \\<o<mn,; and 


s—xk+1 = 1—s,—s,—... < 0. 
Hence 


(7. 84) (ζ-- ΑἹ “τ a Ο(αμ) “11; 
and 
(1.85) στ τ τ) (wl)? ... 


— O τα igen (ay hee 1) 


= Ο(1), 
since k+1it+s—«+1—s,—2s,—... = 0 
and s—Kk+1+s,+5+...—1 = 0, 


in virtue of (7.821) and (7.822). Thus the integral (7.33) is of the form 
YL 
οἱ (ζ--- μ)" μ' ἀσ = 0(G) = o(€); 
AX 
so that 
(7 .86) Ji,2 = o(¢"). 
From (7.25) and (7.86) it follows that 
(7.87) J = 06). 
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7.4. It remains to consider 
ἢ α ke+1 
(7.41) Ih - ΘΟ» )(5) Gm) do, 
m σ 


which is a sum of constant multiples of integrals of the type 


(7 .42) \ C* (σ)(ζ---μ)᾽ (u')? δ), dor, 
where ° 

(7.481) s+s,+58.+... =k, 

(7. 482) $+ 28,- 955. ... =k+1. 


The integral (7. 42) may be written in one or other of the forms 


(7.441) (ζ}} (ζ")» " Ι Gk (x) (ζ- μ)" do, 


(7.442) (EY (EN... [ C¥ (σγιξ---μ)" de. 


Arguing as in 6.3, we replace each of these integrals by one of the 
form 


- 5 [78 
(7.45) j= ane... ES)" ("or oro) ao. 
4— "4 15 
where 73, 74» ... are numbers between 7, and y, and 63, &, ..., ᾧ, G4, ... are 
the corresponding values of μα and μ΄. We write (7.45) in the form 
(7.46) 2 =hidu 
where 7, and 7, denote the external factor and the integral in (7.45) re- 


spectively. 


| 7.5. It follows from arguments similar to those employed in 6.8 that 
(7.51) Jr = OEY b= Ο fg Ὁ 3551 (0) ἘΑ ΘῈ. 
In order to obtain an upper limit for j,, we observe that 
(7.52) [s] = k—s,—s,—... =k’, 
say, and integrate &'-+1 times by parts. We thus obtain 


(7.88) 2. ΞΞ ὰ C*(a)(n—o)' do = Ε' (γρ) --- Ε (ny) +js = joths 


601 


1915.] THE ΒΕΟΟΝΡ THEOREM OF CONSISTENCY FOR SUMMABLE SERIES. 86 


say, where 


Ξ τὶ 


(7.54) Fio)= | 


κι ---αὐ δ -,.}8- 
ον 5 πο + Gay OF Me) (no) +... 


s(s—1)... (s—k’+1) 
(e+ 1)(k+2)... ἘΠ’ +1) 


OF +B +1 (σ)(η--- σ)" 


ἘΠ 
en s(s—1)... (s—k’) ne gee 
7-59) = GED G+D ... +h ΕἸ \" le μὰ 
Any term of F(c) is of the form 


o(nletrts—rtly — o(n®ts+h) ; 


and so 
(7.56) jg = O(n ἜΣ, 


On the other hand s—k’ lies between Ὁ and 1, and so* 


(7 .57) ᾿ ΟἸΈΝ +1 (σ)(η--- σ) Ἐ-1 da 
15 
De+k' +2) (6-κἪ | 
9 M stk+1 
< ΠΕΣ gee 
— o(n ts), 


Thus both 7, and 7, are of this form, and so, therefore, is 7,; and therefore 


k+s+1—sg—2s3—.., (Ceara 


(7.58) j= hide = οἷ 
=0 Qc yt re 
= ο(ηγξγ" = o(€"). 

Hence | 


(7.59) To = 0(€). 


7.6. From (7.13), (7.87), and (7.59) it follows that 
(7.61) Ὁ ἘΞΞ o(¢*). 


The proof of the theorem is thus completed, provided that the order of μ 
is greater than that of logA. In order to extend the result to cover all 
possible cases we have only to repeat the argument of 6.4. 


* H. and R., p. 29 (Lemma 8). 
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Conclusion. 


8. It remains only to show that the theorem is the best possible 
theorem of its kind. In order to prove this it is necessary to show that 
of «ts any L-function of X which tends to infinity more rapidly than any 
power of r, then we can determine a number x and a series Xe, which 8 
summable (A, x) and not summable (u, x). 

We may take ἃ =n, and we may suppose that uw is of lower order 
than e”, since methods of type as high as e” will sum convergent series 
only*. Consider the series 


(8.1) Σ (--1)" (5). 
μη 
which may be written in the form 


¥(—1)" n* ( -*,) " 


εἰ 


Since pu, is of order higher than any power of 7, we have 


Mn __ 
le o(1).+ 


Hones 7 (+=) 
Nihn 


is an L-function which tends to zero, and so also are all its derivatives. 
All of these derivatives, moreover, are ultimately of constant sign ; and the 
same is true of all the successive differences of the function. Also the series 


=(—1)"n* 


is finite (C, x). It follows from known theorems} that the series (8.1) is 
summable (C, x), 2.6. (”, x). 
But the series (8.1) is not summable (u, x). For if it were, we should 


have 
(4#)" =o (2), 
Mn \en+1— Mn 


* H. and R., p. 46 (Theorem 86). 

Tt O.1., p. 38. 

+ The theorem required is a special case of Theorem 1a (p. 61) of Bohr’s dissertation 
‘ Bidrag til de Dirichlet’ske Rekkers Theori’’ (Copenhagen, 1910). 

§ H. and R., p. 36 (Theorem 21), 
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and this is untrue, since ben+1~ Mn 


’ 
and Mnan+1—hrn™ Bas 
when uz, is an L-function of 2 of order less than e”*. 
For example, the series 


1—1+1—1-... 


15. summable (1, «) for any positive value of x, but is not summable (ἐ", «) 
for any value of x. The series 


ibe) D8 


is summable (n, 1) but not summable (65, 1); and so on. 


* O.1., pp. 41 et seq. 
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. CORRECTIONS 
p. 78, line 9. For C,(a) read Οχ(σ). 
p. 80, lene 4. For o(c) read o(1). 
p. 82, line 1. Insert | |. 
p. 87, line 15. For fz, in the denominator read μῃ. 


COMMENTS 


Special cases and partial conjectures of the ‘second consistency theorem’ may be 
found in 1907, 5, §§ 5-6; 1910, 1, §8; and 1910, 3, §8. 

The theorem of Cesaro, referred to in § 3, is the theorem rediscovered by Hardy in 
1907, 5, § 4, concerning the relative strength of weighted means. In 1910, 3, § 8, where 
Riesz means of order 1 are defined as weighted means, with weights imi; = Amii—Am> 
Hardy uses case (a) of the theorem; case (δ) may also be used, or the general case of 
Garabedian and Randels. For references, see the Comments on 1907, 5. 

The conditions in the ‘second consistency theorem’ were extended by Hirst who 
gave sufficient conditions for a function ¢, with a certain number of derivatives, to 
be such that (4, Κ) implies (f(A), Κ) for all choices of A, Later, Kuttner{ obtained 
necessary and sufficient conditions, which, in the case k an integer, are essentially the 
same as Hirst’s conditions. 

The formulae 5.32—5.332 in ὃ 5 and 7.22—7.232 in ὃ 7 are cases of the formula of 
Faa di Bruno§ for the nth derivative of a function of a function. 

The theorem quoted in ὃ 8 is Bohr’s version of the Bohr—Hardy theorem] that: 
if > a, is bounded (C,k), and (i) dy = o(1), (ii) ¥n*|As4d,| < co (8 = 0,1,...,k), then 
Σα, (ἃ, ἐδ summable (C,k). Hered, = d(n) = (u»/npn)*, and Hardy’s conditions imply 
that (— 1)'d(x) is ultimately positive, and hence that A‘d,, is ultimately positive, for 
s = 0,1.,...,k. Sinced, — 0, this implies that Bohr’s hypotheses are satisfied ; see 1907, 
6, §4, Lemma A. 7 


+ Proc. London Math. Soc. (2), 33 (1932), 353-66. 

t J. London Math. Soc. 26 (1951), 104-11 and ibid. 27 (1952), 207-17. 

§ See De la Vallée Poussin, Cours d’analyse infinitésimale, Vol. I (edn. 7, 1930), pp. 89-90. 
|| For references see the Comments on 1908, 1. 
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ANALYSE MATHEMATIQUE. — Sur la sommation des séries de Dirichlet. 
Note de M. G.-H. Harpy. 


1. On peut dire qu’une série La, est sommable par la méthode d’Abel, 
ou sommable (A), si la série La,e—” est convergente pour y > 0 et tend 
vers une limite finie quand y tend vers zéro. L’application de cette mé- 
thode de sommation aux séries de Dirichlet Σα, π᾿ donne des résultats 
assez Intéressants, qu’on ne semble pas avoir remarqués jusqu’ici. 

Je suppose qu’il existe un nombre M tel que a, = O(n*); il y a donc un 
demi-plan de convergence absolue, et la série représente une fonction ana- 
lytique 

J(s)=f(o+ ti). 

On a étudié surtout les fonctions qui sont d’ordre fini sur une paralléle 
a l’axe des imaginaires. Supposons que /(s) est réguliére pour σξσ, et 
désignons par K = K (o,) la borne inférieure des nombres £ tels que 


(e+ ti) = O({¢]§), 


uniformément pour o2¢,, et supposons, de plus, que K <x. Cela étant, 
on dit que f(s) est d’ordre fini K pour σ = a,. Les séries de telles fonctions 
sont sommables (C), c’est-a-dire par les moyennes de Cesaro; on sail, en 
effet, d’aprés M. Harald Bohr, que /a condition nécessaire et suffisante pour 
que %a,n~ soit sommable (C), pour «> σι, est que f(s) soit régultere et 


_dordre fini pours > a,. 


2. Toute série sommable (C) est sommable (A) : la méthode d’A bel est 
donc applicable a toutes les séries correspondant aux fonctions d’ordre fini, 
mais son application en ce cas n’est jamais nécessaire. Au contraire, pour 
les fonctions d’ordre infini, les méthodes de Cesaro, et les méthodes plus 
genérales de M. Marcel Riesz, sont en défaut. On a donc besoin de mé- 
thodes plus puissantes, telles que la méthode d’Abel. 

Soit f(s) réguliére pour σ 3 σ,, et soit H = H(c,) la borne inférieure des 


nombres ξ tels que 
S(o + εἰ) = 0(e24), 


1916, 7 Comptes rendus, 162, 463—5. 
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uniformément pour 2 oy. J’appelle cenombre H l’indice de f(s) pour c= 9,. 
On démontre sans peine que la fonction H(c) est nulle a partir d’une valeur 
o,decet qu'elle est, de plus, positive, décroissante, convexe et continue 
(tant qu’elle reste finie) pour σ <«,. 

En faisant usage de la formule 


2a, ns erry = 


fo a] 
[ Ὁ Σά, 8 ΕΣ da, 
oO , 


Ts) 


valable sous des conditions qu'il n’y a pas besoin de récapituler, on trouve 
aisément que, st la serie La, est sommable (A), la série La,n-* est som- 
mable (A) pour a > σς. 

Il s’ensuit que le domaine de sommabilité (A) est un demi-plan. On obtient 
aussi le theoréme : 


I. Sula série est sommable(A) pour σ >«,, f(s) est réguliére, et H(s) < ) 
pours >«,. 


D’autre part, en partant de Ja formule 
᾿ K +i, 
Σ Ait teh = 2 —u Τ' : 
Anne 7 ae y—-" (uu) f(s + u) du, 


Lap 


οὐ Καὶ désigne un nombre positif assez grand, et en suivant une marche qui 


ne differe pas, au fond, de celle que M. Littlewood et moi avons suivie dans 


quelques recherches récentes sur les nombres premiers ('), on aboutit au 
théoréme réciproque : 

IL. δὲ f(s) est réguliere, et H(c)< τ pour σ᾽» Gy, la serie est sommable (A) 
pours σ᾿. 

De ces deux theorémes 1] résulte que le domaine de sommabilité (A) est le 


5 . δὰ : : : TT 
demi-plan dans lequel l'indice de la fonction est plus petit que —. 


3. On peut généraliser la méthode d’Abel en supposant que La, e~””’, 
ou A est un nombre positif quelconque, converge pour y > 0 et tend vers 
une limite finie quand y tend vers zéro. Je conviendrai alors de dire que la 
série La, est sommable (A, Δ). On augmente la puissance de la méthode en 
diminuant A. 


(1) Voir une courte Note dans The Quarterly Journal of Mathematics, t. 45, et 
un Mémoire étendu qui va paraitre dans les Acta mathematica 


607 


608 


465 
Les résultats de l’application de la méthode généralisée sont tout ἃ fait 
analogues aux théorémes que je viens d’énoncer : il faut seulement rem- 
-ς τ 
placer = par --τ' | 
Tous ces théorémes admettent aussi des généralisations pour des series 
Σα, 6 d’un type quelconque. 


4. Considérons, par exemple, la série 
Fs) jet een (u>0,a>1). 


_Lasérie est absolument convergente pour a > 1 etconvergente pour ¢ = 1; 
les droites de convergence et de sommabilité (C) coincident dans la droite 
σ =1. La fonction f(s) est entiére et d’ordre infini sig <1 ("). 

On peut démontrer que H(c) = 0, pour toute valeur deo, sia > 2; la 
série est alors sommable (A) dans toutle plan. Sit<Ca< 2, ona H(s) =0 
pour o >1, et H(c) =o pour σ <1; la série n’est plus sommable (A) que 
dans le demi-plan de convergence. Enfin, si a = 2,ona Η(σ) = 0 pour GcI 


et H(c) = :- pour σ« 1. La série en ce cas est donc sommable (A) 
pour ¢ >1—pm, ce que l’on peut vérifier par un calcul direct. Elle est som- 


mable (A, A) pour o >1 — ae 


(1) J'ai donné les démonstrations de ces propositions dans Zhe Tohoku Mathe- 
matical Journal, t. 8. 


(Comptes rendus, t. 162, p. 463, séance du 27 mars 1916.) 


CORRECTION 
p. 464, line 9. For o > oo, read a > 0. 


COMMENTS 
This is a summary of results published in 1916, 1. The reference in ὃ 4 is to 1915, 11]. 


THEOREMS CONCERNING THE SUMMABILITY OF SERIES 
BY BOREL’S EXPONENTIAL METHOD. 


By 6. ἢ. Hardy and J. E. Littlewood (Cambridge). 


ee 


Introduction. 


τ. In a paper *) published in the Proceedings of the London Mathematical Soc- 


iety in 1912 we proved that a series > a, in which 


sais a, =0(7;) 


cannot be summable by Borew’s method unless it is convergent; and we raised the ques- 
tion whether the theorem remains true if the o in the condition (1.1) is replaced by 
an O. We stated that we had no doubt as to the truth of the theorem thus suggested, 
but that we were unable to find a proof. 

We are now able to supply the proof that was then lacking, and to do this is 
the principal object of the present paper. The proof is given in section 2. In sections 
3 and 4 we consider some theorems of a different character but also relating to 
Bore’s method. 


2: 


Proof of the general Borel-Tauber 5) Theorem. 


1. The series > a, is said to be summable (B), to sum s, if 


n 


x 
—Xx 
a πὶ 


1γ 6. H. Harpy and J. Ε. Lrrrtewoop, The Relations between Bore’s and Cesaro’s Methods of 
Summation [Proceedings of the London Mathematical Society, series II, vol. XI (1912-1913), pp. 1-16]. 

2) For an explanation of our reasons for giving this name to the theorem, see G. H. Harpy 
and J. E. LirrLewoop, Contributions to the arithmetic Theory of Series [Proceedings of the London 
Mathematical Society, series II, vol. XI (1912-1913), pp. 411-478 (p. 413)]. | 


1916, 8 (with J. E. Littlewood) Rendiconti del Circolo Matematico di Palermo, 41, 36-53. 609 
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where | 
§,=4,-4,+ “ἊΝ Os 
tends to the limit s when x => ov, 
THEOREM 2.1.—IJf > a, is summable (B), and 


(2.11) ‘== 0(-) : 


then > a, is convergent. 
The proof of this theorem, as of any Tauserian theorem of the O type, is de- 
cidedly difficult. We shall base it on a number of preliminary lemmas. 


ΓΈΜΜΑ 2.11.—If > a, is summable (B), and 


ay) a, = 0(1), 
(2.112) ᾿ς, ΞΕ ας -Ἐ ἃ, -Έ τ’ ba, Ξε ο(γη). 


This is Theorem 3 if our previous paper *), with #0. The conclusion is true 
a fortiors if a, satisfies (2.11). | 
LemMa 2.12.— If > a, is summable (B) to sum s, and s, satisfies (2.112), then 
- I S en /2P S 
γ2πμ <= 
when p. w>0o by integral values. 
It is to be understood that s__ 


>_> 
A+|e Sy 


=o when the suffix is negative. 


We have " | 
(2.121) | Sat $s, Ewes, 
We write | | 
(2.122) ee ΘΓ ΣῈ Ὁ Ἢ > ) =S,4+5,+5, 
3 : t—H)p. "ΗΒ | 


say, H being a constant, positive, irrational, and less than unity. Then we can find 
ἃ positive constant ὃ such that 


(2.123) $= Ο( Ὁ), S,= Oe) 4), 
Thus | 
Hyp. pe 
2.12 5 =e? = > 5, 
(2.124) = OTS Sep Eyl 


Now it is easy to deduce from Stirtinc’s Theorem that 


ΟΝ ΠῚ 


γ2πμ 
uniformly for —Hp<h< Ap. 


3) loc. cit. 2), p. 8. 
4) loc. cit. 1), p. 6. 
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Substituting in (2.124), we see that 


(2.126) 


where 


(2.1261) 


and 


(2.1262) 


From (2.124), (2.126), (2.1261), and (2.1262), it follows that | 


(2.127) 
Now 


(2.128) 


say. Also 


(2.1281) 


| 


S 


| 
9 
a .«ο--- 
om F | + [> 
ee 
a 
τ 


Ss” 
2 


1 
| 
9 


ς 
σιν 

μι 
ἙΝ 


( 
( 


Hp. 
en? 728. Si 


᾿ς Κ,2πμ Se 


Hp 


Δ, 


ia 


8 


(ot Ferm, 
—Hyp 


—_2 Ap re 
0(0 7S ope 


> pp err) 


+5, S?; 


J) 


) 
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where ὃ is a positive constant; and 
ox | ee σ΄ ,2 
S ΞΞΞΞ <= γ» ἔχω * 
(; μ ~ 
x ο( { γα δ, Δ) 
(2.1282) Ved y 


From (2.127), (2.128), (2.1281) and (2.1282) it follows that 
(2.129) S ms. 


This completes the proof of Lemma 2.12. 
LEMMA 2.13. — Suppose that f(x) is the continuous function of x defined by the 
equations 


(2.1311) fe=s, τ (ἃ — )G,,, rs 5.) (nZxZn- 1) 
(2.1312) f@) =o. (x <0). 
Suppose further that > a, is summable (B) to sum s, and that 
(2.111) A == 0(1). 
Then 
(2.132) Ε ἘΞ { εκ F(t Le x) dt m5 
V2 TX IJ —w 


as X >> co. 


We have already proved that 


I 


2/2 
(2.133) iam Σ: Sees 
when p.*> oo by integral values. We shall prove first that (2.133) may be replaced by 
(2.134) ΞΕΙ͂ΝΕ j eH s(t τῇ μ)41»» s, 
γ2πῳ. J 


where s(x) is the discontinuous function which is equal tos, when nZx<n- τ. 
To prove this we observe that the difference between the left hand sides of (2.133) 
and (2.134) may be written in the form 


oo h+1 

—— [ (ek eH) (τῇ μ)41; 

γ2πυ. ΞΞ ὑ, 

and that «(1 -Ἐ μ) is of the form o(/u) or o(ft ), according as μ or tis numerically 
the greater, and so in any case of the form 


ο(γμ) + o(Vt ). 


I 


(2.1341) 
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Also 


00 so ae ; =~ 
aS fer oa 
(2.1342) ee 


I = —t?/on, eee 
“te L it) = (1), 
ἜΤ > Co eo (Vt )dt 


(2.1343) | — (ctf ε τ) 


— σ(μ 2) = o(1). 


Hence (2.1341) tends to zero, and (2.133) may be replaced by (2.134). 
Secondly, (2.134) may be replaced by 


and 


I 


(2.135) lama 


[- PAPER pdt me s. 


For the difference of the left hand sides of (2.134) and (2.135) is, since a = ο(τ), 
of the form 


(2.1351) (. [- eo meat) = 0(1). 


Finally we may replace the integer » in (2.135) by a continuous variable x. For 
suppose that 


(2.136) 6S 0 | (0<6<1). 
Then 


foctret+ oar [πληγαὶ 
= foe te FO + Dia 
' ἥ πο ΟΣ ε 11:5 is 

ue ede F(t x)dt 


8. : fore oO 2 
-- o( f eeredt) + (7 f eras) =f o(— f Jt] ° creat) 
NI 2 γμ Jc fd 


= o(Vz) + o(Vu) + 0(e*) 
= o(7). 


Hence (2.132) follows from (2.135). 
2.21. So far we have never used the full condition (2.11): the hypothesis that 
a, = 0(1) has been sufficient for our needs. It may be inferred that we have still to 


face the main difficulty of the problem. This difficulty lies in the proof of the lemma 
which follows. 
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LemMA 2.21. — Suppose that f(x) is a real continuous function of x, with a dert- 
vative f'(x) continuous except at isolated points. Suppose further that 


(2.211) οὐ ες (σ:) 
γχ 
Finally suppose that the relation 
a ἰῷ .-αἰ32)χ 
(2.212) ΚΞ. [- a 


holds for some positive value of a. Then (2.212) holds for all greater values of a. 
We shall prove first that 


(2.213) f(x) = O(1) +”). 
We have 
spo) —f@=/F few ye+y sel 


Ἢ γέ τῇ 


τος 7 + iP Ἔ ee 
say. It is easy to prove, as in the proof of Lemma 2.12 °), that 
(2.215) ᾿Ξ. J 00) 
But, if — Hx <t< Hx, we have 
Ἐκ t 
(2.216) +9—O= fr wduso(F), 
and so 
(2.217) J, = O(— | |tle*** dt) = 011). 
Hence ( ᾿ a 
(2.218) s+ o(1) — f(x) = OC), 
(2.219) f(x) = 0). 
2.22. Let | 
(2.221)  F(x)=f(x)— 5, 
so that | 


(2.222) af ere +. x)dt = o(1). 


Further, let 
I 


(2.223) ΟΞ ἢ ἀρ; (—) Fe ease 


5) It would be sufficient for this purpose to suppose the left hand side of (2.212) bounded. 
5) See 2.1281 and 2.1282. 
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where n is zero or half a positive integer, Since F(x) = O(1), we have 


(2.224) I(x) = 0(x* f eee vat) = O(1). 


οΟ 


We shall now prove that (2.224) may be replaced by 
(2.225) LAX) = 0 (1). 


It will be well to point out explicitly that the argument by which this transition is 


justified contains the kernel of the whole proof of Lemma 2.2 and of our main theorem. 
2.23. Suppose first that n > 0. We have 


(2.231) I(x)=x? { ΠΩΣ F(t-+ x)dt 


oo 


ne pe 
7 ΥῪὙΞ 7 t=—(n++)s we e's pe Be Lx) dt 


x CO 
ee ee 
(2.232) + ax ἡ" gr eR bale χ δὲ 


ge Γ “een Erb χγάν 7), 
Also i 


ae els pen Ε' (t +- x)dt 


(2.233) -- --- anx” * f es ent Ee Le x) dt 


ἀρεῖ ae | 
+ 2ax | eh pet Fe -Ἐ x) dt, 


by integration by parts. Substituting in (2.232), we obtain 


2n n + — 2a a 
en | τ Σου 
n Vx a> x n Tae n+ + + x πε 


(2.234) = 0(7-) -+ 0(::) le 0(..) a o(=-) 


=o(j) 


and it is plain that a repetition of this argument will lead to 


ae es 
(2.235) fies o( : ) | 


7) There is no difficulty in the differentiation under the integral sign: all the integrals concerned 
are absolutely and uniformly convergent. 
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We have therefore 
(2.236) Po OC): «ΕΞ, = : ΕΞ o(=) 
γχ x 


for all positive values of ἡ. 
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Secondly, suppose that 7 == 0. Then it is easy to see that (2.234) must be re- 


placed by 


ea ee τ᾿: 
(2.237) L=—sht el toh 


and so that the relations (2.236) are true even when 2 = o. 
2.24. Suppose now first that ἡ“: = o. 


Then 
(2.2411) i == οι 
by (2.222), and a 
(2.2412) χ == OX) 


by (2.236). Hence °) 
(2.2413) Χ] το ο(γχ), [=o (7) : 


But we have, from (2.237), 


ΞΕ =h+4+—1,——+1, 
Gis | ae | 2x x | 
= (72) Fe) + he) =" (pe) 
Gab) Tf Ἐξ 1} 


1 


Thus (2.225) is established when ἡ τὸ --. 


But it is fairly obvious that this argument may be repeated. We have now 
(2.2441) I, = ο( τ), x* I’ = O(*), 


and therefore 


(2.2442) x['=ol(f~/x), = (7) 


! 
ΕΝ 
2 


Hence, using (2.234), we have 


(2.245) = (7) Ἔσο (7:) +? (-) = o(=) 


(2.246) 1: = {1 


8) loc. cit. 3). The Theorem used here is Theorem 6, with f=J,, y=1, P=x, r=2, S=1. 
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And we need only repeat this argument indefinitely in order to complete the 
proof of (2.225). — 

2.25. We are now in a position to complete the proof of Lemma 2.21. 

Suppose that δ is a positive number not greater than a. Then 


any tha G(s EDS CY com 


v=! 


where 0 < 8’ « ὃ. We have therefore 
(2.252) = ἐπ 1 + x)dt= > a A, (x) + 
. 5 /x τ - ν ν Ps 
where 7 
le | «.-.----- K ὃ : ef gaits prt2 dy 


ΤῊ wt 

(2.2521) = ea rl (ὃ yo fie we" dw 
Eo) οἷ 

Fn Fa) Syn’ 


and so e tends to zero as n »0 00, uniformly in x. 
Thus 


I —(a+d)t?/x ὃν 
(2.253) ἢ} eae dra So τ 1, (x). 
The series on the right hand side is uniformly convergent in x, say for x Nx, 
and each of its terms tends to zero as x »> oo. It follows that 


(2.254) aS. “ee ECL edi = 0(1), 


Thus (2.222) remains true when we substitute for a any number between a and 
24 inclusive. As this argument may be repeated, it holds for all values of a greater 
than the original value. Hence (2.212) also holds, and the lemma is proved. 

2.3. Theorem 2.1 is an easy deduction from Lemma 2.21. We have 


| oUF (Ef x) dt — f(x 
cad 2 fore + nat — 90) 
=/2 foe +9 — seat 


K|t| 
Vx 


Now 
(2.32) fG+ x) — 
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Hence 
ΓΞ fe pe + dt —$@) 


WX 


(2.33) | “81 2, 


=<, 


if a is large enough. If now we make x »> 00, we obtain 


(2.34) fim |s — f(x)| “25 
for all positive values of ε, so that 


(2.35) f(x) => s. 


It follows that 
5, > S; 


and the proof of Theorem 2.1 is completed. 


§ 3. 


A new method of summation and its relations to Borel’s method. 


1.3. THEOREM 2.1, is a generalisation of Theorem 1 of our former paper on 
ΒΟΒΕΙ 5 method. It is naturally suggested that Theorems 2-5 of that paper are suscept- 
ible of similar generalisation. We shall content ourselves with stating that the gener- 
alisations thus suggested are in fact true, and with mentioning explicitly two of the 
most interesting of them, viz., 

THEOREM 3.11. — Jf so is summable (B), and a,==O(1), then > a, is sum- 
mable (C, 1). 

THEOREM 3.12. —If > a, is summable (B), and a,== O(1), then s, = o({/n). 

We may remark that Theorem 3.12 may be deduced from Theorem 3.11 by 
using Theorem 11 of our paper quoted in note 7”). 

3.2. We take this opportunity of correcting an error in the Spacer to p. Io 
of our former paper. It is stated there that the equation 


ΡΒ) * 


gives a sufficient condition for the summability of > a, by Boret’s method. It is 
easy to show that this statement is false. | 


(3.21) 


Suppose that > ὦ, π΄ is an ordinary DrricHiet’s series which represents a func- 
tion f(s) =f(¢ + 1) regular and of finite order for all values of σ. The serizs 15 


9) We write A instead of s, as we are about to use s in a different sense. 


46 THEOREMS CONCERNING THE SUMMABILITY OF SERIES BY BOREL’S EXPONENTIAL METHOD. 


then, in virtue of a theorem of Bour *°), summable by CesAro’s means all over the 


plane. We have therefore 


κι st | 
7 ΞΞ 75) +°@), 


where & is a number which depends upon s. 
Let us denote by ¢#' CesAro’s mean of order k formed from the series 


(3.212) >t = Lae 


It is easy to deduce from (3.211) that 


(3-213) ) Ate = f(s aes +) +e(z-) “}) 


It follows that, if the theorem suggested is true, then the series > ἢ π᾿, and there- 


(3.211) 


Ss 


fore the series > ὦ, π΄, must be summable (B) all over the plane. 

But there are DiricHLet’s series which represent functions regular and of finite 
order all over the plane and which are not summable (B) all over the plane. For 
example the series 


i fopopes το 8 pope faz’ foH-.. 
represents the function 
(rt — 2) 9) 
and is summable when, and only when, it is convergent, i. 6. when o > *%). 
The suggested theorem is therefore certainly false. 
The theorem is true when k= 1 **), and the correct generalisation is as follows. 
THEOREM 3.2. — [f 


= GME 44 o(4), 


then BoreEL’s integral 


1s summable (C, k), 1. ε. 


I ἢ ᾿ ΒΝ at" 
(3.22) wal fe-9 6 ΣΤ: 4) a A 


aS Χ Ὁ» ©, 


15) See 6. Η. Harpy and Μ. Riesz, The general Theory of ὉΙΒΙΟΗΙΕΤ᾽; Series [Cambridge Ma- 
thematical Tracts, no. 18, 1915], p. 56. | 

11) We cannot quote any general theorem of which this equation is a direct corollary: but the 
materials necessary for the proof will be found in our paper « Contributions, etc.», loc. cit. 3), 
Pp. 432 εἴ seq. | 

.2) G. H. Harpy, The Application to DirtcHLet’s Series of BOREL’s exponential Method of Sum- 
mation [Proceedings of the London Mathematical Society, series 11, vol. VIII (1910), pp. 277-294]. 

18) Ὁ, Ἢ. Harpy, Researches in the Theory of divergent Series and divergent Integrals [Quarterly 
Journal, vol. XXXV (1904), pp. 22-66], p. 40; T. J. ’A. BRoMwicu, Infinite Series, pp. 319-322. 
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We shall be content to sketch the proof of this theorem. We may suppose without 
loss of generality that 4 =o. Then 


k k base. caren 
StS, tt PS, ΞΞ ); 
and it is easy to deduce ne 


ὩΣ με" Στ; ihe (75) 


πο. ἃ ἢ 
ἌΝ >> O 
n+k 


2G EI 


wm—> O. 


The last formula is equivalent to (3.22). 

3 3. The work of section 2 suggests some new definitions which seem to us 
likely to. be of considerable use in the theory of divergent series and integrals. We 
shall say that the series > a, is summable (E, a) to sum s, or that 

5, m>s (E, a), 
if 
li a - —ah?/p = 
(3.31) jin 1/23. ΡΞ" 
Similarly we shall say that 


we f(x) => 1 (E, a) 


(3.32) | lim ΨΥ forse +&)dt=1 95) 


Em>co 


The properties of these definitions are, in so far as series or integrals near to 
the boundary of convergence are concerned, very similar to those of BoreL’s method. 
In particular the « Tauperian » properties of the definition (3.31) are the same as 
those of Boret’s method. For example we have. 


THEOREM 3.3. — Jf (3.31) is true, i. 6., if > a, is summable (E, a), and 


ἃ; ΞΞ- Ὁ 
(ys) 
then > a, is convergent. 


3.4. ΒΟΒΕΙ 5 method has however a peculiarly intimate connection with the method 
of type (Ε, +). This connection is expressed by the following theorem, the proof of 


which is contained implicitly in the analysis of section 2. 


14) It is to be understood that s,,, = 0 when h+y<o, and f@-+ §) = 0 when ¢-++ & is 


less than some fixed number. 
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THEOREM 3.4. — Suppose that ς, --- ο(γη). Then the existence of any one of the 
limits 


. SA eee, οὐ 
(3.411) jim ¢ Dene 9 
: I a 2 
(3.412) lim —— ye pacer 


ὃ Ι ἮΝ —12/2% 
Al ] ———— t dt 
(3-413) Jim ay f s(t-+ &)dt, 


where s(x) is the discontinuous function defined in 2.1, involves the existence of the re- 
mainder and the equality of all. In this proposition it is indifferent whether x or § tends 
to its limit continuously or by integral values. 

The condition s, == o(f/n) is certainly satisfied if any one of the limits exist and 
a, == 0(1). And then the existence of any one of the limits (3.411)-(3.413) implies, and 
is implied by, the convergence of BoreEL’s integral 


(3.414) fe (x a, ) d x, 


or the existence of the limit 


(3-415) lim ἢ ἐ | (ae aah es 


tere }{2πξὲ ee 


where f(x) ts the continuous function defined in 2.1. 
3.5. We add a few remarks as to the relations between definitions of the type 
(E, a) corresponding to different values of a. We proved in 2.2. that, when 


(2.11) ae 0(7-) ) 


summability (ΕἾ a) for a particular value of a implies summability for any larger 
value of a; and in 2.3 that this implies convergence. Now it is easy to prove that 
these definitions obey the « condition of consistency », 1. 6. that any convergent series 
is summable (E, a) for any positive value of a. We see thus that, when (2.11) is 
satisfied, all methods of the type (£, a) are equivalent and will sum convergent series 
only. But this is not a sufficient account of the matter. 

Suppose that s = 0, so that 


(3.51) γ΄: fers - x)dt = 0(1). 


Putting 
| cs 

52 ἐ ΞΞ 4 --- = ἀπ 
(3.52) τς ΞΞ απ; 
we obtain 


(3.53) γι: fier swt ax)du = o(1). 


Let us suppose, for simplicity, that « is an integer k. When k = 1 our method 
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is, at any rate when a, = 0(1), equivalent to Boret’s. When k > 1 it is equivalent 
to the method which consists in applying Boret’s method to the subsequence s,.. 
Now 5, => 0 implies s,,*»>0, while of course the converse implication does not hold; 
and it would be natural to expect the same to be true when the limits are taken in 
ΒΟΚΕΙ 5 sense. It would therefore also be natural to expect that the truth of (3.53) 
for a given « should involve its truth for a larger (but not for a smaller) « either 
without any restriction on @, or at any rate under some condition less narrow than 
the « TAvuBERian » condition (2.11); in a word to expect the inference from a smaller 
to a larger « to be of an « ABELian» and not of a « Tauserian » characte. And so 
we should expect the inference from summability (£, a) for a given a to summability 
for a smaller to be « ABEtian », to be valid at any rate under a wider condition than 
the condition (2.11) required for the inference to a larger a, and to be of a less subtle 


character. 
We shall see shortly that this conjecture is justified, and that the inference from 
a larger to a smaller a holds at all events whenever a, = 0(1). We have however 


no direct proof of this assertion; our proof is indirect and depends on the methods 
of summation considered in the next section. | 


δ 4. 


The “circle ,, method. 


4.1. We shall conclude this paper by giving a short account of the results of 
some researches which started from a suggestion made to us in 1912 by Dr. MarceL 


RIESz. 
Suppose that the series 


(4.11) I= la 
has unit radius of convergence, and that 


(4-12) fM=fG+9)=>4G +9)! = > by 


so that 


(4.13) 2 


is the Taytor’s series for f(+ + =), i. e. the series obtained by putting y = - in 
the expansion of f (+ + y). Then Rtesz’s suggestion was that the hypotheses (i) that 
>. a, is summable (B), and (11) that the series (4.13) is convergent, are equivalent, at 
any rate under fairly general conditions as to the order of a,. 

We have succeeded in proving, by the use of some ideas already used in sections 
2 and 3, that this very beautiful theorem is true whenever s, = 0(f/n), and in par- 
ticular whenever a, = 0(1). We propose now, however, to give a proof not exactly 
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of Rresz’s theorem, but of another theorem in which the central idea is exactly the 
same and which differs from RrEsz’s only in certain formal respects. 

4.2. Suppose that | 
(4.21) ΕΘ) ΞΕ Σ 4,6" 
is convergent for all values of y whose real part is positive; and consider the series 
(4.22) ee O (> 0), 
which we may denote symbolically by 


(4.221) F(k — k). 


Then, if (4.22) is convergent, we shall say that > a, is summable with radius k. 
Suppose that this is so, and that the sum is s. Then 


. ~ k™ = m .—kn 
(4.231) ἐν amis “ἀξ 
or 
ee M(kn)” 
(4.232) Path Σ a, enn Σ — = S$, 
or 
= M (kn)” 
(4.233) | Re Σ᾿ ΓΗ Σ 4) ae? 
or | 
: o (k+-1)n - pM 
(4.234) tm vf € wr?! Ss. 


This is the form of definition which we shall find it most convenient to adopt. 
It enables us to verify at once that our definition satisfies the condition of consistency, 
1. δ. that any convergent series is summable with any radius k. More generally we 
have 

THEOREM 4.2. — A series which is summable with radius k is summable, to the 
Same sum, with any smaller radius. 

This theorem is plainly equivalent to that which follows 15). 

THEOREM 4.21. — Suppose that the series 


[j= ae 


is convergent at a point x, on its circle of convergence, and that ὁ <<a <1. Then the 


Taytor’s series for 
Fixx, + ( — a) xf, 


) (α x 
y EO i ς = Yai — deh 


υἱχ,, 


ts also convergent. 


1S Ἴ ee a 
) We write u,—u,  =Au. 


16 * . - ° . . . oe . . 
) We do not claim this theorem as new: it is certainly contained implicitly in earlier writings ; 
but we do not remember having seen it stated explicitly. 
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We may suppose without loss of generality that x, = 1. 
Then 


(4.24) 1 = b+ (1 —a)b, fe $(r— ah, 
is equal to the coefficient of γ" in 
(1 oe a i = rie (1 + δ.) Ὁ 
seg: Seer Shy" = Dae ty 
= {1 — ay"? yD 5, “by 


and so 
(4.26) 1,=(—a)™ 


The theorem is a straightforward deduction from this identity. 

4.3. The «circle» method of summation is related in a very simple manner to 
the method defined in section 3. 

THEOREM 4.3. — Suppose that s, == o0(/n). Then summability with radius k implies 
summability (E, ~k), and conversely. 


s t+atijes + EI) es eatin: 


1.2 


e 


The proof of this theorem is so much like that of Lemma 2.12 that it will not 
be necessary to do more than summarize its general lines. 


Suppose that > a, is summable with radius k, and that its sum is zero. Then 


k(n+1) ie 
(4.31) yf ae va di = 0(1), 


when M »»>oo by integral values. Suppose now that 


M 
aes cece | aie as 


so that o <v «1, and » τῷ μι -ἢ ἢ, where J, as in 2.1, ranges between — Hy. 


and Hv. 
Then 
cae Bh aCe +1 h + ae 
=: —k(m+h+&) " dt 
ey Ἂν “Ga! fe ~ (ep)! ' 


But it is easy to deduce from Stiritnc’s Theorem that 


| ΣΤ Sa eye we ") 
(4.34) (ἀμ) γωπὲμ + Θ(}} 


uniformly foro Zv «1 and 0641. It follows, by arguments: similar to those 
used in the proof of Lemma 2.12, that 


(4.35) γ᾿: Σ ales ΞΕ ΝΗ 0(1 )s 


and hence that > a, is summable (E, —k) to sum zero. 


A similar argument sufhces to prove the converse proposition. 
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If in particular we suppose that k = 1, we obtain 

THEOREM 4.31.—If a, = (1), then the existence of any one of the limits speci- 
fied in Theorem 3.4 implies, and is implied by, the summability of the series > a, with 
radius 1. 

4.4. The summability of a series by Boret’s method is therefore equivalent to 
its summability with radius unity in all cases in which ὦ, ΞΞ ο(1), and implies (though 
it is not necessarily implied by) its summability with any lesser radius. 

We have also: 

THEOREM 4.4. — The system of TauBerian theorems which holds for the « circle » 
method of summation is the same as that which holds for Borew’s method or for a method 
of type (E, a). In particular, if a series > a, is summable by the circle method, then 


(i) the condition 
= 0) ( 7) 
ἫΝ "ἝΝ 
tmplies convergence, and 
(11) the condition 
a, = O(1) 
implies summability (C, 1), and 
(111) the condition 
a= O(1) 


s == o(¥n). 


The proof of these theorems involves no difficulty beyond that implied in an 
adaptation and rearrangement of arguments used already; and the same applies to 

THEOREM 4.41. (Ries2’s Theorem).— If a, = 0(1) then the summability (B) of 
> 4, implies, and is implied by, the convergence of the series for f(+ + y) when y=—. 

4.5. We conclude with a few miscellaneous remarks. 

(i) We asserted at the end of section 3 that summability (E, a) for a particular 
value of a involved summability for any smaller a whenever a, = 0(1). The truth 
of this assertion follows now from Theorems 4.2 and 4.3. 

(11) The analysis employed in the proof of Theorem 4.2 suggests yet another 
definition of the sum of a divergent series viz., as the limit of 


implies 


Gayl $b as, SEVP De, 4d, 


where x is any number between ὁ and 1. The properties of this definition would 
naturally resemble those of the other definitions which we have been discussing. 
(iii). The «circle » method may be generalised by supposing that 


F(y)= > αν 


where (A,) is any ascending sequence which has the limit co and is such that the 
series is convergent for all values of y whose real part is positive. The «sum» of 
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> a, is then again defined as being the sum of (4.22), or as 
tM 


Ant 
lim 5 a, i 2 
Meo Σ ᾧ 1 M! 


The definition reduces to that already considered when 1, is a constant multiple 
of n. These methods are connected with those used by Riesz *7) for effecting the 
analytic continuation of a function represented partially by a DirIcHLeT’s series. 


I 
The « Tauserian » condition which corresponds to a, = (7) is now 


a=—=o nat) 
nu” Vr, ἃ 


(iv) It is of some interest to find a theorem which shall enable us to infer the 
summability (B) of > a, from the properties of the analytic function f(x). The fol- 
lowing theorem, which we state without proof **), was found independently by rrEsz 
and by ourselves. 

THEOREM 4.5.—If > a,x" is a power series whose radius of convergence is unity, 
and the function f(x) which it represents satisfies the condition 

f(x) — 1 « 41 — fF, 
where x > 0, at all points inside a circle which lies inside the circle of convergence and 
touches it at the point x = 1, then > a, is summable (B) to sum s. 


Cambridge, September 1915. 


G. H. Harpy. 
J. E. LirrLewoobp. 


17) M. Riesz, Sur la représentation analytique des fonctions définies par des séries de DiRICHLET 
[Acta Mathematica, t. XXXV (1912), pp. 253-270]. : 

18) The proof depends on considerations of function theory and differs entirely in character 
from those given in this paper. 
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CORRECTIONS 
p. 41, line 12. Read Jy. 
p. 42, line 6. For Lemma 2.2 read Lemma 2.21. 


᾿ς 1 n 
p. 44, line 5. For > read > . 
v=1 v=0 


line 7 up. For ‘values of a’ read ‘values of a’. 
p. 45, line 2 of § 3. For 1.3 read 3.1. 
p. 46, line 5. For ‘Cesaro’s mean’ read ‘ Cesaro’s sum’. 


1 
line 2 up. For Link read vk" 


p. 47, line 7. For x™+* read x”. 
p. 48, line 2 up. For u+azx read au+z. 


p. 50, line 4. For F(v) read Fy). 
(kK+1)n k(n+1) 
line 14. For read 
kn 


p. 51, line 5. For 1+ read 1—«. 
lines 5-6. Replace n by v in the sums. 


COMMENTS 


Theorem 2.1, § 2, is the O-Tauberian theorem for Borel summability. The corresponding o-theorem 
is given in 1913, 1. The theorem was extended by Valiron,f with the Tauberian condition replaced 
by 8,—8 > O0asm + oo, wheren > mand (x—m)/vm — 0, and by Schmidt, t with lim(s,—s,,) > 0 
as m — oo under the same conditions. A simplified proof was given by Vijayaraghavan.§ Another 
proof of the O-version is given in 1948, 4. 

In 1943, 4, Hardy and Littlewood point out that there is a slip in the proof of Lemma 2.12. The 
conditions under which the asymptotic formula (2.125) is stated to hold should be replaced by 
Δ] « μ᾽, where $ < ἡ < %, and there should be an extra term O(1/u) in the bracket. Stirling’s 

theorem and the logarithmic series give 


logle tah *#/(h+p)!) = — flog 2mp—$h*/p + Ο(1.μ)Ἐ O(|h 12) + O(h|2/u2), 
and the subsequent argument requires |h| = ο(μῆ), ice. ἢ < 3. There will then be sums over the 


ranges (μ.--αὐἶμ, μ-- μῆ) and (utp, + Hp) to be estimated, which require the condition ἡ > }. 
For details, see D.S., Theorem 137, pp. 200-3. The rest of the proof of Theorem 2.1 is unaffected. 


One-sided extensions of Theorems 3.11—3.12, as well as other extensions of Theorems 9. ὅ of 


1913, 1 have been given by Lord (see the Comments on 1913, 1). 

Theorem 3.2, § 3, corrects a statement in 1913, 1, p. 10, footnote. In the proof, the step from 
line 5 to line 6 is the known case, i.e. the case k = 0, with summability (B) in place of (B’). By 
Lemma 2 of 1913, 1, the formula on line 7 (see Corrections) states that the B-mean of s,, tends to 
0(C,k), or alternatively, that the B’-integral of a,-+a,+... is summable (C, k) to —ap. This implies 
that the B’-integral of A+ @,+... is summable (C, k) to 0, but the last step can only be reversed if 
the B-mean οἵα, tends to 0 (C,k). For the case k = 0 of these relations, see 1904, 3, 1904, 4, and the 
Comments on them; for the general case, see D.S., § 10.10, and Bosanquet.|| 


+ Rend. del Circolo Mat. di Palermo 42 (1917), 267-84. 

1 Schriften Kénigsberger gelehrt. Ges. 1 (1925), 205-56. 

§ Proc. London Math. Soc. (2), 27 (1928), 316-26. 

|| Proc. London Math. Soc. (3), 3 (1953), 267-304 (Theorem 5). 
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Some remarks in § 3.5 may be reconsidered in the light of later results. In D.S., p. 222, Hardy 
defines the (B, y) sum, y > 0, ofa)+a,+... as the B-limit of the sequence 5,n/,) which is equivalent 
(Theorem 158) to the (e, $y) sum,tt whenever a, = 0(1). In particular, for k an integer, the (B, 1/k) 
sum is the B-limit of the sequence ὅκῃ» which is therefore equivalent, when a, = 0(1), to the 
(e, 1/2k) sum. The (B, 1/k) method was introduced by Borel as the J method corresponding to the 
integral function οἴ", see Borel.{{ But this corresponds to (3.53) (in its corrected form) with 
α = Vk (not « = k). An alternative to (3.53) may be obtained by putting ¢ = u/2a, x = X /2a in 
(3.51), which gives 


J [ eettes(e+ay dt = Is) Ϊ e-wraxs(4E-) du. 


This suggests the correct result that (6, α) corresponds to (B, 2a). The final conjecture, substan- 
tiated by Theorems 4.2—4.4, is proved again in 1943, 4, Lemma 7. In D.S., p. 220, Hardy gives a 
better result for the integral version, that the inference froma = btoa=c,0 <c < b,holds when- 
ever the integral in (3.32) is convergent for a = Ο; see also the Comments on 1943, 4. 

The circle method of radius k, say (I’, k), defined in 8 4, is analogous to the Euler method (compare 
D.S., p. 7). In both methods the circle of convergence is transformed to a half-plane, and the new 
sum function expanded in a power series; compare also Knopp’s§§ extension of Euler’s method. 
A second circle method, of radius B = 1 -- α, called (y, B) in DS., p. 218, is defined in ὃ 4.5 (11), and 
used in 1943, 4. Here the preliminary transformation is omitted. This method was defined inde- 
pendently by Feketel||| in 1916, and is also known as the Taylor method. Theorems 4.3—4.4 and 
Lemma 4 of 1943, 4, together show that, when a, = 0(1), (I, k), (e, 34) and (y, k/(k+1)) are equi- 
valent; see also D.S., Ch. IX. In Theorem 4.21 the words ‘on its circle of convergence’ may be 
omitted. Theorem 4.2 is then a corollary. The analogue of Theorem 4.2 for (γ, β) summability is 
given more explicitly in 1943, 4. 

In the proof of Theorem 4.3, should range between —p” and py.” in (4.34), where 3 < ἡ < 3. 
The converse part of Theorem 4.31 depends on Theorem 4.4 (111). 

{7 Here called (ἢ, $y). : 

tt Ist edn., pp. 129-30, 2nd edn., pp. 161-2. See also 1904, 4, § 5. 

§§ Math. Zeit. 15 (1922), 226-53, and ibid. 18 (1923), 125-56; see D.S., p. 178. 
\\\| For references see Fekete, J. Lond. math. Soc. 33 (1958), 466-70. 
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On the convergence of certain multiple series. By G. H. Harpy, 
M.A., Trinity College. 


[| Recewed 15 May 1917.] 


1. In a paper published in 1903 in the Proceedings of the 


London Mathematical Society*, and bearing the same title as this 
one, I proved a theorem concerning the convergence of multiple 
series, of the type 
Σας,, tg, ... tk Ye ἴα, ... ἐκ» 

which is given (with an improvement in the conditions) on p. 89 
of Dr Bromwich’s Theory of infinite series. This theorem is one 
of a class οὗ some importance; and I propose now to state and 
prove the leading theorems of this class in a form more systematic 
and general than has been given to them before. I shall begin by 
recapitulating, with certain changes of form, some known theorems 
concerning simply infinite series; and I shall then obtain the 
corresponding theorems for double series in a form as closely 
analogous as possible. The generalisation from double series to 
multiple series of any order may well be left to the reader. 


Simply infinite series. 
2. I shall say that a function a,,, real or complex, of a positive 
integral variable m is of bounded variation if 
Σ |®m -- Angi | 
is convergent. It is plain that this condition involves the existence 
of a= lima,,. 


THEOREM 1. The necessary and sufficient condition that dn 
should be of bounded variation is that its real and imaginary parts 
should be of bounded variation. 


This follows at once from the inequalities 


| mn — Cnr | <1 Qm— Ones |; | Bm — Bmti| <| Om — Om |; 
| ln — Oma! <| Om — Cmts | +| Bm — Bes |, 
where Am = An + 1B. 


* Ser. 2, vol. 1, pp. 124—128, See also ‘Note in addition to a former paper on. 


conditionally convergent multiple series’, ibid., vol, 2, 1904, pp. 190—191, 


1917, 3 Proceedings of the Cambridge Philosophical Society, 19, 86-95. 
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THEOREM 2. The necessary and sufficient condition that a real 
function dm should be of bounded variation is that it should be of 
the form Am—Am, where Am and A,’ are positive and decrease 
steadily as m wncreases. 


The sufficiency of the condition follows at once from the 
inequality . 
| Am ~ Am+i | S$ (Am ὩΣ Am+) 5 (Am 7s Amit): 


In order to prove that it is necessary, let us suppose that am 18 
of bounded variation, and let us write 


Pm >= | Om — Im+i | (Qn, — Amt 2 0), Pa = 0 (hm - Amy < 0), 
in = | Om — Am+1 | (Qn - Am+1 S 0), Pm = 0 (Qn — Am > 0), 
Bie Soe, Boas po 
m γι 


Then B,,.and By,’ are positive and decrease steadily as m in- 
creases; and 


ir a] 
Bu -- Bm = Σ (dn -- On41) = Om — ἃ. 
m 


We may therefore take A,,= Bn+C and A, = B,, + C’, where 
C and C” are suitably chosen constants. 


THEOREM 3. If dm ts of bounded variation, and Sum ts con- 
vergent, then Lamm is convergent. 


Theorem 1 shews that it is enough to prove this theorem 
when a, is real. Theorem 2 shews that it is enough to prove it 
when @» is positive and steadily decreasing. In this form the 
theorem is classical *. 


LemMA a. If Xcm ts a divergent serves of positive terms, we 


can find a sequence of positive numbers em, tending steadily to the 


limit zero, such that SémCm is divergent. 


Lemma β. If Xem is a divergent series of positive terms, we 
can find a sequence of integers πὶ; such that the series tm, where 
Cm = 0 tf m= mM, and Cm’ = Cm otherwise, is divergent. 


Lemma a is due to Abel+. Lemma £ is quite trivial, and the 
proof may be left to the reader. 


* See Bromwich, Infinite Series, p. 48. Theorem 3 is given by Dedekind in his 
editions of Dirichlet’s Vorlesungen tiber Zahlentheorie: see e.g. p. 255 of the third 
edition. The central idea of all such theorems is of course Abel’s. The line of 
argument followed here is due substantially to Hadamard, ‘Deux théorémes d’Abel 
sur la convergence des séries’, Acta Mathematica, vol. 27, 1903, pp. 177—184. 

+ ‘Sur les séries’, Guvres, vol. 2, pp. 197—205. . | 
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THEOREM 4. Jf Lamm ws convergent whenever Xt is con- 
vergent, then dm 18. of bounded variation. 


This theorem is due to Hadamard*. We have to shew that, 
if 2 |Q@nm—@m4| is divergent, um» can be so chosen that Lu, is 
convergent and 2a_Um 15 not. By Lemma a, we can choose a 
sequence of positive and steadily decreasing numbers em so that 
Em — 0 and Σόρ, where | 


Cm = Em | Om — Am+1 , 


is divergent. By Lemma 8, we.can then choose the sequence m; 
so that Xcm is divergent. We take | 


Uy = Ui; Um = a Ue (m > 1), 
where On, = 9, 
Ay, oh 
and eg ee 
am ΝΟΣ Om+1 


if m+m,, the last expression being interpreted as meaning em 
if Gm=Qmii- We have then 

mi m,;—1 m—-1 
/ 
1 1 1 


which tends to infinity with 7. Thus Lamu, 15 not convergent, 
' while 2u,, converges to zero. 


We may call a,, a convergence factor if 2AmUm 18 convergent 
whenever Xt, 1s so. Theorems 3 and 4 may then be combined 
concisely in 


THEOREM 5. The necessary and sufficient condition that ap 
should be a convergence factor ts that it should be of bounded 
variation. 


Double series. 


3. ‘The convergence of a double series, in Pringsheim’s sense f, 
does not necessarily involve the convergence of any of its rows or 
columns {. In this paper I shall confine my attention to con- 
vergent series whose rows and columns are convergent separately : 
in this case I shall say that the series is regularly convergent. 
A regularly convergent double series is also convergent when 
summed by rows or by columns, and its sum by rows or by columns 
is equal to its sum as a double series §. , 

Similarly I shall say that a,,,, tends regularly to a limit if 


mM Qmn=Gn, IM Ann= 4m, 


Th» D 7. ::» Ὁ 
* Lc. supra. + Bromwich, Infinite Series, p. 72. 
1 Bromwich, ibid., p. 74. § Bromwich, ibid., p. 75. 


631 


632 


of certain multiple serves 89 


and the double limit 


lim im, n= a, 


m,n > ὦ 
all exist. In this case a,, and a, tend to a when m and ἢ tend to 
infinity. 
Lemma y. If Ztun,n is regularly convergent, to the sum s, and 


mn 
Sj RS Se ey 
11 


then, given any positive number ε, we can find w so that 
uf either m or n ts greater than ὦ. 


We may suppose s = 0 without loss of generality. Since the 
double limit exists, we can choose ὦ, so that | 8m,n|< ε ifm and n 
are both greater than w,. When @, is fixed we can choose a, and 
ως so that the inequality is satisfied for 1 <m<@,, n>, and for 
m>@;,1<n<q@,. We can then take to be the greatest of ω,, 
ως, and ws. 


Lemma ὃ. In the same circumstances, we can choose ὦ so that 


Ra 
VUUpy|<€ 


πῆ 


if p>m, qzn, and either m or n ts greater than w. 


This follows at once from Lemma y and the identity 


Pq 
ΣΣ Un, eo Sp,q " Sp, n—-1 — Sm-1,¢ τὸ ϑηυ--, nm—I1° 
4. I shall say that dn. 1s of bounded variation in (m, n) if 
(1) Gm,.n is, for every’ fixed value of m or n, of bounded 
variation in ἢ or ™, 


(2) the series 


=> | ἄγ, τς ἄγρα, πα τ bmtin + Am4i,n4 | 


is convergent. And I shall say that am,» 15 ὦ convergence factor if 
LZzAm,nUm,n 1s regularly convergent whenever LLumn 15 regularly 
convergent. My main object is to prove the analogue of Theorem 5 
for double series, 1.6. to establish the equivalence of these two 
notions. 
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It will be convenient to write 
ἌΝ Am,n = ἀγα, απ Im+,n> An Onn = Am,n ἄγη, n+i5 
Am, ῃ γα, = ἄγ, — Im, n+ ττ Amt+i,n + Qm+ti,n+1: 


The condition that a ,, should be of bounded variation is then 
that the series 2 | Δι γι,» 2| An Qmn,n|, and ΣΣ | Mian Grn, n | 
should all be convergent. It is clear that these conditions in- 
volve the regular convenmente of Gm,» to a limit a. 


THEOREM 6. Jf the condition (2) ts satisfied, and Am, and ay,» 
are of bounded variation in m and n respectively, then Amon 18 
of bounded variation in (m, n). | 


122-11 
For Ay Qy.n = AyQy,1 ar Σ An νά, ν; 


"S 


1 "S πὸ 
Σ | An Bun | EA, Oy, | + "S. > | Ayr Qu,» |; 


= 
so that Ε ety yl 
is convergent. 


THEOREM 7. If dy, 18 of bounded variation in (m, n), then 


Am= HM Ann, = lim hin ἧς 


1 3» 90 m= οὦ 
are of bounded varvation in m and n respectively. 
ie 2) 
For =a = Σ Αραμ 


ΜΞῚ 


οΩ 
αν -- Aya = A, ary oe Σ Αραμ: 
=] 


n-1 ea 
Σ [α, -- ἀν « Σ lA,a,j/+ Σ [Δ, 
v=1 1 


and so Σ iy aa | 


15 convergent. 


THEOREM ὃ. The necessary τῆ sufficient condition that dann 
should be of bounded variation is that its real and umaginary parts 
should be of bounded variation. 


This follows from Theorem 1 and the inequalities 
| Minn mn | <|AmjnGm,n!, | AXmnBm,n| <| Xm, nAm,n 
| Δι, πε, τ |< | Minn @mn | + | Ain myn 1» 
where Oi ge On > Θ οι 
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THEOREM 9. The necessary and sufficient condition that a real 
Sunction Am, should be of bounded variation is that it should be of 
the form Amn — A’m,n, where 


Amn 2 0, AmAwen 2 0, AnAm,n 2 0, Ann Ann = 0, 


and A'n n» satisfies similar conditions. 


Suppose first that am,n is of the form indicated. It is plain 
that the series 


Σ ΔΑ ὴς Στ 21} ΣΣ Ain: n Ai. Nn 


and the corresponding series formed from A’m,n, are all convergent. 
Further we have 


| Den Onin | «- De Aig ai + AnA m,n» 


and similar inequalities for An@mn and Amn@m,n» Hence m,n 18 
of bounded variation. 


Next suppose that Am» is of bounded variation, and let 
Pan = | Bian Oia δ (Δι 2 0), Pm,n =0 (Pe 0), 
P'm,n = | Am,n&m,n | (Am, n&m,n - 0), P mn = 0 (Ann Gn,n > 0). 
Suppose also that 


Brinn = XX Pu,vs Bingn = Σ Σιων. 
Then it is plain that 
AmBmu,n 2 0, AnBm, 2} 2 0, Mian Dis 2 0, 


and that B’»,» satisfies similar conditions. 

Also | 

Bryn - Biingn δὰ SEA... αν =AIn,n — Im — An + a, 
Om,n = Bm,n — B'mn + Om + Gn — αι. 
But, by Theorems 7 and 2, we have . 
m= Cn—Cm, = Dy — D,/, 
where Cn, Cm, D,, and D,’ are positive and steadily decreasing 
functions. Thus 
7 ine Anna A ain 
where | 
Ain = Bunt Cnt+DaitE, A’mn=Binn+ Cm + Di +B, 


E and £#’ being suitably chosen constants; and it is clear that 
Amn and A’m» will satisfy the conditions of the theorem if 
E and £ are sufficiently large. 
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THEOREM 10. If Gm, 18 of bounded variation, and LLup. » ἴδ 
regularly convergent, then 2ZAm,nUm,n vs regularly convergent. 


In virtue of Theorem 8, it is enough to prove this when a,» 
is real. In virtue of Theorem 9, it 1s enough to prove it when 


An,n = 0, AmOm,n > 0, AnQm, nz, AmnGnn > 0. 


In the first place, by Theorem 3, every row and column of the 
series }2@m,nUm,n 15 convergent. 


In the second place, we have 


pq p-lq-l μν 
22 Oy,» Up, ν = Σ > An, Op, y 2 Wa 
mn m Nn mn 


pz! KG az) Ry Bay 
+ > Au, g 2 Ui,j + = Ἄν Σ ye Ui,j + Qy,q ΣΝ Ui,j . 
m mn n mn mn 


It follows that, if p>m, g>n, we have 


pd 
ὩΣ ρων. SO nm, a; 
mn i 


where Πα, is the upper bound of 


[ 


μν ᾿ 
LD Ui, j (uem, Ἢ Δ ν). 
mn 


Now 


pq mn » 4 ᾿ ΝΠ 
Soe ie aad ΣΣ am ee = ( > > + > Dy > > Ὶ Uy, vy, ν᾽ 
11 11 m+1n+1 mt+1 1 1 n+l 


and so 


Pq ms 
ἘΞ ἄμ, v Ug, vo 22 Uy, v Un, v < (Qm+1, n-+1 Ἔ Om+1,1 = Bisa) hin, ns 
1 


where hm,» 18 the upper bound of 


3 


μν 
ΣΣ τι; 
k 7 


for all values of k, J, w, and ν such that μά, v>l, and k>m 
or l>n. : 


* See pp. 124—125 of my paper quoted in § 1, where the general :form of this 
identity, for multiple series of any order, is given. Similar transformations of 
double series were given independently by M. Krause, ‘Uber Mittelwertsaitze im 
Gebiete der Doppelsummen und Doppelintegrale’, Leipziger Berichte, vol. 55, 1903, 
pp. 240—263. See also Bromwich, ‘ Various extensions of Abel’s Lemma’, Proc. 
London Math. Soc., ser. 2, vol. 6, 1907, pp, 58—76, where further interesting 
applications of the identity are made. 
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Hence, by Lemma 6, we can choose ὦ so that 


» mn 
SS ay vey DO by, yp Un,» < (Qrzi,n+1 + Om+i,n + Oy n41) E< 3Qy, 1 €, 
11 


if m and ἢ are greater than w. Thus the double series is con- 
vergent, and, since its rows and columns are convergent, it is 
regularly convergent. 

When a,,, , and its various differences are positive, this theorem 
is nearly the same as that referred toin§1. It is related to the 
latter theorem, in fact, as what Dr Bromwich calls ‘Abel’s test’ for 
ordinary convergence is related to ‘Dirichlet’s test’.* The more 
direct generalisation is as follows. 


THEOREM 11. Jf Qn n ts of bounded variation and tends 
regularly to zero, and 


Un,v 


mH Ms 
= Ms 


1s bounded, then LZAm.nUmn ts regularly convergent. 


The proof is similar to that of Theorem 10, and I need hardly 
write it out at length. The theorem shews, for example, that 
the series 

ys 00s (mé + nd) 
τ΄ (α - mo + πω") 


where θ and ᾧ are real, w/w 1s positive or complex, and the real 
part of s is positive, is regularly convergent except for certain 
special values of 0, @, and a; or again that the series 


sy 908 (m6 + nd) 


“ (am? + 2bmn + Ομ) 


* Theorem 10 itself does not seem to have been enunciated before, even in the 
specialised form. The nearest theorem which I have been able to find is one 
given by C. N. Moore, ‘On convergence factors in double series and the double 
Fourier’s series’, Trans. Amer. Math. Soc., Vol. 14, 1918, pp. 73—104. Moore’s 
theorem (a particular case of a theorem concerning Cesaro summability) is as 


follows: if Rance _, 
(1) ZDu,,,, is convergent as a double series in Pringsheim’s sense, 
2 


mn | <K 

2 | dU < K, 
(2 Πα 
(3) Am, n => 9, 

a . ie Ἂ 
(4) lm Σ [@an|=0, lim Σ |ay,,|=9, 

mo n=l no m=1 

(5) ZZ | Um, n Tn, αἱ 


is convergent, then TZAm n Um, n 18 Convergent. 
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where 0, ¢, a, ὃ, and ὁ are real, and a, ac— b’, and the real part of 8 
are positive, is regularly convergent except for certain special 
values of 0 and φ. In either of these series, of course, the cosine 
may be replaced by a sine. | 


In order to prove the converse of Theorem 10 we require two 
lemmas analogous to Lemmas a and β. 


ΠΈΜΜΑ «. If Tem n is a divergent serves of positive terms, 
we can find €mn 80 that (1) €m,n decreases when m or n increases, 
(2) €m,n tends regularly to zero, and (3) the series LZLemnCmn 18 
divergent. 


(1) Suppose first that at least one row or column of the 
original series, say the vth row Xcm,,, 15 divergent. By Lemma a, 
we can choose a steadily decreasing sequence y, with limit zero, 
so that =7mCm,, 1s divergent. We take 


Em,n = Nm (n - v), Em, n = 0-(n > v), 
and it is plain that the conditions of the lemma are satisfied. 


(2) Suppose that every row and column is convergent; 
and let 


> Cm,n = Yn> Σ Ca,n = Ym: 
(m) (n) 


Then Sym is divergent. We choose a steadily decreasing sequence 
Nm 80 that 29mm 15 divergent. Then }2c'mn, where 


| Cmn=Nm Cm, n> 
is divergent; and so Sy,’, where 
Yn => mlm, n> 
(m) 
is divergent. We now choose a steadily decreasing sequence &, 
with limit zero, so that >f,yn' 15 divergent. It is clear that, if 
we write 


4s 
C mn = Nin onom,n = Em, nm, n> 


all the conditions of the lemma will be satisfied. 


Lemma 6 If 2S em,» is a divergent serres of positive terms, we 
can choose a sequence of pairs of integers (m;, n), tending to infinity 
with τ, so that the series SXC'm.n, Where Cmn=0 if m=mM;,n< Nn; 
or MEM, N=N%, aNd Cm n= Cm, n Otherwise, 1s divergent. 


The modification to be made in the series is effected by 
drawing perpendiculars on to the axes from the points (m,, nj), 
and annulling all terms which correspond to points on these 
perpendiculars. Let o, denote the sum of the terms whose 
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representative points lie on the perpendiculars from (m,m) on 
to the axes. Then Σσ is divergent. Applying Lemma 8 to this 
series we obtain the construction required, m; being in fact 
always equal to n,. 


THEOREM 12. If 22am ntimn 18. regularly convergent when- 
ever L2Umn is regularly convergent, then m,n 18. of bounded 
varration. ΕΝ 


In the first place it follows from Theorem 4 that Um,n 18, for 
every value of n (or m), of bounded variation in m (or n). It 
remains only to shew that == | An,n@m,n| is convergent. 

Suppose, on the contrary, that it is divergent. By Lemma ε, 
we can choose a sequence of positive numbers em», tending 
regularly to zero, so that YSemn, where 


Cm,n = Em, n | Ain.n&m,n Ι 


is divergent. We can then modify this series as in Lemma ¢ 
without destroying its divergence. 


Now let 
Cake ΣΣ Uns 
11 
and suppose that 
ΠΕΣ = 0 


ifm =m;,n <n; or Mem, n= n;, and that otherwise 


| Ain,n Om, ἢ |. 
AmnQm,n 


this last formula being interpreted as meaning ém,n if 


Oman = Em,n 


Am,n Onn = 9. 


These. equations define um,» uniquely for all values of m and ἢ, 
and it 1s plain that U;,,» tends regularly to zero, so that EE wm,» is 
regularly convergent. On the other hand 


mM, Τὶ mg—1 Ἠξ--Ἰ m-1 m4j-1 
SS ikiase SS AagdeaUiwe SS Cun 
11 1 1 1 1 


which tends to infinity with 7. Thus ΣΣ ann %m,» is not convergent. 
This proves Theorem 12. Combining it with Theorem 10 we 
obtain the analogue of Theorem 5, viz. 


THEOREM 13. The necessary and sufficient condition that Om,n 
should be a convergence factor 1s that it should be of bounded 
variation. 


CORRECTIONS 


p. 91, line 14. For Ay, , read ay, y. 
p. 93, footnote. In (5), for Un n mn read Am nOm,n- 


COMMENTS 


Theorems 3 and 4 (or 5) recapitulate the results of Dedekind and Hada- 
mard giving necessary and sufficient conditions for a factor a,, to convert 
every convergent series into a convergent series (C—C); see the Comments 
on 1907, 2. 

Theorems 10 and 12 (or 13) give necessary and sufficient conditions 
for a factor a,, , to convert every regularly convergent double series into 
a regularly convergent series (RC-RC). Hamiltont showed that the 
same conditions are necessary and sufficient for RC—C. On the other 
hand, Kojimat showed that the conditions for C—C for double series, are 
more stringent. Hamilton (loc. cit.) gave a number of other results for 
double series. 

Theorem 11 and a theorem of Kojima (loc. cit.) give necessary and 
sufficient conditions for a, , to convert every bounded double series into 
a regularly convergent series (B—RC). Hamilton showed that equivalent 
sets of conditions are: 


(i) > > [Ann@mn| <0 and 


either (i) lim a,,=90 and lm a,, = 0 
m— 00 "N—> 00 
or ο (11)’ Gn, > 9 regularly. 


Hamilton also showed that the conditions are necessary and sufficient 
for B—C; and so for the intermediate property B-BC. 

The theorem stated in the Comments on 1904, 1, and completed in the 
Comments on 1905, 3, extends Hamilton’s conditions for B—C, B—BC, and 
B-RC to multiple series. Extensions of the conditions for RC—RC to 
multiple series are given in Moore, § 1.20. Further results have been 
given by Hamilton.§ 


t Bull. American Math. Soc. 42 (1936), 275-83. 
{ Téhoku Math. J. 17 (1920), 213-20. 


4 
Pa 


§ Duke Math. J. 2 (1936), 29-60. 


639 


640 


ABEL’S THEOREM AND ITS CONVERSE. 2.05 


ABEL’S THEOREM AND ITS CONVERSE 


By G. Ἡ. Harpy and J. EB. Lirrnewoop. 


[Read December 6th, 1917.—Received January 17th, 1918.] 


1. 
INTRODUCTION AND SUMMARY. 


1.1. Our main object in this’ paper is to obtain as far-reaching a 
generalisation as possible of ‘“‘ Tauber’s Theorem’’, the well-known con- 
verse of Abel’s famous theorem concerning power-series. It will be 
necessary to give a rapid summary of the results already known; and we 
can do this most shortly and clearly if we begin with a few definitions of 
a verbal character. 

We shall always denote the power-series in question by Σά, ὦ} or by 
S, and its sum by f(z). We suppose that the radius of convergence of 
S is unity, and that the point on the circle of convergence which is in 
question is the point z= 1. ‘The series 2a, we shall call A, and we shall 
also use A to denote its sum, when it is convergent. 

We shall use (Κ), (Z), (O), and (0) as abbreviations for the propositions : 


(Kk) A ws convergent, 
(L) f(z) >A, 


(0) a =0 (=), 


(0) Qi = 0 (=). 
n 
We shall be concerned in the sequel with certain classes of curves C 
along which z may approach the limit 1.* We shall call C a path if 


it is a simple Jordan curve which does not pass outside the circle: that 


* We are, of course, concerned with the nature of C only in the neighbourhood of ὦ = 1. 
It is therefore presupposed, in the definitions which follow, that their conditions need only be 
satisfied for values of x near enough to unity. 


1920, 7 (with J. E. Littlewood) Proceedings of the London Mathenisi- “ἰ 
Society (2), 18, 205-35. 


206 Mr. G. H. Harpy and Mr. J. E. Lirrnewoop [Dec. 6, 
is to say if it is defined by equations 


“τὸ ξ ὦ, E= 4), 1= VO ὠςές« 7); 


where ¢ and W are continuous for ,<t<T, φ(1) ΞΞΕ1, WT) = 0, 
pty’ <1, and g(t) = (4), W(t) = We) are not both true unless 
t, = ty. 

It φ Ἐν" <1 except for ¢= 7, we shall call C an internal path. 
If it lies entirely between two chords of the unit circle, meeting at x = 1, 
we shall call it a Stolz-path. 

If C possesses a continuously turning tangent at every point except 
x = 1, and approaches x = 1 with a definite direction, so that am (1—2z) 
tends to a limit when ὦ -Ὁ 1, we shall call it a regular path. Τῇ the limit 
of am (1—z) is neither 47 nor —47, C is a regular Stolz-path. 

Thus a chord of the unit circle, or a segment of a circle which passes 
through «=0 and x =1, and contains an angle greater than a right 
angle, is a regular Stolz-path. An arc of a circle which touches the unit 
circle internally, or an are of the unit circle itself, is regular, but not a 
Stolz-path. The curve | 


so 1 
η = (1—§) sin re 
is a Stolz-path, but not regular. The curve 


—_- 1 a oe 
anh aa laa ES 


is a path, but neither regular nor a Stolz-path. 


1.2. Abel’s Theorem is 

A. (K) impltes (1) when C is the radius (0, 1).* 
Stolz’s generalisation is 

B. (K) emplies (L) when C 1s any Stolz-path.t 


Proofs of A and B will be found in Bromwich’s Injinite Sertes.£ To 


m m (m—1) es 


ἘΝ, H. Abel, ‘‘ Untersuchungen tiber die Reihe 1+ ce C+ = εν. ἦς, Journal 


fur Math., Vol. 1, 1826, pp. 311-339 ((ὐπυγεβ, Vol. 1, pp. 219-250). 
+ O. Stolz, ‘‘ Beweis einiger Sitze tiber Potenzreinen ’’, Zeitschrifé fiir Math., Jahrgang 
20, 1875, pp. 369-376; ‘‘ Nachtrag ...’’, abid., Jahrgang 29, 1884, pp. 127-128. 
See pp. 130, 210-212. 
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these theorems should be added 
C. It is not true that (K) emplies (12) whenever C is a regular path.* 
Thus, for example, the series | 
(1. 21) rnPet™ (4 >0, 0<a<}) 


15 convergent whenever ) > 1—a; but the associated power-series f(z) 
does not tend to a limit if 6< 1—4a and C is an are of a circle touching 
the unit circle. 

Tauber’s Theorem is 

D. (L) and (0) umply (K) when C is the radius (0, 1).} 


This theorem has been generalised in several directions. The generali- 
sations with which we shall be most directly concerned are 


E. (LZ) and (0) wmply (K) when C ts any Stolz-path.t 
F. (L) and (O) wmply (K) when C ts the radius (0, 1).§ 
But we must also mention 
G. In either Dor ἘΣ, (0) may be replaced by the more general condition 
Ay t+ 2do+... NA, = O(n). 
This condition rs also necessary for the truth of (K).|| 


H. In F, (O) may be replaced by the condition that a, ts real and nay 
bounded above or below.‘ 


* G. H. Hardy and J. ἘΠ. Littlewood, 1 (see the list of papers in 1.5), p. 475 (Theorem 
47). The proof is not given, but the materials necessary for one will be found in a paper by 
Hardy, ‘‘A theorem concerning Taylor’s series’’, Quarterly Journal, Vol. 44, 1918, pp. 147- 
160 (pp. 150 et seq.). 

+ A. Tauber, ‘‘ Ein Satz aus der Theorie der unendlichen Reihen’’, Monatshefte fiir 
Math., Vol. 8, 1897, pp. 273-277. See also Bromwich, Infinite Series, p. 251, or Landau, 
Darstellung und Begriindung einiger newerer Ergebnisse der Funktionentheorie, Berlin, 1916, 
p. 40. 

+ BE. Landau, “Uber die Konvergenz einiger Klassen von unendlichen Reihen am Rande 
Konvergenzgebietes’’’, Monatshefte fiir Math., Vol. 18, 1907, pp. 8-28. See also Bromwich 
and Landau, l.c. supra. | | | 

§ J. E. Littlewood, ‘‘ The converse of Abel’s theorem on power-series’’, Proc. London 
Math. Soc., Ser. 2, Vol. 9, 1911, 434-448. 

| Tauber (1.6. supra) proves this when C is the radius. We cannot refer to an explicit 
proof for the case in which C is an arbitrary Stolz-path; but the result is an immediate con- 


sequence of the arguments used by Tauber and by Landau. 
4 That is tosay, na, < H or na, >—H, where H is aconstant. G. H. Hardy and J. E. 


Littlewood, 2; see also Landau’s book referred to above, pp. 45-56. The condition is plainly 
more general than (QO) when a, 15 real. 
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These theorems can only be appreciated if we bear in mind other re- 
sults of a negative character. The trivial example | 


1—1+1-..., 


is enough to show that the existence of Abel’s limit does not involve the 
convergence of the series; thus ‘ (L) imphes (K)’’, the straightforward 


converse of Abel’s Theorem, is false. It is not quite so easy to find a 


similar example in which the terms of the series tend to zero. This was 
first done by Pringsheim*; but a more natural example is provided by 
the series (1.21) when 0 - ὃ --1--α Here a, = O(n~), and a may 
be as small, and so ὦ as nearly equal to 1, as we please. Thus no condi- 
tion of this type, with ὁ <1, is sufficient to ensure the convergence of 
the series whenever Abel’s limit exist. This suggests that Fis really a 
‘ best possible ” theorem of its kind; and this is shown by the theorem 


K. There is no function p(n), such that d(n) > ὦ and 


{ p(n) 


ae lon 


. i 
together with (L), implies (K).+ 


1.3. No extension of ¥ to paths other than the radius has yet been 
published. The extension of theorems of the “o” character to paths 
other than Stolz-paths was first considered seriously in our paper 1.1 In 
this paper we confined ourselves to regular paths, and we found that, in 
order to obtain satisfactory results, it was essential to replace (Z) by a 
different condition. This condition is 

1 


| — An -- tt ly: a3 
(A) 2) = ee ag gntt)—» 4. 


It is to be observed that, so long as C is regular, and 


On. 
~ n+1 


is absolutely convergent, we have 


1 
(1.81) B(a) = -ἰ- | ϑαι, 


* A. Pringsheim, ‘‘ Uber die Divergenz gewisser Potenzreihen an der Konvergenzgrenze’’, 
Miinchener Sitzungsberichte, Vol. 31, 1901, pp. 505-524. 

t J. KE. Littlewood, l.c., p. 444 (Theorem C). 

t Pp. 475-477. 
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the integration being effected along C. It is an easy deduction that 
Φ (x) > A in all cases in which /(x) > A, whereas the converse is untrue. 
Thus (Z) implies (A), and (A) is a generalisation of (ZL), at any rate in all 
such cases as we were considering before. This being so, we proved 


L. (A) and (0) amply (K) whenever C ts a regular path. 

As a corollary we have 

Mm. (L) and (0) emply (K) whenever C rs a regular path. 

This theorem includes D and E as special cases. We also proved*™ the 
direct converse of Xb, viz. 

N. (K) and (0) tmply (A) whenever C ts a regular path. 

This theorem becomes untrue if (A) is replaced by (Z). It is an 
ἐς Abelian ’ theorem, but differs fundamentally from the ordinary Abelian 
theorems A and B in that its truth depends upon a condition such as 


occurs in the ‘ Tauberian”’ theorems. It is also unlike all the theorems 
which precede in being reversible: and, on combining it with L, we obtain 


Ο. If A satisfies (0), then the necessary and sufficient condition for its 
convergence is that (A) should be true when x tends to 1, erther along any 
regular path, or along all. 


1.4. We begin our new investigations by a direct extension of F to a 
regular Stolz-path, viz. 
Ῥ. (L) and (ΟἹ imply (K) when C 1s ὦ regular Stolz-path. 


This theorem is included in others which come after and are proved 
in a quite different way. But the method we use (in 2.1) seems to us of 
considerable interest in itself. 

In 2.2 and the succeeding paragraphs we attack our main problem. 
Our object is to generalise B, (i) by replacing (0) by (O), and (ii) by getting 
rid of the restriction that C is a regular path; and the result is 

Q. (A) and (O) imply (K), for any path C. 

When C is regular, we can deduce as a corollary 

R. (L) and (O) imply (K) whenever C is a regular path. 


A 


* The proof of this theorem (Theorem 50) is not stated explicitly, but is virtually con- 
tained in that of the preceding Theorem 49 (L of this paper). 
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We can also prove 
S. (L) and (ΟἹ amply (K) whenever C is a Stolz-path. 


But we cannot here get rid of ail restrictions upon Ο. 
In 3 we proceed to the corresponding Abelian theorems, and generalise 
N by proving 


©. (K) and (O) imply (A), for any path C. 
And by combining Q and 8, we obtain 


Ὁ. If A satisfies (O), then the necessary and sufficient condition for 
ts convergence is that (A) should be true when x tends to 1, ether along 
any path C, or along all. 


This theorem affords the complete generalisation of O in each of the 
desired directions, and is far more comprehensive than any known 
theorem of its kind. 

There are but few questions which remain to be answered. There is 
one to which we have already alluded and are unable to answer, namely 
whether R (or S) is true without any restriction on C. The others are 
connected with the question whether Δ is the “ best possible’ theorem of 
its kind. We prove 


V. (K) and (0) do not necessarily imply (L) for all paths C: 


so that the (A) of © certainly cannot be replaced by (Z). And almost the 
same example suffices to prove 


W. (K) does not necessarily imply (A) for all paths C. 


Thus T certainly becomes untrue if the condition (O) is simply omitted. 
But it is desirable to prove more, viz. that (O) cannot be replaced by any 
less restrictive condition of the type which occurs in K, and we have not 
yet succeeded in establishing this by means of an example. If we could 
do this, and also remove the restriction on Cin R (or S), we could fairly 
claim that our problem had been completely solved. 


1.5. If, in Theorems Q-U, we suppose that C is an are of the unit 
circle itself, we obtain a number of theorems concerning the convergence 
of a series 


X(an+7B,,) e”? = Xa, cos nO+ Bn sin ηθ)- ἘΣ (a, sin nO—B,, cos nO), 


where a= 0 (=), Bi ==0 (—) : 


7ὺ 
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theorems, that is to say, concerning the simultaneous convergence of a 
Fourier series and its conjugate or allved series. It is, however, more 
natural and more interesting to consider the two series independently. 
We prove first* | 


x. If dy and by satisfy (ΟἹ), so that 
x(a, cos nO+ ὃ, sin 28) 


is certainly the Fourter series of a summable function f(0), then the 
necessary and sufficient condition that the series should converge to the 


sum A ts that 


1 θτα 
oa " Κ(ὃ dt —> A 


when α --» Ο. 


When (0) is replaced by (0), Theorem X reduces to a theorem of Fatou.t 
These theorems correspond to O and U. The remaining theorems of the 
paper are of a somewhat different character: the most interesting of them 
are ¥ and Z, which are concerned with the Fourier series of bounded 
functions, and do not depend upon conditions such as (0) or (0). 


We conclude these introductory remarks by giving a list of the papers 
of our own to which we shall have to refer. They are :— 


1. ‘Contributions to the arithmetic theory of series’’, Proc. London 
Math. Soc., Ser. 2, Vol. 11, 1918, pp. 411-477. 


2. “Tauberian theorems concerning power series and Dirichlet’s series 
whose coefficients are positive ’’, zbid., Vol. 18, 1914, pp. 174-191. 


3. ‘“ Some theorems concerning Dirichlet’s series’’, Messenger of Math., 
Vol. 48, 1914, pp. 184-147. 


4. ‘“ Theorems concerning the summability of series by Borel’s expo- 
nential method’, Rendiconti del Circ. Mat. dt Palermo, Vol. 41, 1916, 
pp. 36-53. 


5. “Sur la convergence des séries de Fourier et des séries de Taylor”’, 
Comptes Rendus, December 24, 1917. | 


* We revert to the notation usual in the theory of Fourier series. 
+ P. Fatou, ““ Séries trigonométriques et séries de Taylor’’, Acta Mathematica, Vol. 30, 
1906, pp. 335-400 (p. 385). 
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2. 


Tue TauBERIAN THEOREMS. 
Proof of Theorem P. 
2.1. THrorem P.—If 
(O) an = O (=), 


7ὺ 


and (L) 1(α] ΞΞ Σα,.α"-» 4, 
when x—>1 along a regular Stolz-path C, then Xan converges to the sum A. 


We suppose, as obviously we may without loss of generality, that 
|ran|< 1 and 4=0. We write 


—— re -- eer. 


and we suppose first that C is the particular curve 


(2.11) 0 = kp. 
Then, if F,,(p) — ad: ens 
we have F,{p) = 0(1) 


when p—>O, and 
pr Fy (ρ) == (—1)? (1— ki)? p? Xn?Pane“O-™) 
= O(p? Sn?-*e-") = OC), 


for every positive integral value of p. It follows, from our fundamental 
theorems on derivatives*, that 


(2. 12) p? Fe’ (p) = ο(), 
for every such value of p. 

We shall now prove that 
(2. 18) }ι(ρ) = o(1), 


for any value of ὦ such that k—-1 <1 < k+1. 


* The particular theorem required is obtained by supposing ve y= 1 in Case (b) of 
Theorems 6 and 8 of our paper Δ. 
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If 1 =k-+6, so that ὃ] «( 1, we have 


Np ding 


BiG) = Saye Coe 


—(1—hi)np | is > * (dunpy? A ὶ 


= Σ 

= Sige P 
(2) ip-0 λ! 
Ρ--Ἰ (ὃ ᾽ν 

ates p Ss" --([--"}}} 

ΞΟ Σ. - Ge eee 
p=0 Pe ρὴ 

2(dnp)" 
where Ant ——, pro? 


| Rp|< ΞΡ. Sn [ας] 6», 


Now [παρ] « 1, and 
Στ | EP-1 ef dE 42 Max (€?-1e7*) 
0 


= EP eS ἃ ees 
p 


for 0 <p < py, where py is a number independent of P. Hence 


Ad? 4 
(2.14) \EFel< > <p- 
A ep” -α--ὸ 
nd therefore Fy(p) = 2 —— Σηραιθ i) np 
a Ps οὐ 
- et ee δὲ \P vo 
=3-)(-72#) p? F? (p) 5 


and this series is, in virtue of (2.14), uniformly convergent for |d|< 
and p>O. But, by (2.12), every term of the series tends to zero. 
Hence F’,(p) tends to zero*: that is to say, we have proved (2. 13). 

It follows, by the repeated application of this argument, that lf Qn 
satisfies (O) and f(x) tends to zero along any Stolz-path of the type (2.11), 


a Ἑ “πΠἘοὁΦΨΦΔποΠΕΠῆΟσ τπ-ιο - --- ποιὸ 


* Our argument here is the same in principle as that which we used in the proof of the 
‘general Borel-Tauber ’’ theorem : see our paper 4, p. 44. 


914 Mr. α. H. Harpy and Mr. J. E. Lrrrnewoop (Dec. 6, 


then it tends to zero along any other Stolz-path of the same type. In 
particular it tends to zero along the real axis, to which the path reduces 
when &k—0. And hence, by Theorem F, the series 2a, converges to 
zero. 

The theorem is thus proved for paths of the special type (2.11). In 
general, the equation of a regular Stolz-path may be written in the form 


(2.15) θ = kp+o/(p). 


It is easy to see that, if f(z) tends to zero along (2.15), it also tends to 
zero along (2.11). For, if (p, @) and (p, 0’) are corresponding points on 
the paths (2.11) and (2.15), we have 


| er9 __ pnib' | --- | gree) 1 | — o(np) 
when p—0O, and so 
f (79+) —f (6 919) = o(p) =n] an| e~” = o(1). 


The truth of the theorem in its general form now follows from the argu- 
ment which precedes. 


Proof of Theorem Q. 
2.2. THEOREM 4.1 
(0) An = O (:}. 
and 
(A) Φ() = τς > τς (l—a"*}) > A, 


when x£—>1 along some path C, then Xa, converges to the sum A. 


We may suppose that 4 = 0, a= 0, and |na,|< 1. And we shall 
begin by proving 


LemMA a.—(O) being satisfied, the necessary and sufficient condition 
that 
’ Sy = tag... Fn 


should be bounded is that B(x) should be bounded for |x|<1, ΣΞΕῚ; 
and this condition is satisfied if P(x) is bounded when x->1 along any 
particular path C. 
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= 1 
We take »= [Toa } 


and we may suppose [1--α « 1, so that 


ξ «“ν]1--αὐἱ « 1." 


Then 
= ν--Ἱ a An 1---- 71π| _ 
(2. 21) B(x) = (= +2) Tdi oe = tee 
‘say. In the first place we have 
2 - 1 = 2 
ie tS els πε ὑπ εἰ Ὁ 
Secondly, 
= Τ --- 2,}ῈὶῚ = 1 9 " 
ὯΝ πε > τ΄ ἢ πε ε πε ν λυ." 
oe ΕΒ 2 ες Saye 
1 pep ae=e | aa (1+2+...+n) = 4n|1—2|, 
(2.28) ΣΙ ἸΞ 1 Ξ 
Ξ lx, 1—-hl< ; | Ay | Gy 1 Ξ < 11--- ὦ} τῇ | 2 | 


<y|jl—z|<1. 
From (2. 21), (2. 22), and (2. 23), we obtain 
|sy-1—-® (x) |<. 5; 


which proves both parts of the lemma, since v passes through an unbroken 
sequence of integral values when ὦ -ὸ 1 along C. 


2.8. The remainder of the proof of Theorem Q depends upon certain 
lemmas in the theory of analytic functions, of the general type associated 
particularly with the names of Phragmeén and Lindelof.t 


TN ΡΤΤπτ:-τ- ρηὴ᾿ττ - ΊΈΎΈτἊὝὕΆ----τΔ)ορτοτ.Ξ  ΤΊὌ“.-“΄...ΜἃᾳὲᾺΝᾳΧ Γ7σΠ[ΠΡνῸν τ -τρ---«-..-. 


* It is easily verified that y[1/y]>% if O<y<1. 

+ See in particular the memoir ‘‘ Sur une extension d’un principe classique de l’analyse 
et sur quelques propriétés des fonctions monogénes dans le voisinage d’un point singulier’’, 
Acta Mathematica, Vol. 31, 1908, pp. 381-406. The chief results of this memoir may now be 
regarded as classical. 
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Lemma 8.*—Suppose that T is the semi-infinite strip, in the plane of 
the complex variable w = u+iv,- defined by the wmequalities OU < 7, 
Ὁ >; that A and Bare the left and right-hand edges of the strip, and 
that Ο is a simple Jordan curve which lies entirely inside T, extends to 
infinity, and divides T into two regions L and R. Suppose further that 
Jw) is regular inside T and continuous and bounded throughout T. 
Finally, suppose that 


(2. 81) lim | f(w) | « ἢ, 


where h>0, when w tends to infinity along A (or B) and along c. Then 
(2.81) holds when w tends to infinity in any manner inside L (or R). 


Let us suppose that the data refer to A and σ. We can choose 2, (ε) 
so that 


(2. 38) lf |< hte, 


at all points of A and ¢ for which vy > v,. We can then draw a cross-cut 
(Querschnitt) Q, cutting off from L an infinite region Lg; and (2. 88) will 
be satisfied at all points of Ag and Co, the parts of A and € which belong 
to the boundary of La. 

Let be the upper bound of | f| on @. We can now choose 


so that —— Ξες | < il, 


* We state this and the following lemmas in the special forms in which they are required 
for our immediate purpose. All of them, naturally, are capable of wide generalisation. The 
most interesting of these generalisations is the following : 

If (1) Tis the stripa<u<p,v>wy; A and B its edges; C, and Cy, simple non- 
wntersecting Jordan curves interior to T and asymptotic to A and B; and C a similar curve 
asymptotic tou = ν, where a<y< B: 

(2) f(w) ts regular inside and continuous throughout the region T' formed by those points 
of T which lie to the right of ©, and to the left of C,: 

(3) lim | f(w) | < a when w tends to infinity along C., and lim | f(w) | < b when w 
tends to infinity along Cz: 


(4) | f (w) = 0 (e"), 
where c < π|(βΒ-- αὐ, uniformly throughout T’: then 


lim | f (ὦ) < alf - »)/(8- 2) pie a)/(8-a) 


when w tends to infinity along C. This result still holds when a or bor both are zero. 
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A = w hte 
on Ay and Bo, and ad - τ 
: 7 _ wih 
on ῷ. And if we write F= pe 
we have |\Fi< hte 
at all points on the boundary of Lg; and therefore” at all points of Lg. 
Hence lim|F| « ἢ, 


when w tends to infinity in any manner inside L ; and therefore 


lim | f « ἢ, 
which proves the lemma. 


Lemma y.—Suppose that (2.31) vs satisfied on both A and B, and that 
(2. 84) lim | f(w)| < ὁ, 
where O<id6<h, onc. Then 
(2 . 85) lim | f ()| < /(6h), 


when w tends to infinity along M, the straight line equidistant between 


A and B. 
We denote by Mz and Mp those parts of M which lie in Z and R 


respectively. 


Write g = 8 
where eo = Nic. 
Then lim|g| <A, 
on A, and lim|g|< es =A, 
on C. Hence lim|g|<h, 
on M;; and so lim | f | < he~#*" = /(6h), 


on M,. Similarly, using an auxiliary function 
= οἷ (π-- το) ΓᾺ 
we can show that (2.35) holds on Mz, and so on the whole of M. 


Lemma 6.—If f(w) == O(1) throughout T, and f(w) = o(1) on Ὁ, then 
f(w) = o(1) on M. 


* Phragmén and Lindeléf, J.c., p. 388. 


218 Mr. G. H. Harpy and Mr. J. K. Lirrnewoop [Dec. 6, 
Write g=f+e, 


where 0 «ὃ <1. Then we can choose an A independent of ὃ and such 
that the conditions of Lemma y are satisfied; and 


lim |g] < /(6h) 
on M. Hence lim | f| < (6h) +6 


on M; which proves the theorem, since ὃ is arbitrarily small. 


2.4. We now transform Lemma δ, by means of the theory of con- 
formal representation, into a proposition suitable for direct application to 
the theory of power-series. 

; x—1l : ἃ 

The equation = we” 


etl 


transforms the strip 0<v<~7 into the unit circle in the plane of x. 
The point w= ἀπ᾿ corresponds to « = 0, the lines A and B to the upper 
and lower halves of the circle, and the line M to the real diameter. The 


upper and lower ends of the strip correspond to x = 1 and « = —1 re- 
spectively. If, finally, we observe that 

1Ὲπ ἢ 

1—z , 
we obtain 


Lemma e.—Suppose that ®(x) is regular for |x| <1, and continuous 
and bounded for |x|<1, «4-1. Suppose further that P(x) = o(1) 
when x tends to 1 along a certain internal path C. Then (x) = o(1) 
when « tends to 1 by real values. 


2.5. We can now prove our main theorem. In the first place Φ (z) is 
continuous at all points in or on the circle, except perhaps the point 
a =1.* We may therefore suppose, without loss of generality, that C is 
an internal path.t 


* The series 2 Sn (La?) = 20(—) 


is plainly uniformly convergent. 
+ We can replace C by an internal path C’, which differs so little from C that ¢ (x) 
tends to zero along C’. 
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Since ® tends to a limit along C, s, is bounded, by Lemmaa; and 
therefore, by the same lemma, Ῥ is bounded for |z| <1, z1. Hence 
Φ gatisfies all the conditions of Lemma e; and so 


(2.51) ® (x) = 0 (1) 


when x tends to 1 along the real axis. 
Suppose then that zis real. We have 


P' (x) = 


—; fe); 


Φ'(α) = P(x) — τὴν f(a)— τας Γ @). 


= “- 


Now Φία) is bounded ; f(z) is bounded, since 8, is bounded; and 


f oe γν-- eae Tb. es 1 
f' (ὦ = Tna,2"7! = ZO) 2” = O (+-). 


Hence 


" ( 
(2 . 52) #"(e) = 0 | sae 


From (2.51) and (2. 52), we deduce, by Theorem 8 of our paper 1, 


=< 2) ; 


and so f(x) = Φι)--ΟαἪ ---αὐ (wz) = 0 (1). 


That is to say, Abel’s limit for f(x) exists when x—>1 by real values ; 
and therefore, by Theorem F, the series {dn 18 convergent. 


Theorems B and 8. 
2.6. When C is regular, 


(L) ff) >A 
implies 
(A) P(x) > A 


We have therefore 


Turorem B.—If (O) is satisfied, and Γ() -» 4 when ἃ -Σ } along 
some regular path C, then Xa, converges to the sum A. 


This theorem of course includes P as a special case. It is in the most 
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essential respects as complete a generalisation of F as could be desired, 
for, although it involves a considerable limitation as to the nature of C, 
there is no limitation at all on the contact of C with the circle. The con- 
tact may be as close as we please, or C may be the circle itself: and it is 
questions of contact rather than of regularity which are of the first interest 
in these investigations. 

It is, however, natural to suppose that 2o limitation on C is necessary ; 
and, if this be so, it is very desirable that it should be proved. It would 
seem, however, that some important change in our argument would be 
needed for such a proof; for, unless C is subject to considerable restric- 
tions, it is not possible to deduce the behaviour of Φ from that of f by 
means of its representation as an integral taken along C. 

It is interesting to observe that, if we limit C to be a Stolz-path, we 
can get rid of the restriction that it is tobe regular. We shall only sketch 
the proof, the general lines of which are as follows. We draw two chords 
of the circle through x = 1, including C between them, and we consider 
the region 7' formed by points which lie between these chords and within 
a, certain distance of ὦ = 1. 

By a slight modification of the proof of Theorem E given by Landau, 
we can prove that s, is bounded, and so that f(z) is bounded in 7.* And 
by an adaptation of the arguments used in δὲ 2. 8-4, we can show that / 
tends to a limit when x1 along any regular Stolz-path inside 7. If 
the real axis satisfies this condition, we can appeal to Theorem F; if not, 
to Theorem P or R. In any case, we obtain 


TueorEM $.—If (O) ts satisfied and f(z) >A when ὦ -Ὁ 1 along some 
Stolz-path C, then Xa, converges to the sum A. 


3. 


Tare ABELIAN THEOREMS. 


Proof of Theorem ®. 
3.1. ΤΒΈΟΒΕΝ T.—If 


ο “το (6) 
and 
(1) Σ ἄπ, ΞΕ A, 


* The argument fails at this stage if C is not a Stolz-path. We could not prove that f is 
bounded in T if the boundaries of 7 touched the circle. 
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then 


(A) (2) = ΞΟ Σ a Α --οὐῦῦ > 4, 


when ἃ -» 1 in any manner. 


One observation should be made before we proceed to the proof. The 
enunciation contains no reference to a path: we may say, of course, 
“when x—1 along any path C”’; but the idea of approach along a con- 
tinuous path is not really relevant. In this respect there is an essential 
difference between this theorem and the Tauberian theorems. 

We may suppose, as before, that 4 = 0 and [παρ <1. That P(z) is 
bounded tollows from Lemma a; but to prove convergence to a limit re- 
quires an argument of somewhat greater subtlety. 

What we have to prove is that 


(8.11) S(z) = πα —a"t1) = o(1—2). 
We write 
m—t 
(8. 12) i 2 ἘΣΞ Si+S,, 
where 
1 


K being a (large) parameter. It is plain that we may suppose |1—z | 
small enough to ensure that 


K 


(8. 14) ὅΠ1 --α] 


kK 
el 


As regards S,, we have 


ῷ. 


(8. 16) [Sy] < 22 πῇ τεῦ = — 


4 
<yll-cl. 


In order to deal with S,, we require a lemma. 


8.2. Lemma ¢.—If Da, ts convergent, and 
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then (i) tn = 0 (—-) ’ 
nN 

and (11) Xt, converges to the same sum as Dan. 


The proof of this lemma is very simple. We suppose, as before, that 
A =0. We can choose ἢ so that 


\On+Anzit... ta, |< ὃ, 
for 2) «ἢ « μ, and then 


= ὃ 
8.2] tj |S τάν". τα. ὁ 
(8.21) he ΠΕ | Sati 
The same argument shows that 
m™m 
(8. 22) Ια] < ΠΤ’ 


for all values of 7), m being the maximum of | a,+@as:i1+...+a,| for all 
values of 2 and u. 
Finally, we have 


St => 1 Σ εἴ : 
0 | 0 ἀρ ΣῈ ἐπ Bol 


and the last term tends to zero. We have thus 


(8. 23) Σεῖς 7 55 ὁ; 
0 
for n> ἢη. 
3.3. Now 
(8. 81) 5 Ξε 5 τ ᾳ --αὐὐῷῦ = S (¢ -- ἐ,.)](Α.[ ---ἰ τὴ 
5. V1 : n+1 ; n n+1 


m—1 m—1 
= (1—z) Σ ἐ,--ἰ - α) Σ bn =a" —tal—2z") 
0 0 
= S1+874+8)", 
say. Plainly 
wr 20 4d ΜΝ 
(8. 82) SI" |< <F 1-2, 


if m >, which is certainly so when [1 --- αἱ is sufficiently small. Secondly 


(8. 88) [51} « δι1--αἱ, 
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by (3.23), if m>m, which is certainly so when [1 --- ὦ] is sufficiently 
small. 


Finally, 
ἣ ην--Ἰ Ng—1 m—1 
(8. 84) [51] «[1--α| " = π [ἐμ] Ξε [1-τῶ] = ἡ{ἀ{-Ἐ [1-τῶ 3 Dnt | 
0 0 No 


< mm |1—z|?+6m|1—2 [3 
< mn, |1—2|?+2K6|1—2|. 
From (3.12), (8.15), and (8. 81)-(8. 34), it follows that 


(3.85) |S|<J1—a| (= +2KS-+0-+ 2 + many |1--}}.Ψ 


We can choose K = Καὶ (ε) so that 4/K < he; then -Ξ δίε, K) = ὃ (e) 80 
that 


2KS+é+ 55 < he; 

and then ἡ = ηίε, K, 6) =7(e) so that (3.35) is satisfied, and 
m7, |1—a| < he 

if|l—a2|<y. Thus [S| <e|1—2| 

if |1---αἱ < 4; which proves the theorem. 


Combining Theorems Q and , we obtain 
Tueorem U.—If the coefficients of the series Xa satisfy (ΟἹ, then the 


necessary and sufficient condition for its convergence is that ®(x) should 
vend to a limit, etther along any particular path C, or along all. 


Proof of Theorems V and W. 


3.4. Theorem T leaves an important question unanswered. Is it cer- 
tain that the hypotheses do not imply, what is more* than the theorem 
asserts, that 


(L) 7}ω)-» 4 


along Ο9 
Theorem B shows that this is so when C is ἃ Stolz-path: in this case 


* (1 asserts more than (A) at any rate when C is regular, that is to say in all ordinary 
cases (cf. pp. 219-220). 
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indeed the convergence of the series ensures the existence of the limit 
without any hypothesis as to the order of @,. Theorem ¢ shows that this 
at any rate ceases to be true when C is allowed to touch the circle. In 


the example which we attached to our statement of Theorem C, we have 


k 
eee i=¢S he ἡ τὴς 


and these inequalities allow b to exceed any number less than 1. It 
follows* that no condition of the type a,—= O(n~), where b<1, is 
enough, in conjunction with the convergence of the series, to ensure the 
existence of Abel’s limit along all tangential paths. 

We shall now show that even the condition 


(0) An =O (:} 


7. 


is not enough for this purpose. It would be easy to modify our argument 
in such a manner as to show.that no condition of the form 


an = O(xn); 
where Xn is a steadily decreasing function such that 2Xn 18 divergent, is 


enough : for simplicity, however, we take 


ee | 
Xm =~ nlogn’ 


THEOREM V.—It is possible to find a convergent series Lay for which 


an = οὐ : " 
nlogn 


and a regular path C, such that f(x) does not tend to a limit when x tends 
to 1 along C. 


1 . I 
We take ay, = ——— sin —, 
7 7 n log ἢ 7 
oe! eitl 
if Mee <n<nwy =e 
To prove that 2a, is convergent, we write 
10), καὶ = Σ An; 0; ΞΞ Σ Qn; 
τη; «" « Καὶ «Ἤ; 1 Nj “ἢ «Ἐς 


= ὃ. oo ἀδύρα ας seme: ἦν τ it 


* Compare p. 208, where we used the same series in a different manner to establish the 
same point about the Tauberian Theorem F 
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SO that Uj — Wj, [7% 91° 


Since log” increases steadily with n, and 2 sin (nar/7), taken between 
any limits, is not greater in absolute value than 2 cosec (7/j), we have 


= Olgtea) οτος 
wink Ome nee 1 τ n; log τὶ: 


7 
nN; log nN; 


Since 


is convergent, Dw, is absolutely convergent; and since 10), = 0(1),22a» 
is convergent. 


Now let f(t) = Lanz", 
g(r, 0) = 1 f(re*)| = Zanr” sin nO. 
We shall show that ¢ (7, 6) does not tend to a limit when x—1 along a 
regular path which has sufficiently close contact with the upper halt of 


the unit civcle. 
To prove this we observe first that the series 


(8. 41) a, 510 nO 


is convergent when θ is positive. In fact, if we write 


Uk = Σ ἀμϑία ηθ, ᾿Ὡ-Ξτῷοὸῥ Σ a,sinné, 
«Ἐξ Κι «Ἠ)εὶ τη; “Ἢ «ἨἘ, 41 


and 7 is so large that 7/7 <40, we find, by the same argument that was 
used above, that 


niet Tanne) (0+ )| 
oe mer al ge 
yb ia (085 θ cos nm (A+ 7) 
| 
τοῦ (σε log =) 
and in particular that u; = O — 
and in p = Ο {πε γσξτῃ 


From these relations the convergence of (3.41) follows immediately. 
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If now we denote the sum of (8. 41) by y-(6), we have 


γ»-»} 


for every positive 6. It is thus sufficient to show that v-(0) does not tend 
to a limit when? θ-» Ὁ. Now 
ΠΝ Neel 


in? 2 


oh ee eee 1 _ wr . NT 
(8. 42) ¥ (=) 7 ~ nlogn 7 κε] 2 n log n> 2 k 


= +, 


say. Suppose 7 even. Then, if 2 is large, there are, between 7; and 1,41, 
more than ;,,/27 numbers n of the form (m-+4)j, where m is an integer ; 
and the sum 
1 
n log π᾿ 


extended to these values of m, is greater than 


1 S81) pO les 
τῶ ἘΣΎ = a 
Thus 
e—l1 , 
j 
(8. 43) lw, | > rr 61. 


On the other hand, the inner sum in ψχ is less than a constant multiple of 


ge sl ak 
Jak | Nx log nz ΠΝ 1, log nN? 
and 50 
(8. 44) | we} =O ΟΣ;. ΤΙ ~) = Οὐ). 


Finally, from (8. 42)--(8. 44), it follows that 


VW ee =YitYyn-®, 


which proves the theorem. 
It is hardly necessary to point out that Theorem V greatly increases 
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the interest of Theorem δ, and indeed of Theorem 50 of our paper 1, of 
which Theorem T is a generalisation. 


3.5. We can easily adapt the example by which we proved Theorem Ψ, 
so as to prove | 


THEOREM W.—It is possible to find a convergent series Za, and a 
regular path C, so that P(x) does not tend to a limit when x tends to 1 
along C. 


We take an = (2-+ 1) Dn 


where ὦ, is the a, of the last paragraph. The argument by which we 
proved 2b, convergent is sufficient to establish the convergence of 2a,.* 


B—2zg(z) 
1—z 


Also Ba) = > Σῦ,(-- αὐτὴ = , 
where B = Xb, and g(x) = 2bn2". And as g(x) does not tend to a limit, 
(x) does not do so. 

This proves the theorem. It will be observed that there is a great 
deal to spare in the conclusion: we have proved, in fact, that (7) assumes 
values of order greater than that of 1/|1—z|. The fact is that it ought 
to be possible to prove that series exist which satisfy the conditions of 
Theorem W and whose coefficients are of order ¢(n)/n, where ᾧ (1) is any 
function which tends to infinity with n. Such an example would (in 
conjunction with Theorem Vv) prove that Theorem T is a best possible 
theorem in the same sense as (e¢.g.) Theorem F, and that neither hypo- 
theses nor conclusion can be improved upon. We have no doubt that 
this is true, but we have not succeeded in finding an example to prove 
our point. In our last example the order of a, is 1/logn, which is far 
from the limit desired. It is therefore not surprising that we should 
find that our argument carries us some distance over the mark. 

At any rate, however, Theorem W is enough to show that, in Theorem 
T, some condition beyond that of mere convergence is essential. 


* The function o(n) = won 


has the properties (i) that it decreases steadily to the limit zero, and (ii) that 

= jp (τὴ 
is convergent. These were the only properties of 1/(n log n) used in the proof of the conver- 
gence of 3b,. 
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4. 
FourRiIER SERIES. 


Proof of Theorem X. 


4.1. It has been proved by Fatou* that, if 


(4.11) a,=0(=), b, = 0(=), 

n n 
then the necessary and sufficient condition that the series 
(4.19) 44. ἜΣΑ, = $a,+ 2 (a, cos nO}, sin né), 


which is certainly the Fourier series of a summable function f (0)+t, should 
converge to the sum A, is that 


(4. 18) = [ f()dt—>A 


2a θ--α 


when α --»» Ο, or (what is the same thing) that 


(4. 14) Ae ταις ἘΤΟΝ 


Na 
when α--» 0. 


ἘΞ. -Ξ ΞΘ -Ξ -τ ς εἰ τὰς - Ὁ τ τ΄ es ee 


* Fatou, l.c. Fatou does not state the whole of this result explicitly as one theorem, but 
it is contained in pp. 345-7, 385-7 of his memoir. It is important to observe that, if the con- 
ditions (4.11) are satisfied and F' (8) is the integral of f (8)—or, what is the same thing, the 
sum of the series obtained by integrating (4 . 12) term-by-term—then 


E'(6+a) + F (θ --- α) —2F (8) = 0 (a) 


for every value of 6, in virtue of a well known theorem of Riemann (quoted by Fatou, l.c., 
p. 385). It follows that the three formule 


= [Fat 4, +f fata, xl fat 


are equivalent. This ceases to be true when the conditions (4. 11) are replaced by the more. 
general conditions (4.21), as appears at once from the simple example of the series 
sin n@ 

n 


= 


+ By the ‘‘ Riesz-Fischer Theorem ’’, Σ (a;, + b;,) being convergent. In fact 
S(lanjt*?+ [Ὁ.1-ἢ 


is convergent for every positive δ, from which it follows that | #(+)|* is summable for all posi- 
tive values of k. See W. H. Young, ““ On the determination of the summability of a function 
by means of its Fourier constants ’’, Proc. London Math. Soc.. Ser. 2, Vol. 12, 1912, pp. 71-88. 
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The investigations of Sections 2 and 8 suggest very forcibly that ib 
should be possible to replace the conditions (4.11) of Fatou’s theorem 
by the corresponding conditions of the * O” type. We proceed to prove 
that this is so. 


4.2. Tanorem X.*—If a, and b, are the Fourier constants of a 
summable function f(8), and 


(4. 91) a=O(=), %&=0(=), 


then the necessary and sufficient condition that the Fourier series of f(0) 
should converge to the sum A 1s that 
1 


(4. 22) = [τὼ dt>A 


when a> Ὁ. 


We may plainly take 4 = 0 and suppose that \2An| <1. 


In the first place, the condition is sufficient. This may be proved in 
a variety of manners by a mere combination of known theorems. 


(a) We may prove, by using Poisson’s integral in precisely the same 


way as Fatou, that 
>A,r” > 0, 


when r—->1. The convergence of 2A, then follows from Theorem F.t 


(Ὁ) 16 was proved by Lebesgue! that the Fourier series of f (0) is 
summable (C, 2), to sum A, for any value of θ for which (4. 22) is satis- 
fed. The result then follows from the theorem that a series whose 
general term is of order 1/n cannot be summable by Cesaro’s means 
unless it is convergent.§ | 


* We have already published a proof of this theorem, by a different method, in the 
Comptes rendus of December 24th, 1917 (our paper 5). 

+ Fatou, of course, uses Theorem D. 

+ H. Lebesgue, ‘‘ Recherches sur la convergence des séries de Fourier’’, Math. Annalen, 
Vol. 61, 1905, pp. 251-280 (p. 278). 

86. H. Hardy, ‘‘ Theorems relating to the summability and convergence of slowly 
oscillating series ’’, Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 301-320. 


280 Mr. G. Η. Harpy and Mr. J. E. Lisrtewoop [Dec. 6 


(c) It has been shown by W. H. Young* that if the Fourier series of 


1 θ-τα 
g(a) = ce \" Κι αἱ 


is summable (C, γ) for a = 0, then the Fourier series of Κ(0) is summable 
(Ο, γ- 1). If (4. 28) is satisfied, g(a) is continuous for a = 0, and we can 
take r= 1. The proof may then be completed as under (0). 


4.3. We have now to prove that the condition is also necessary. 
We writet 


(4. 81) ΤΥ ΘΙ Ξ 
1 Na 1 m+ 
say, where m = [K/a], 


so that K/2a « m < K/a for all sufficiently small values of a. Then 


(4. 82) [Φ,|«-- 3 


< aes = 
α m+1 1 ma = K 
e .« .Φ - A, 
Again, if we write = 2. 
n μ 


we have (as in ὃ 8. 2) 


(4.88) |til<—, | ni< a> πὴ, Σὲ, > 1). 
Now 
80: Gass fe SS Ea ine 
1 Na aii 
= SOS 4 BES 4, {1—cos(n—La! 
a 1 a 1 


l—cosa 2 . 1 ; 
—_———— % ¢, sin (1 —1) a— — tm41 81N Ma 
a 1 a 


= B+ +H)" +H)", 


* W. H. Young, ‘‘ On the Convergence of a Fourier series and its allied series’’, Proc. 
London Math. Soc., Ser. 2, Vol. 10, 1911, pp. 254-272 (pp. 262-266). Young’s argument de- 
pends only on a series of elementary identities, and includes a new and greatly simplified 
proof of Lebesgue’s theorem quoted above. 

+ The proof which we give here is (if hardly shorter) considerably simpler in principle 
than that which we gave in 5. Naturally Theorem T can also be proved by an Leeemanon 
of our former method. 
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Say. In the first place 

(4. 85) ere ὡς 5, 
ma 

if m >, and 

(4. 86) Ι ῬῚ]} « ὁ, 


if m >; and each of these conditions is satisfied when a is sufficiently 
small. Secondly, 


(4. 87) |By"| << da D ἐν] < ἀπ log τι < ἀκα log “Ξ.. 
1 

Finally, 
m No—l ἣν 

(4. 88) Bl] « δεῖ En? | ty] = da? (Σ +E) 1] 
1 1 Na 


< ξα πη; -Ἐ Δα" δηιῦ < da°mn?+4K"6. 

From (4. 81), (4. 89), and (4. 84)-(4. 88), we deduce 
(4. 89) [Φ τ 5 Ἐκ 5:6. Se +am log = +4a°mn;. 
Given e, we choose K(e) so that 2/K <4e; then δίε, K) = δ(εὶ so that 

ἐκ 6:8: 3 < }e; 
and then ἡ = n(e, K, 6) = n(e) so that (4.39) is satiated: and 
am log ᾿Ξ Ἔ ξαϑιανβ < ξε, 

if O<a<iy. Wehavethen |?|<e, 


if 0<(a<y, and the theorem is proved. 


4.4. The condition (4.22) is certainly satisfied if F'(6) has a differ- 
ential coefficient equal to A. But the convergence of 2A, does not involve 
the existence of such a differential coefficient. Thus, if 


sin 20 
and we consider the particular value 06 = 0, the sum of the series is zero, 
and 1 [ς« | 
| Qa | FO dt — 0. 
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But, if a ig positive, 


1 ( " 1 (9 
τ] f(t) dt > 1π, af f(t) dt > ---1π. 


In this respect Theorem X differs essentially from Fatou’s theorem of 
which it is the generalisation. 


Supplementary Remarks. 


4.5. We shall conclude the paper with a few theorems of a slightly 
different character. 

The characteristic properties of series which satisfy the condition (0) 
or (O) are shared to a great extent by series 2a, such that 


(4.51) Dn | ay"; 
or, more generally, 
(4. 52) ᾿ =n? |an|?*! (p > 1), 


are convergent.* It is easy to see that this is true of the properties 
which have been discussed in this paper. 

Let us suppose, for example, that the series (4.51) is convergent; 
and let us return to the proof of Lemma a. 


We can choose m so that 
(4 . 53) x n|an|? < e. 


This being so, we have 


2 = An | 2 Wop _ 
nl< Gee <= (= nja,|? Bo) 


* See L. Fejér, ‘Uber die Konvergenz der Potenzreihe an der Konvergenzgrenze in 
Fallen der konformen Abbildung auf der schlichte Ebene ’’, H. A. Schwarz Festschrift, 1914, 
pp. 42-53; and our paper 3. It is to be observed that the theorems which depend upon a 
condition of this type have all the simpler ‘“‘o’’ character, and their proofs do not involve 
the peculiar difficulties of those of the ‘‘ O’’ theorems. 
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Also 


m ν-- 
(4. 54) [ϑν-αττφι ] « ὁ | 1-2} Σ n\dn| +2|1—2| x 2] an. 
m+1 


The first term on the right hand side of (4.54) is less than /e if x is 
near enough to 1. The second does not exceed 


; pel ν-- 
111--α] ν ( n|ay|? = n) « ἐν! 1--αἰ fe « γε. 


Hence | s,-1— P(x) | « ὅγε, 


if x is near enough to 1. As C is continuous, ν passes through an un- 
broken sequence of integral values as ὦ -Ὁ 1. We thus obtain 


TuEorEM U1.—Jf Dn|an\? ts convergent, then the necessary and 
sufficient condition that 2a, should be convergent is that P(x) should 
tend to a lumit when x tends to 1, either along any particular path C, or 
along all. 


There is no difficulty in proving the more general result which holds 
when the series (4.52) is convergent. It is only necessary to use the 
generalised form of the Cauchy-Schwarz inequality.* 


Similarly we have 


THEOREM X1.—If 2na?+b% ts convergent, then the necessary and 
sufficient condition for the convergence of the serves 


ta, + (a, cos nO-+ δ. sin n@) ~ f (0) 


; 1 @+a 
as that δι πε 70 dt 


should tend to a lamit when a—> 0. 


a 


4.6. We have found that the condition (4.18) is both necessary and 
sufficient for the convergence of two important classes of Fourier series. 
There is a third class for whose convergence it is a necessary, though not 
a sufficient condition. This is the class of Fourzer series of bounded 
functions. 


* Cf. 3, p. 136. 
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We have, in fact, 


THrorem ¥.—If f(0) is a summable function, bounded in the neigh- 
bourhood of a particular value of 0, and if the Fourier series of f(0) is 
convergent for that value of 0, then 


1 θια 
ος Γ (ὃ αἱ 


tends to a lumt when α --» Ο. 


Suppose for simplicity that a, = 0, and let 


F.(6) =—> Qn 608 56} δὰ sin 70 


7 


be the second integral of f(@). Then, if the series converges to the sum 
zero, 


(4.61) g(a) = F,(0+a)+F,(0—a)—2F,(6) = o(a?) 


when a-—> (0, in virtue of another well known theorem of Riemann.* 
@+a 
Now $'(a) = F@+a)—F(0—a) = | fit) dt. 
6—a 


If f(@) were everywhere the differential coefficient of its integral, we should 
h 
oe φ".(α) = f 0+a)+f(0—a) = O(1), 


since f(t) is bounded in the neighbourhood of 9; and from (4.61) and the 
last equation it would follow at once that 


φ' (a) = ofa), 


proving our point. This is not now a valid proof. But it is easy to see 
that, in such a theorem as 


““φ (α) = ο(α and φ".(α) = O(1) imply φ' (α) = o(@)”, 


the second condition may be replaced by the more general condition ex- 
pressed by the inequality 


| φ' (θ)-- φ΄ )} < K|B—y|t: 


* See, for example, de la Vallée Poussin, Cours d’ Analyse, ed. 2, Vol. 2, p. 172. 
+ See Landau, ‘‘ Hinige Ungleichungen fiir zweimal Differentiierbare Functionen ’’, 
Proc. London Math. Soc., Ser. 2, Vol. 18, 1914, pp. 43-49. 
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& condition obviously fulfilled in this case, since φ' is the integral of a 
bounded function. 


Thus Theorem ¥ is proved. It is, in fact, but a special case of 


THEOREM Z.—The Fourier series of a function f(6), bounded in the 
neighbourhood of the particular value of 0 under consideration, is either 
summable by Cesaro means of arbitrarily small positive order, or summable 
by no Cesaro mean of any order. The necessary and sufficient condition 
that tt should be summable is expressed by the condition (4.18). 


The proof of this theorem would, however, carry us too far from the 
proper subject of the paper.* 


* We have published a sketch of the’ proof, under the title ‘‘On the Fourier series of a 
bounded function ’’, in the Records of Proceedings at Meetings for December 6th, 1917 (Proc. 
London Math. Soc., Vol, 17, p. xiii). 


CORRECTIONS 


p. 206, line 13. For ‘a segment’ read ‘an.arc’. 

p. 207, line 6. For ‘an arc of a circle’ read ‘an arc on the lower half of a circle’. 
p. 209, line 8. For ‘and E’ read ‘and E when C is a regular Stolz-path’. 
p. 213, line 4. For (dp)? read (d%p)?. 

lines 5, 6, and 12. For ὃ read [δ]. 

line 4 up. For p > 0 read 0 < p < py. 

p. 215, line 9 up. For ¢, read 4. 

p. 217, line 1. For Bg read Co. 

line 13. For M read M. 

line 8 up. For A read A. 

p. 218, line 11. For 0 <vu<wmwreadOQO<ucn. 

p. 223, line 10 up. For ‘coefficients’ read ‘terms’. 


p. 225, line 1. Read w; = αὖ τ κι" 
line 8 up, and p. 226, line 3. For ‘@ is positive’ and ‘every positive θ᾽, read 
0<@0<7. 
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COMMENTS 


The relations between the various Tauberian theorems discussed in this paper are 
indicated in the following diagram. 


κὐρϑως. | 
si 


yee 


[4 


y 


ῳ 


In the first column, D, G,, F, and H are Tauber’s lst and 2nd theorems, Littlewood’s 
O-theorem and Hardy and Littlewood’s O;-theorem. In the 2nd and 3rd horizontal 
lines, D and F are extended to regular and to arbitrary Stolz-paths. In the lst column, 
the path is the radius (0, 1). In LE, and P the path is regular (Stolz). In M, R, L, and Q, 
it is regular. In the last column the path is arbitrary (Stolz) in EL, G,, and S, and arbi- 
trary in R’ and Q. In M, R, and RP’, the limit along C is an ordinary limit. In L, Q,, 
and Q, it is the limit of a mean. E,, which is H with a regular Stolz-path, is inserted to 
correct the statement in § 1.3 that M implies #. Q, is Q with a regular path, and is 
inserted for completeness. The Tauberian condition in G, and G, is Tauber’s 2nd 
condition (w). In D, E,, E, M, and L, the condition is Tauber’s Ist condition (0). In 
F, Ρ, S, Καὶ, R’, Q,, and Q, the condition is (O). In A it is (Oz). 

R’ is not in the present paper, but is taken from 1924, 7. It is the culminating 
Tauberian theorem in which the limit along C is an ordinary limit. Q has a companion 
Abelian theorem 7’. Together they show (Theorem U) that: when (QO) holds, ¥ a, is 
convergent if and only if the mean tends to a limit along an arbitrary path. This result 
extends Theorems 49 and 50 of 1913, 2; see Comments on 1913, 2, Section V. In 1924, 7, 
Hardy and Littlewood show (Theorem T”) that, in the Abelian part of U, the condition 
(O) cannot be weakened to na, = O(¢(n)), where d(7) increases to 00, however slowly. 
Littlewoodf had shown the same in F. 


The series | 
Σ nei? (0O< a <1, b> 0), 

used in §§ 1.2 and 3.4, is investigated by Hardy in 1913, 6 (in Vol. IV). He proves that, 
if f(z) is the analytic continuation of the associated power series throughout the 
complex plane cut along (1, 00), then asz approaches 1 from below, on a curve touching 
the unit circle at z = I, 


f(z) = (1+o0(1))A Ἔ (1+0(1)) B(log 1,χγτἀτ-ῦπέαγα-αὐ | exp{ ΡΟ -(ορ 1/z)-UA-a}, 
where P > 0. He remarks that, in particular, if z approaches ] along the lower arc of 
the unit circle, z = εὖθ. 0 < @ < a, and (l—b— ja) > 0, then 

f(e-®)—-A ~ Β(θγ-α--ὐ- 210-4) ρχρῃρέθταια -αὴ as 9 —> +0, 
so that f(z) does not tend to a limit. On the other hand, suppose that z approaches } 


along the lower arc of a circle with centre on (0,1), say at z = 4, so that the circle 1s 
z = cos6e-*, Then log 1/z = 10+ 46?+ ο(θ3), and the behaviour of f(z) is similar. 


+ Proc. London Math. Soc. (2), 9 (1911), 434-48; see also Ingham, Proc. London Math. 
Soc. (2), 23 (1925), 326-36. 
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A theorem concerning summable series. By Prof. G. Η. Harpy. 
[ Received 23 December 1920. Read 7 February 1921.] 
1. It is well known that 17) the series Ya, 1s summable (C, 1), 


that is to say if 8, WAN viccccesees Sse hudinwetiadar (1), 
where 8, ΞΞ ἡ tat... +n, Sq =HtS Ht... +Sp, 

On Gh δι 
then a ae A Ee (2) 


ws convergent ®. The converse is not true, as may be seen at once 
from trivial instances to the contrary. It is therefore interesting 
to frame a theorem of this kind which embodies a necessary and 
sufficient condition for summability. Such a theorem is the 
following, 


Theorem. The necessary and sufficient condition that Xa, should 
be summable (C, 1) to sum A 18 that 


85 eer heat A aisgasueeaasaene (3), 
te Anti . 
where b= τ Ἔ Tt te cee (4). 


2. It is plain that we may (replacing a, by a,— A) suppose 
without loss of generality that A =0. If 


Sn = O(N), 8,,-8΄, —S,1=0(N). 
Again, (3) and (4) involve the pp a of (2), 16. involve t,, > B, 
where a, =(n+ 1) em and t,=G+O+. vs And 


- Σ ΕἸ) οί ΕἸ) - ΤΟΣ 


Hence we may suppose s, =o0(n) in oe either part of the 
theorem. 
This being so, we have 


fo] m ᾿ 
ϑν Opa Sy τ Sy_ 
nt+1 U+ pee es ν } 


: 8 8 ne Sy 
= lim {ὅπ - δὲ + Fare) 
παν ἘΔ n+2  vnti(vt1)(v4 2) 
Sy ὃν 
ge δι ἐξ eee 
n+2 ei Pe) 
Sy 
41 (y+ 1) (+ 2) 
* H. Bohr, ‘ Bidrag til de Peer ere τὰ Inaugural Dissertation 
(Copenhagen, 1910), p.100. The weoren follows at once from (1) and the identity 


= ’ ; 
Σ αι ir ν δ. δ. 8..- 


ovt+l Σ ester Hers ἢ πίη) n+l 


Sn t+(n+1)b,4= quer) 2 > 
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305 Professor Hardy. A theorem concerning summable series 


The condition (8) 15 therefore equivalent to 


oo ὃν _ 1 2 
is (v+1)+2) =0 (= see cite ewes whale ahh (5). 
3. Suppose first that Ya, is summable, to sum zero, 1.6. that 
S, =o(n). Then 
Σ τις ες ἐς Fe ἐντιθέναι 
“τίν Ἐ1)(ν Ἐ2)  msonti(y +1) (vt 2) 


= lim (et Spee Ue 2 + ΟΣ ge ) 

amen MIN+1)(M+2) (n+2)(N43) | “naa (V+1)(v+2)(v48) 
) gs 9, 

-- 3 : n 


20 DOtDOFS) W422) 43) 


= 2% 0 (5) -- Ο (5) =0 (=) τῶν ἀνὰ anes Oushenk aberdeen meets (6). 


Hence (5), and therefore (3), is a necessary condition for 
summability. 
4. Suppose now that (5) is satisfied. Then, by (6), 


S, Sa ΜΝ 1 
ΝΣ T)@+2)(+3) (n+2)(n+3) τ mae 
Writing 


4 


00 Sy 
Pa ONES) aaa 2)(v+ 3)’ 
we obtain LD Se 0 (N) scasecusadumatueeascan (8). 
But 
oo 3 Sp! 
ἰὼ οὐ ποι. ΕΣ ὦ +1)(v+2)(v+3) n+ 
_ 2bn- Sn _ 
ee 


by (8); and therefore ¢, =0(n) and s,’=0(n), so that the series 
is summable to sum 0. Thus the theorem is proved. 

5. In order to show that the theorem is not without applica- 
tion, 1 apply it to the deduction of two known convergence criteria*. 


ἢ See (for A) L. Fejér, ‘La convergence sur son cercle de convergence d’une 
série de puissances effectuant une représentation conforme du cerc le sur le plan 


simple,’ Comptes Rendus, 6 Jan. 1913, and ‘Uber die Konvergenz der Potenzreihe 
an der Konvergenzgrenze in Fallen der konformen Abbildung auf die schlichte 
Ebene,’ H. A. Schwarz Festschrift, 1914, pp. 42-53; G. H. Hardy and J. E. Little- 
wood, ‘Some theorems concerning Dirichlet’s series,’ Messenger of Mathematics, 
vol. 43, 1914, pp. 134-147: and (for B) G. H. Hardy ‘Theorems relating to the 
summability and convergence of slowly oscillating series,’ Proc. London Math. Soc., 
ser. 2, vol. 8, 1910, pp. 301-320; Εἰ. Landau ‘ Uber die Bedeutung einiger neuerer 
Grenzwertsatze von Herrn Hardy und Axer,’ Prace Matematyczno-fizyczne, vol. 21, 
1910, pp. 97-177; M. Cipolla, ‘Sul criterio di convergenza di Hardy,’ Rend. dell’ 
Acc. di Napoli, ser. 3, vol. 26, 1920, pp. 96-107, 151-160. 
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(A) If Xa, is summable (C, 1), and Xn? | a,,|?+) ts convergent 
for some positive p, then Xa, ts convergent. 


(B) If Xa, ts summabdle (C, 1), and either (a) a, ts real and 


ieee, 
or (8) a,=0(-), 


then Sa, 1s convergent. 


6. To prove (A) we observe that 
o κα οὐ _2p+1 © » 
δια = 2— = 2 (+1) p+l (y+ 1)##ia, 
μι» + n+1 | 
and so* 


2 wr » 7 @ eum 
bale (3 ὦ τὴ ? )an( > (+ 1) |a,/?*2) pri 
n+l n+1 


=0 ((n-*> a) ‘jee (=). | 


n 
Hence (n + 1) 6,4,—9 0, and so, by (8), s,— A. 


7. To prove (B) we observe first that, if it is condition (@) that 
is given, we may suppose without loss of generality that a, is real; 
for we may treat the real and the imaginary parts of the series 
separately. But then (8) becomes a special case of (a). It is there- 
fore only necessary to consider condition (a). Further, we may 


plainly suppose that A =0. 
Suppose that lims, =r > 0, 
and choose a sequence of values of n for which 
8, > ἐλ. 


_ Let us denote a value of n, belonging to this sequence, by m; 
and choose H so that 0 « KH <1in. Then | 


Sy = Sm + Amit ἀγα tt... Ἔν 


| Β 
> 42-K(— 2: τ... .}ὃ}Σ ἔτ ΚΞ’ 
>4r°\-KA >}, 


_ * By the well known inequality 


1 1 | 
Labs (Zak)k (Zoey! (az0, 620, k>1, 151, Σ 1151}. 
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ifm<vsm+Hm. Hence 


m-+Hm δ» S 1 ΧΗ 
nia WEI) OFR)> 2, E143) ~ dm 


when m—>o. But this plainly contradicts (5). Hence 
lim S, = 0. 
It may be shown in just the same way* that 
lim 8, 2 0. 
_ Hence 8,.-} 0, and the theorem is proved. 


ὃν 


* Using a sum 'Σ ------ .--.-..- 
5 m—Hm (v +1) (ν +2) 
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CORRECTIONS 


p. 305, line 6 up. The factor ¢, before the sum on the right should be 
omitted. 
AH 


p. 307, line 2. For the final expression read reer 1 ΕΠ 


COMMENTS 


Hardy’s theorem is the case A = 1 of a result given by Knopp,f that: 
if 25 1, a necessary and sufficient condition for ¥ a, to be summable (C, 1) 
to A is that τὰ 
8. νυ - 1)Σ a,/(r+1 >A. 
nN 

Ifa, is written in the form (n+ 1)(9n—9n41), Hardy’s theorem becomes: 
a necessary and sufficient condition for ¥ (n+ 1)(Gn—Gn41) to be summable 
(ὦ, 1) to A ts that there should be a number g such that ¥ (g,—g) converges 
to A. 

This form of Hardy’s theorem is extended by Hardy and Littlewood 
in 1924, 1 (in Vol. IIT) and 1928, 1. Other extensions were obtained 
independently by Knoppt and Andersen.§ 

Bohr’s|| theorem, referred to in ὃ 1, showed that > a,,/(n+1)!+* (6 > 0) 
is summable (C,k—1) whenever >a, is summable (C,k). The sharper 
result, with6 = 0, was stated by Riesz,}f and is proved in H.R., Theorem 
48 (for Riesz means). A proof of Riesz’s theorem was given by Chapman. ft 


¢ δε. d. Berliner math. Ges. 16 (1917), 45-50. 
t Math. Zeit. 19 (1924), 97-113. ὔ 
§ Proc. London Math. Soc. (2), 27 (1928), 39-71. 
|| Comptes rendus 148 (1909), 75-80, and Bidrag ..., p. 100, English transla- 
tion, p. 87. 
tt Comptes rendus 148 (1909), 1658-60. Bohr mentions Riesz’s result in his 
Thesis. 
tt Proc. London Math. Soc. (2), 9 (1911), 369-409 (388). His statement of the 
theorem needs correcting. 
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The Equivalence of certain Integral Means 
G. H. Harpy and J. ἘΠ. Lirrtewoop. 


The equivalence of Holder’s and Cesaro’s methods for the summation 
of divergent series was established by Knopp and Schnee, and later in a 


1924, 4 (with J. ἘΣ. Littlewood) Proceedings of the London Mathematical Society (2), 22, xl—xliii. 677 
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more elegant manner by Schur;* and the corresponding theorem for 
integrals has been proved by Landau.t If a> 0, and F(z) is integrable 
(in the sense of Lebesgue) in any finite interval (a, X), and 


τ Ε(α,)α4.,- A 
a wy 


a Lo Lp at 


when x — ©, then we say that 


(1. 2) F(x) >A (A,r); 

while if 

(2.1) F.@) τε ἢ. [ FYe-w ay 4, 
we say that 

(2. 2) Fiz) >A (Ο,γ); 


and Landau’s theorem is substantially as follows: ¢f F(z)>A (4,7), 
then F(z) > A (6,7), and conversely. 

In the theory of trigonometrical series we are often concerned with 
integral mean values of a somewhat different kind, viz., 


t ty tect 
(3.1) a) = +| κα} ts Gn G(t,) dt, 
t Jo t, Jo ὦ tr_s Jo 
and 
t 
(4.1) σι = 1] G(u) (t—u)""du. 
0 


Here ¢—> 0, (ὃ is integrable (in the sense of Lebesgue) in any interval 
O0<7<t<T, and the integrals down to 0 exist either as Lebesgue 
integrals or as elementary generalized integrals of the type 


lim | : 
e—>0 Je 


aoa 


ἘΚ, Knopp, Dissertation (Berlin, 1907), pp. 19-22; W. Schnee, Math. Annalen, Vol. 67 
(1909), pp. 110-125; I. Schur, Math. Annalen, Vol. 74 (1918), pp. 447-458 (see also Knopp, 
ibid., pp. 459-461). Another proof was given by W. B. Ford, American Journal of Math., 
Vol. 82 (1910), pp. 315-346. . . . 3 

+ E. Landau, Leipziger Berichte, Vol. 65 (1913), pp. 151-188." 

+ We have modified Landau’s enunciation in two respects. Landau takes a = 0, and he 
assumes more about the behaviour of F'(x) for finite values of x, viz. that it is the Riemann 
integral of a bounded function. What is essential is, of course, the behaviour of F(x) when 
L—> Oo. 
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It would be natural to say that 6(ὃ-» 4 (H,r) if G,(t)>0 and 
G(t)—>A (C,r) if G,@)—>0; and analogy would lead us to expect these 
two generalizations of the notion of a limit also to be equivalent to one 
another. | 

The theorem thus suggested is in fact true, but a little consideration 
shows that it is not quite so obvious an analogue of Landau’s theorem as 
we might have anticipated. In fact, if in (8.1) and (4.1) we write 


ese Gi Se ΞοΣ eae ee 
ane = 14 GO = G(>) = Fe, 


we obtain 

(8.9) Τρ τε αἱ aa Ge EG) eas 
x Ly vy oi) Ly—1 tr -1 ΟΝ 

and 

, | ie γ--Ὁ} dy 

(4. 2) F(z) = rz | Fy) (y—2z) rn >A; 


and these means are obviously of a different type from (1.1) and (2.1). 
If (8. 2) is true, we say that 


(8. 8) Ρ()-» 4 (M,7»), 
and if (4. 2) is true, we say that 
(4.3) F(z)>A_ (N,7r); 


and we have to consider whether these definitions are equivalent to (1. 2), 
(2.2), and to one another. 
The results are as follows :— 


(i) the H means are equivalent to the C means ; 

(1) the M means are equivalent to the N means ; 

(11) the H (or C) means are never less general than the M (or N) 
means ; «10 F(x) A (M, γ) then F(x) >A (H,1); 

(iv) afr =1, all four sets of means are equivalent; but 

(v) δ΄ (“)-» 4 (H,7r) does not necessarily imply F(x)>A (M,r) for 
any value of r greater than 1. 

We prove first that, if F(x) is any integrable function, and a> 0, 

there are integrable functions g(x) such that 


5) F(2)—F(a) = G(2)—G(a)— 29 (x) +ag(a) = |'g@at—zg(@) + ag (a) 


for all values of z for which F(z) is defined. We suppose, as we may do 
without loss of generality, that G(a) = F(a) = 0, and we then show that 
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the necessary and sufficient condition that F(x)—>A (M, r) is that there 
should be a g(x) for which 


G(z)=o0(2), G(@)-A (M, r—1), 


and that this remains true when M is replaced by N. From this the 
equivalence of the M and N means follows by induction. A similar 
proposition holds for H or C means; we have only to omit the provision 
that G(x) =o(x), and our remaining theorems follow without difficulty. 

Combining our theorem of equivalence with the necessary and sufficient 
criterion for the summability of a Fourier series which we enunciated 
recently in the Proceedings,* we obtain the theorem: the necessary and 
suffictent condition that the Fourier serves of f(x) should be summable 
by Cesaro’s means to sum S is that | 


a \ b(u) (t—u)"-1 du, 
t” Jo 


where 


g(t) =4{fe@+)+f@—t —28}, 


should tend to zero with t for some value of r. 


* See Records, &c. for 8 June, 1922 (Proc, Lond, Math. Soc. (2), Vol. 21, pp. xxxi-xxxii). 
The detailed proofs of the theorems there stated will appear shortly in the Math. Zeitschrift. 


COMMENTS 


In the sketch of the proof of (11), the statement that ‘this remains true when M is 
replaced by Ν᾽ is not immediately clear. 

It follows from the definition of the (1,7) means that, forr = 2, 3,..., (A): necessary 
and sufficient conditions for F(x) > A(M,r) are that (a,) [ F(t)/t? dt should converge, 
and δὲ 
(62) Glx) =a [ F(t)/2dt >A (M,r—1). 

[ 


Alternative conditions are (I): there 15. an integrable function g(x) such that the 
differential equation F(x) = G(x)—xg(x) p.p., where G(x) is an integral of g(x), has 
a solution such that (1,) G(x) = o(x) and (1,) G(x) > A (M,r—1). 

Similarly, it follows from the definition of the (N, k) means that, for r = 2, 3,..., (B): 
necessary and sufficient conditions for F(x) > A (N,r) are (b,) that (a,) should hold, and 


(b,) H(x) = rat Ϊ Fit\/@.dt>A (N,r—1). 


Here (b,) implies that H(x) = o(x). Alternative conditions are (IT): there 1s an integrable 
function h(x) such that the differential equation F(x) = H(x)—r axh(x) p.p., where 
A(x) is an integral of h(x), has a solution such that (2,) H(x) = 0(x), and (2,) H(x) > A 
(N,r—1). 

To show that (I) and (II) are equivalent, or what is the same thing, that (/,r) and 
(N,r) are equivalent, we assume the inductive hypothesis that (M,r—1) and (N,r—1) 
are equivalent. 

Suppose first that (1) holds, i.e. that F(x) > A (M,7r). Then the solution G(x) of the 
differential equation in (1) satisfies (a,). Now let H(x) be defined by the integral in (b,). 
Then H(z) is a solution of the differential equation in (II), and (a,) implies that 


A(x) = o(x). To show that (IT) holds, it remains to prove that H(x) > A (N,r—1). 


From the definition of H(z) we obtain 


A(x) = rG(x)—(r—1)rat ΠΣ dt. 


By the inductive hypothesis, (I) implies that G(x) > A (N,r—1). This implies that 
G(x) > A (N,7r), and hence 


co 
rat | G(t)/ttidt >A (N,r—1). 
of 


Thus H(x) > rA—(r—1)A (N,r—1), and hence, by induction, (I) implies (IT), i.e. 
(M,r) implies (N,7). 
The converse is proved similarly, by means of the identity 


G(x) = r(x) +r-Ur—1)x [ H(t)/t? dt. 


Kuttnert has shown that (v) becomes true, for r = 2, 3,..., if and only if the extra 
condition that [ Ῥι(ὴ 3 dt should,converge is added. He has also considered the exten- 
sion of (111) and (v) to non-integral orders of summability. He finds that, in either case, 
if r is non-integral in the hypothesis, then the conclusion holds with r replaced by 
r’ > r, but not with γ΄ = r, provided the same extra condition is added in (v) when 
Pol. 


+ J. London Math. Soc. 33 (1958), 107-18. 
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ABEL’S THEOREM AND ITS CONVERSE (II) 
By G. H. Harpy and J. Εἰ. Lirritewoonp. 
[Received January 18th, 1923.—Read January 18th, 1923. ] 
1. Introduction. 


1. In an earlier paper bearing the same title as this one* we referred 
to two theorems which we were then unable to prove, and whose absence 
detracted from the completeness of our results. 

In the first place, we provedt that 2/f 


(1.1) α,..--- Ο ( 

ὍΝ | n 
and : 

ee An Lge 

(1 . 2) Oa ey ger): 
then 
(1.8) aA 
umplres 
(1. 4) P (2) > A 


when x->1 along any path Ct which does not pass outside the circle. It 
is natural to suppose that this theorem, like other theorems of its kind, is 
a “best possible’ theorem, 2.6. that it becomes false if (1.1) is replaced 
by any less exacting condition of the same kind; but this we were at the 
time unable to prove. We give a proof now in § 2. af a 

A second and more important gap in our work was this. We proved§ 


* ‘ Abel’s Theorem and its Converse’’, Proc. London Math. Soc., Ser. 2, Vol. 18 (1918), 
pp. 205-235. Seep. 210. We refer to this paper as A.T. ᾿ 

+ A.T., pp. 220-223 (Theorem T). 

+ See A.T., pp. 205-206, for precise definitions of path, internal path, regular path, 
Stolz path. 

§ A.T., pp. 214-219 (Theorem Q). 


1924, 7 (with J. ΕΣ. Littlewood) Proceedings of the London Mathematical Society (2), 22, 254-69. 
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that (1.1) and (1.4) involve (1. 3), so that, if (1.1) is satisfied, (1. 4) is 
the necessary and sufficient condition for the convergence of the series 
Zan. From this we deduced a theorem* which is a more direct extension 
of Tauber’s Theorem, viz. that (1.1) and 


(1.5) f(a) = ZLa,xz" > A 


involve the convergence of the series. But here we had to impose a 
restriction on Οὗ, viz. that it is what we called a regular path. We could also 
prove the result when C is a Stolz patht ; but we were unable to eliminate 
au restrictions on C. This we can now do, and present the proof in § 8. 

There is one point which demands a word of explanation. The series 
(1.2) is uniformly convergent for | x | < 1, and, so long as we are con- 
cerned with ®(z), it is irrelevant whether our path C is restricted to be 
internal or may have points in common with the circle. The situation is 
different when we are concerned with f(x), since J(x) is not generally 
defined at points on the circle. We therefore state and prove our theorem 
on the hypothesis that C is internal. 

The theorem remains true, however, if this restriction is removed, 
provided the hypotheses are properly stated. It may be possible to define 
f(x), at a point common to C and the circle, by an Abelian limit 


f(z) = Κα, θ) = lim fo, θ) 


and in this manner to complete the definition of f(x) for all pots of C; 
and it may then happen that f(z), so defined, tends to a limit along Ο. 
Elementary considerations of continuity then show C may be replaced by 
a “sufficiently close” internal path C’ along which also f(x) tends to a 
limit. Our theorem then establishes the convergence of the series, the 
additional complication lying only in the interpretation of its hypotheses. 

In §4 we restate the final result of our work, which may now be 
regarded as completed, in the form of a comprehensive theorem. 


2. Addendum to Theorem ®. 


2.1. Taeorem T'.—It is not possible, in Theorem “5, to replace the 
condition (1.1) by any less exacting condition of the same type. That 
as to say, of p(n) is any positive function of n, tending steadily to infinity 


* A.T., pp. 219-220 (Theorem B).. 
t A.T., p 220 (Theorem 8). 
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with n, it is possible to find a convergent series A, for which 


(2.11) | am = 0 (22), 


n 
and a regular internal path C for which (1.4) ts false. 


We may obviously suppose, without loss of generality, that the a’s are 
real, that a, = 0, and that 
p(n) « νη (n>); 


ἄν n+l1 
and we may replace aa (. --α 7, 
in (1.2), by See “*(1—2%), 
since 
= {y dy, = - ᾿ς 7 ες: Ay, 1--ὰᾺὉ" An _» 
1-- ὦ Ὁ a oe rare ᾿ )| ~~ ΑΑ(- 1) 1-τὰ ΠΕ ἐν ; 


and each of these series is uniformly convergent for |x| « 1. 
Let 


1 An, nta\ 
(2.12) x(a) = papa ee), 
where 0 <a < 27, and 

1 sy in entra 
(2.121) ΧΟ", a) = Te > oO ) 


where O0O<7r<(1. For any fixed a, x(r,a)—>x(a) when r>1; and we 
can define a regular internal path Οὐ, by an equation r= γ(α), inzsuch a 
manner that (7, a)—x(a)>0 when a0. The theorem will therefore 
be proved if we can establish the existence of a function y(a) which does 
not tend to a limit when a0. 


Again, if 
sin na 
(2. 18) P(a) = 2an —— 
(2.14) (eM) ) = saa, BO, 


and x(a) cannot tend to a limit unless (a) does so. It is therefore 
sufficient to define a P(a) which does not tend to a limit. 
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2.2. Lemma 1.—I/f A ts convergent, then 


(2.21) 5 a =. 
%<1fa 7:1 
Choose N so that 
(2. 22) | 2 a4, <e (n>N). 
Then ᾿ 
(2.28) ΟΣ a sine _ 4 | 
Zi 2 a, (35:35 1) γ}1| Σ α,--Αα ἘΠ = ous) 
᾿ «Δ 7 nN N<n<lfa Na 
= 8,4+8,4 8s, 
say. We have 
(2. 241) ΕΓ 
by (2.22); and 
(2.242) [5,1] « Max | Σ ay|< 2¢, 


Nenclfa Ν «ἡ «ἢ 


since sin {πὸ decreases steadily from 1 in the interval ὁ «εἰ «1. 
Finally, when Ν is fixed, 


(2. 248) |S, |< e 
for all sufficiently small values of a. From (2.23)-(2.243) we deduce 


Sin 2a 


x Ay———A| < de 
" «1|α Na 


for all sufficiently small values of a, which proves the lemma. 


2.3. Lemma 2.—If o(x) ts any function of x which tends steadily to 
infinity with «, we can find a sequence of positive integers n, such that 
(2.31) Mm, = ttl > D , my, < p(n). 

We may clear our ideas by a preliminary remark. The important 
cases are those in which ¢(z) tends to infinity very slowly, e.g. like 
logloga. ‘The first condition on the m’s means that 7, tends to infinity 
more rapidly than any exponential e’, and the second that its increase 18 
very little more rapid than that of such exponentials. Thus, when 
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(x) = log log z, the conditions would be satisfied (except that the m’s 
would not be integers) if we took 


ae e” log log log v | 
We begin by choosing non-integral 2’s such that 
(Ὁ. 32) mero, 1L<<om < $n). 


We can obviously find a function x(x), with a positive, decreasing, and 
continuous derivative χ᾽, such that 


(2.388) χρῶ, y>l, χ' =o(=), (x+1)x’ <1, a < FO. 
We take 

(2. 34) i= ow". 

Then ὀχ) Ένχν Ἐ1) κ΄ QF DXOFDIKO) — py EXMFOHDXO, 


and so, using the third of the conditions (2. 33), 


| (2.35) 1<m, ~ ΧΟ). oa, 


Also, using the fourth and fifth of (2. 88), 
(2. 86) My <EXTOTDK « Extl < 1.6(65) < 4¢(n,). 


Thus the conditions (2.32) are satisfied. 

We now replace every m, by the integer equal to or immediately above 
it. This increases ἣν and therefore ¢(n,), while m, is at most doubled. 
Hence the new set of m’s satisfy (2.31). 

We note that 


ἘΠῚ 
(. 87) Σ >= 0(4), 
μ μ 
an obvious corollary of (2.31). 


2.4. Lemma 3.—When m, is defined as in Lemma 2, we can find a 
positive integer k, which tends steadily to infinity with v in such a 
manner that 


key4i 1, 7 log LO cs D 


(2.41) k, -» i, 


This is obvious; we have only to make the increase of ἦν sufficiently 
slow. 
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Lemma 4.—If 


(2. 42) αν = Qwk,/ nN, 

then 

(2. 48) ty +41/ay > 0, 

(2. 44) : G—ay~a (' >»), 
and 

(2. 45) Ny) < l/a, <n, 


for all sufficiently large values of v. 
Of these relations (2. 43) follows from (2.31), (2.41), and (2. 42), and 
(Ὁ. 44) is an obvious corollary. Also 


Qark Qark Be | 
γνν ΞΞΞ ark, > D, Moy αν ΞΞΞ πῃ Ἐς ee εις, 0, 
ν-- } My —) 


by (2.41); which proves (2. 45). 


Lemma 5.—If 0 «0 « ἐπ and 0 «Ν « Ν', then 


ae 1 Ν᾿ cos 20 1 

> ΞΞΞ --- - ΞΞΞ —- 
240) - ὦ ο(4) iq n (xa) 
uniformly in the parameters. If also 0 « φ « ἐπ, GFA, then 
| V sin nd βίη ῴ _ 1 


These are familiar results, collected merely for purposes of reference. 


2.5. We define our series A by 


sin 2a, 1 . Anak, 
= = —= sin == - Ny KN « Nya). - 
(2 . 51) n γι, γι, ny ( ye : +1) 
1 m, —~ p(n) , P(r) 
Then | | <= n, = Nya < ya Sy. " 


so that a, satisfies (2.11). It remains to prove (1) that A is convergent, 
and (2) that P(a) does not tend to a limit. 
We have first 


Nyt 1—1 : =a, . 1 2: 

: - sin ὁ (7 n,)a, Β1ὴ ἡ, τΓ La 

> 51 2a, = mg ea ee — 0, 
Ney sin 9 Ay 

since 4(yai— Ma, = (m,— ky w 
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is a multiple of z. Hence 


Ny+1~1 


(2.52) DA SO: 


yp 


Also, if 2, << μα <7,43, we have 


(2. 58) Za, = eS ant ο( : ) - Ο(ἢ]) = o(1), 


ea... Ny Cy 


by (2.46) and (2.51), and uniformly in uw. From (2.52) and (2.58) it 
follows that A converges to the sum 0. 


2.6. We write 
(2.61) (a) = Σα,----- = 2 Σ -ὸΟὸᾶΣ ψνίω 


μ--Ξἰ a 
= Σ ψν(ω +, (a)+ Σ veo) = S,(a)+8,(a) + v, (a) ; 


and we shall prove that 


(2. 62) S, (αμ) > 0, 
(2. 68) δια) > 0, 
(2. 64) Lasse 


when n—>o. From these relations it will follow that ®(a)— 2 when 
α-- Ὁ through the particular sequence ἂμ, and this will complete the proof 
of Theorem 1". 

We have 


(2. 65) Se 2a =. Se Σ 


᾿" « Ἡμ--ἹἙἹ Nay ἢ < lfap, lja, <n 


= Σ -+-o(i) = Sia,)+o(), 


Llfap <n < ἐμ 


by Lemma 1. Since 1/a, > ,-1, by (2.45), ν Ξε μ---1 throughout 851. 
Writing 


(2.66) M = 1.1} 
On 
we have 
; —_ 1 >" sinna,-1 sin na, _ 1 1 
Si (a,) -- Ny 1 Oy Σ a --- ὁ: ᾿ M(a,-1—a,) 


by (2.47). But 


M (ay—-1—- αμ) ant Ma,—1 om Oy —1/ Ap, 
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by (2.44) and (2.66); and so 


(2. 67) S'(a,) = o(——}) — ο(, = o(1). 


3 2}μ--ἰ Ay—1 


From (2.65) and (2.67) we deduce (2.62). 
Next, ifv> un, 


ἐν. 1--ὄὄ 


in sin | 
Beis sin na, sinna, 11 o( 1 - o( 2 :) 


MyGen, n Nya, ~ \n,(a,—a,) 
by (2.47) and (2. 44); and hence, using (2.37), we obtain 


δια = O(= > =) =0(—) = οὐ {:) = Ο( 5) =o), 


2 2 2 2 2 
n w+] ny Nitin NM, ay μ 


which 15 (2.63). 


Finally 
1 ™ 27! gin? 2a 
(2. 68) VW (ay) = 2a. peers 
Nun na n 
Np+i—1 ημ4}--ἰ 
.- ἃ δ ον Σ (Ὁ Nay 
Oi. aa ἢ Al Oe 58, n 


The first term in (2.68) is greater than a constant multiple of 


1 loo mt? — log my, 
aos 3 
Ny, Oy Ny Qk 


which tends to infinity, by (2.41). The second, by (2. 46), is 


ee ees. eee 
Ὁ Caer eel ν᾿ (zz) Sot): 


This proves (2.64) and completes the proof of the theorem. 


3. The general Tauberian thearem. 
3.1. In this section we prove 


THEOREM R’.— If 


1 
(1.1) n= 0(+), 
and 
(1. 5) f(z) >A 
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when x—>1 along an internal path C, then 
(1.3) 2a A: 


We may suppose A220," : | nay) <A, 


and if is convenient to write e~* for z, and then z=x+iy. We have 
then to prove: if : 


(3.11) | | [nan « 1, 
and 
(8. 12) | f(z) = Σα,6- 3 > 0 


when z>0 along a Jordan curve C lying, except for the point z= 0, in 
the half-plane x > 0, then 


(8. 18) An = 0. 

We suppose that C is 
(8. 14) 2= Zt), 
the parameter ¢ ranging from 0 to 1, and ἐ Ξξ 1 corresponding to z= 0. 
There is no loss of generality in supposing that 
(3.15) | f{<1 
at all points of C.. 

The letter K denotes an absolute constant, whose value varies from 
one occurrence to another. Occasionally we must preserve the identity 
ofa K; in this case we distinguish it by a suffix, and such constants 


are the same wherever they occur. The constants of the O’s which 
oceur in our argument are also absolute. 


3.2. Lemma 6.—If 


(8. 21) [4|«1, [“'΄ πο] πο (0 «Ὁ «1). 
then 
(8. 22) I f(z —f@) |< ko, 


where k(c) depends only on c. 
It follows from (8.21) that x is positive and 


(8. 28) a’ > Ke. 
Also le" —e-™ | = | n{ e~™du| < n|z’—z | Max (6 "π΄, e~"*) 
Ζ 


< n| z'’—z| (e-™" +e7"*). 
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Hence 


| f(2)—f() | = | Zan(e-*” —e-™) | < En|ay| | 2’—2| (e-™ +e-™) 


PaO τς ἃ οἷ ee (: =) 
= | (Faye ty 4s) «κι ie <A, 


which is (3. 22), 


3.21. Lemma 6 leads to a very simple proof of our former Theorem s.* 
This theorem is required for the proof of RB’, and we did not write out its 
proof in full: we therefore insert one here. 

If C is a Stolz path, it is included in an angle A, whose vertex is at 0, 
and whose sides include, and make acute angles with, the real axis. The 

angle A, in its turn, is included within a slightly larger angle A’ of the 
same type. It is plain that, if z is a point of C, and z’ a point in A’ for 
which x’ < z, then z’ satisfies the condition (3.21), and so that f(z’) is 


bounded in Α΄. Since J (2) is bounded in A’, and tends to a limit along C, 


it tends to ἃ limit when z-~>0, uniformly throughout A.+ In particular, 
it tends to a limit along the real axis, and therefore, by Theorem F, the 
series 2a, is convergent. 


3.3. The next lemma requires a word of explanation. Suppose that. 
z->0 along C, so that z= Z(t); we may denote the parameter of z by 
t(z). If we write 


(8. 81) c= Max |7{Ζ(}}, 
t(2y<t'<l 
then e = e(¢) is a function of ¢ which tends steadily to zero when t—>1. 
We write e(¢,) =e, and so on. 
We denote generally by ὃ = δ(ε) a positive function of ε which tends 
to zero with e. 
΄ 
Leama 7.—Suppose that T is a point on the positive imaginary axis 
OY; TB,B, a ray in the first quadrant making an angle 0<42 with 
LY; and TL the trisector, nearer to TB,, of the angle B, TY. Suppose 
that C cuts TB,B, in B, and By, that t, and t,>t, are the parameters 


* See p. 255 above, f.n. ft. 

+ See ἘΣ. Lindeléf, ‘‘ Sur un principe général de l’analyse’’, Acta Soc. Fennicae, Vol. 46 
(1915), pp. 1-35 (7-11); or P. Montel, ‘‘ Sur les familles de fonctions analytiques qui admet- 
tent des valeurs exceptionelles dans une domairie’’, Annales scientifiques de l’Ecole Normale 
Supérieure (3), Vol. 20 (1912), pp. 487-535 (519). Lemmas β- of A.T, embody a different 
proof of substantially the same theorem. 
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of B, and B,, and that the part C' of C for which ty <<t< ty lees entirely 
wn the angle B, TY. Then 


(8. 32) fle) «- Καὶ 
at all points χ' of the segment B,B,; and 
(8. 838) | f(z") |< δ(ῷὼ 


at all points 2" of any chord intercepted on TIL by the are B, B,.* 

Let P’ be a point of B,B, (other than B, or ΒΩ). We may suppose 
that P’ is not a point of C’. The perpendicular to B,B, at P’ will meet 
TL ina point P”. It will also meet C’; we suppose that it does so first 
at P. 


0 om 
Fig. 1. 

We define M as the greater of (i) εἰ and (ii) the upper bound of | /| on 
the segment B,B,, so that MW Ὁ ει. We denote by ¢ a linear function of 2 
which vanishes at Τ' and is positive on 7'B,+, so that the argument of ¢ 
on TY is 0; and we write F(¢) for f(z). Finally we write 


(8. 84) σ(ῷ = exp | —tk(log ¢— 18) ;, 
where k is positive and 
(8. 841) εἶθ = Mey. 


It may be verified at once that 
(8. 851) | lg|<1 


a -΄-΄ ΄ -------:---ρ---.----- 
* See Fig. 1. There may be no points such as 2”, in which case (3.33) is naturally 
trivial, 
+ Cis thus fixed, except for a positive multiplier. 
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in B, TY, and that |g| assumes the values 


8. 852 , () : 
beege2) um ΑΜ)" 
on 1B, TL, and TY respectively. 

If 2’, 2", z refer to P’, P"”, P, we have 


sin 44 
sin ὅθ ἡ 12 


(3 : 90) Bis ΟΣ | — pp 


rypll 


This A, is less than unity, so that we may take c= K, in Lemma 6. Hence 


(8. 87) [fe —fe) |< K. 


3.3. We must now distinguish two cases. 


(a) P lies between P' and P" (or at P"). Then 


(8. 41) \2"’—z| = PP" < Ρ'Ρ' < K,2" « Κι, 1. 
In this case 

(8. 42) fe) (<K 

by Lemma 6, and 

(8. 48) [,.}1«ΚΈΚ «-Κ 

by (8. 87). 


(Ὁ) PY lies between P' and P. Then P" is a point of KR, a region 


bounded by B,B, and Ο (or parts of them*). Now 
|F| < M, lg| <«,/M 
on B,B,, and I\Fl<e, fgl<1 


on C’. Hence | Fg |<, on the boundary of RB, and therefore in its 


interior ; so that 


‘ Ta ΏΞΕ 5} «- a = Mi, 
(3.44) 7G y= | < vCal Μ εἰ 
by (8.352), and 

(8. 45) \f@) |< K+Mie, 


by (8.37) and (8.44). Comparing (8.48) and (3.45), we see that the 


latter holds in both cases (a) and (0). 
Thus (8.45) holds for every P’, and therefore 


(8. 46) M<K+Mie < K+M}, 


* R may be bounded by parts of C’ only if the curve is not simple, 


χὰ ΄ 
DS ὦ 860 ---. 2" = Καὶ," « Κὶ,.". 
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which is plainly impossible unless 
(8. 47) M<A, 


which proves (8 . 82). 

To prove (8. 88) we observe that, if P” is a point of a chord intercepted 
by the curve on TL (which may or may not be the case), then P” is cer- 
tainly interior to an R bounded by B,B, and C’ (or parts of them), so that 
(8.44) :s true. Hence 


(8. 48) | f(2") | < Mié < Ké < d(e,), 
which is (8. 38). 

38.5. Lemma 8.—Suppose that B is the point of C whose parameter 15 
t; that OB makes with OY an angle 0<47; that B' is the last point 


of C, beyond B, such that no point of the are BB' les below OB; and 
that OL is the trisector, nearer OB, of the angle BOY. Then 


(3.51) \f@|<K 
at all points P of the segment BB', and 
(3.52) | f(z) | < d(e) 


at all points P, of any chord intercepted on OL by the are BB’. 


It is to be observed that B’ may, in extreme cases, fall at B or at O. 


Fig. 2. 
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We may suppose that P is not on C’.. There is then a semicircle S, 
with centre P and diameter along OB, which contains no point of the are 
BB'. We draw a line BT, above BO, and making an angle less than 47 
with OY, so as to intersect S; and we draw PP’ perpendicular to BT. 

There is an arc B,B, of C, whose chord B,B, contains P’, which is 
related to B,T as B, B, was to B,T in Lemma 7. Hence, by Lemma 7, 


[fe |< K. 
But BT may be drawn as close as we please to BO, so that P’ is as close 
as we please to P. Hence, by continuity, 


fay = x 
whieh is (8.51). 


Fie. 3. 


The proof of (3.52) is similar. We may suppose P, not a point of C’; 
there is then a semicircle S, related to P, and OL as S was to P and OB. 
We draw BT, above BO, making an angle less than 47 with OY, and so 
that 7, L,, the trisector of BT,Y nearer T,B, intersects S,; and P,P} 
perpendicular to 7, Z,. There is an arc B;B, of C’, related to B,7, in the 
manner of Lemma 7, and a chord intercepted by it on 7, 1., which contains 
P;. Also ἐς >t, ες «ε. Hence, by Lemma 7, 


| f(z) | < δίῳ) < δώ. 
But 21 is as close as we please to z,, and therefore 


| f(z) | « δ(ε), 
which is (8. 52). 
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3.6. We can now prove the main theorem. 

We denote by S, S’ straight lines through the origin, in the first and 
fourth quadrants respectively, making with the positive or negative 
directions of the imaginary axis angles Jess than 47. We can distinguish, 
first, four possibilities : 


(a) C cuts both an S and an S’ arbitrarily near to O; 
(Ὁ) C euts an S, but no S’, arbitrarily near to O; 

(c) Ο euts an S’, but no S, arbitrarily near to O; 

(ὦ) C euts no S or δ΄ arbitrarily near to O. 


Of these cases (b) and (c) are similar, and (a) requires only trivial 
changes in the argument which disposes of (δ). It is sufficient then to 
discuss (ὁ) and (da). 


Case (b).—It is plain, first, that C lies entirely above some 9’, say S}. 
Let S,; be an S cut by C arbitrarily near to O, and draw OB so that S, is 
the trisector of BOY nearer OB. Then OB makes with OY an angle less 
than 47. 

Let Cy be the curve derived from C by replacing every are of C above 
δὲ by the corresponding chord. Then the parts of Cy which are parts of 
SS, correspond to ares of C arbitrarily near to O; and so, by Lemma 8, 


[{0ὦ)-» 0 


when z->0 along Cy. But Οὐ is a Stolz-path, since it lies between S, and 
δ᾽, and our conclusion follows from our former Theorem 8. 


Case (d).—This case falls into three, according as (ὦ 1) C hes ultimately 
between an S and an S, or (ὦ 2) hes ultimately above every S or (@8) lies 
ultimately below every S,. In (d1) C is a Stolz-path, ee we can use 
Theorem 9. It is enough then to consider (d 2). 

We can draw an S (say OB) which meets C for the last time* in B ; 
and the bisector OB’ of BOY will meet C for the last time in B’, 
Then, | f|< Καὶ on OB, by Lemma 8; and so |f|< Καὶ in the region Ἂς; 
bounded by OB and C. But f—~0 when z—0 along C, and therefore! 
f—>0O when z—0 along OB’. As OB’ is a Stolz-path, our conclusion 
follows once more from Theorem 8. 


iors —— ~ ora wee ee es Ἂ a 


* J.e. for the greatest ¢. 
+ See the memoirs of Lindeléf and Montel referred to on p. 263. 
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4. Summary of conclusions. 


4.1. The results of our researches may be stated comprehensively in 
the following theorem. 


THEOREM a.—If 


(O) dn = O (=), 


7ὺ 


then the necessary and sufficient condition that 


(1) 2a, =A 
us that 
1 a 
A ees a —yrtl) _,» 
(A) (zx) joe * nai O atl) > A 


when x->1 along some path C. This condition may also be written 


1 
(A’) P(x) = τε, | f(u)du— A, 


χ 
where f(@) = κω", 


and the path of integration is the straight line (x, 1) or, of C ws regular, 
C otself. 

If (A) is satisfied for any path C, it rs satisfied for all paths C. 

If (ΟἹ is replaced by any condition 
(O') A, = O (65), 


nN 


where (n) tends to infinity with n, then (A) ceases to be erther a necessary 
or ἃ sufficient condition for (K) ; either proposition may be true and the 
other false. 

-lssuming (ΟἹ) to be satisfied, the condition that 


(L) J(2)> A, 


along some path C, is @ sufficient condition for (Kh). But wt ws not 
necessary, and does not become necessary even when (Ο) ts replaced by any 
more exacting condition of the type 


(O") An = O(Xn) 


where x, ts positive and Xyxn divergent. In any such case (K) may be true 
and (L) false. 
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COMMENTS 


In this paper the outstanding questions in 1920, 7 are answered. 

In the proof of Lemma 2, there is no loss of generality in supposing that 4(n) > 2e? 
forn > 1. Then the 4th condition in (2.33) can be satisfied. The value of n, is fixed by 
(2.34) as 1, and (2.36) holds for v > 0, provided the last < in (2.36) is replaced by <. 

In the new proof of Theorem S of 1920, 7, given in § 3.21, the statement ‘if z is a 
point of Οὐ, and z’ a point in A’ for which 2’ < zx, then z’ satisfies the condition (3.21)’ 
needs modification if the angle A’ is large. But if A’ is the angle |z| < Kz, then if 
a’ < a, |z—2’| < 2Ka, and if also x’ > 42, then the proof of Lemma 6 leads to the 
conclusion |f(z’)—f(z)| < k(K). 
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A FURTHER NOTE ON THE CONVERSE OF ABEL’S 
THEOREM 


By G. H. Harpy and J. E. Lirrtewoop. 


(Received and read 15 January, 1925. 
Received in revised form 10 May, 1925.] 


1. Introduction. 


1.1. In this note we prove a theorem conjectured by Littlewood in a 
paper published in these Proceedings in 1910.* 
The main result of Littlewood’s paper was as follows. Suppose that 


(1.11) O<An-1<.An (n= 2, 8, ...), 
(1.12) An > @, 
An 
and that 
(1.14) On = 0 (Ae) 


so that the sertes 
15 Κα = Saye 
15 convergent for t > 0. Then the existence of the limit 
(1. 16) lim f(t) = A 
τ» 


wmplies the convergence of the series Xa, to sum A. 


* J. E. Littlewood, ‘‘ The converse of Abel's theorem on power series’’, Proc. London 
Math. Soc. (2), 9 (1910), 484-448. 


1926, 5 (with J. E. Littlewood) Proceedings of the London Mathematical S octety (2), 25, 219-36. 
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It was observed by Littlewood that the condition (1 . 13) is not essential 
to the truth of the theorem, but that it embodies, none the less, an 
important distinction. Suppose, first,-that (1.18) is true, as in the 
standard case when A, =n. Then (1.14), in this particular case 


(1.17) am = 0(—), 

n 
is not only a sufficient but also a ‘‘best possible’ condition, which cannot 
be replaced by any less restrictive condition of the type a, = O(¢,). This 
ceases to be true when (1.13) is false, for example when A, = 2”. In 
this case (1. 14) becomes | 


(1.18) dyn ΞΞ O(1), 


which is, in fact, a sufficient condition. But (1 . 18) is in no sense a best 
possible condition, and the conjecture to which we have referred, and 
which we now propose to substantiate, is this, that if 


An 
An-1 


>6>1, 


so that (1.14) becomes (1.18), or, in other words, if A, increases with 
sufficient rapidity and regularity, then the conclusion of the theorem is 
true without any restriction whatever on dp. 


1.2. Our main result, then, will be 


THEOREM 1.—If 


(1. 21) A, > 0, ΜΝ 0 Sd... a, Da), 
and 
(1 . 22) [(ὃ = 2a,e-*"' > s, 

1 


when t—> 0, then Xa, converges to s. 
It should be observed that (1.22) is to be interpreted as implying 
the convergence of the series for t >0. The condition for this is that 


(1 . 23) An = Oe) 


for every positive ὃ. 
The theorem at once shows that such functions as 


ete PE eet (a > 1), een Seen ot ςς 
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cannot tend to limits when ¢>0. Such special oscillating functions have 
been considered by various writers.* 

The proof of the theorem divides sharply into two stages. In § 2 we 
prove it when a, = O(1), the present form of (1.14). In §§ 3-4 we show 
that the general case may be reduced to that of § 2, and thus complete 
the proof. In § 5 we show how our analysis may be applied to the con- 
struction of non-differentiable functions. 

It might seem natural that we should go further. We might suppose 
that f(t) satisfies an asymptotic formula of the type 


f@®~ At (log =) ° hag 


and attempt to deduce corresponding asymptotic formulae for 


Sn = Aytagt... +n, 


on the lines of our corresponding researches for series subject to (1 . 13). 
We leave such questions aside, because of the recent discovery by R. 
Schmidt of an alternative line of attack on these Tauberian theorems. + 
The method of Schmidt, involving, as it does, not only our machinery 
of repeated differentiation, but also the general theory of the “‘moment 
problem’’ of Stieltjes, is much less direct and elementary than ours, and 
the most important results should be proved in the simplest manner 
possible. But in view of the great power and elegance of Schmidt's 
methods, and the very comprehensive character of his results, we may 
well be content to leave our own researches in this field where they stand 
at present. 

We must express our thanks to Prof. G. Pélya, who read this paper 
in manuscript, and made a series of suggestions which have led to a great 
simplification of the proof. A number of the lemmas, and, in particular, 
Lemmas 1, 2, 5, 6, and 10, in their present form, are due to him. We 


wc Ὁ Ὁῦ 05. -.Ξ- 0ὕ.0.ὃ..0..0... »ε Ξυες ἀξ σεεεε 


* See, for example, G. H. Hardy, ‘‘ On certain oscillating series’’, Quart. J. of Math., 38 
(1907), 268-288, and ‘‘ Some theorems concerning infinite series’’, Math. Annalen, 64 (1907), 
77-94: J. Belifante, ‘‘On power-series of the form x?o—xPl 4+ xP2—...”’, Proc. Acad. Sc. Amster- 
dam, 26 (1924), 456-462. 

+ 6. H. Hardy and J. E. Littlewood, ‘‘ Some theorems concerning Dirichlet’s series’’, 
Messenger of Math., 43 (1914), 134-147. See also ‘‘ Tauberian theorems concerning power 
geries and Dirichlet’s series whose coefficients are positive Proc. London Math. Soc. (2), 18 
(1913), 174-191. 

t R. Schmidt, ‘‘ Uber divergente Reihen und lineare Mittelbildungen’’, Math. Zeitschrift, 
22 (1925), 89-152. See also ‘‘ Die Umkehrsiitze des Borelschen Summierungsverfahrens’’, 
Schriften ἃ. Kinigsberger Gelehrten Gesellschaft, 1 (1925), 205-256. 
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have also adopted his suggestion of enunciating Theorem 2 (§ 4. 5) as an 
explicit theorem. 


2. Proof of Theorem 1 when a, = O(1). 


2.1. In what follows the letter A denotes always a positive number 
which is a function of @ only. O’s and o’s refer to the passage of n to 
infinity or t to zero, and are not, in general, uniform in the parameters 
of the analysis.* We suppose, as we may, that |a,|<1. We attribute 
to Ao the value 0. 


Lemma 1.—If 0<a<1<~f,r=2, 8, ..., then 


’ 
2. γ)} τὰ 1 r! (r+2) 
ἘΝ ΤΙ 


γ-1 


(2.11) ! we*de «ἰ[τΞ- 


er : y! 
We have | (= —1) x" e~*da = 


0 γ-1} 


1 2 far ar 7 2 
(+—1) | ae" dz < | (= —1) xe" Ax 
a 0 o \ az 


< | (+ —1) “edz = — 
o \z γ 


which proves the first of the inequalities (2.11). The second follows 
similarly from the equation 


| (c—r7)? x" ε΄" dz = r! (x +2). 
0 


2.2. Lemma 2.—If 


7 


2.21 (=  - ς:ς-- --- ΞΘ Bg eae 

( ) Jado) (v ) 
1 An+ 16 

(2. 22) We = Walt, v) = =| we "daz (n= 0, 1, 2, ...), 
Ts Ant 

then 


(2.23) vp ty—1) wy... FQ, aya t wy twat < 4. 


* Thus f = O(¢), where f and φ are functions of ¢ and (say) 6 and k, means | /| < C¢, 
where C is independent of ¢ but a function of @ and k. 
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‘We write 
1 


Ay as yt 
Un = Wy mtWy—-m-1t ... FW = i | x" e~* dx, 
* JO 


1 v2) 
Vm = WytmtWremgit ene = a \ ac. oe 
Th Le ete 
: en Un — γ) ὦ 6 ‘dx, 
: Jo 
Ng λ 
he pared m+1 ( ν ) —mM 
where a i, ν ΠΕ < gi”; 
and so, by Lemma 1, 
1 1 ἢ 
(2.24) Un < γ-.-Ἰ1 ἘΠ - } 
a ye - 
Similarly Vn =) αἴθ", 
7. Jer 
λ ἰ(λ 
h — y+m ( τὸ ηὶ-τἢ . 
where B ἫΝ V Ἢ eg 
and so 
| 4-2 1 : 
(2 . 25) Vin <= ot (a3) . 


From (2.24) and (2. 25) it follows that 
νι (ν - 1)0υ. ἘΠ. «τε τον. τον αι τΓ ... ΞΞ Uy Ugt..-FUm+tVy+Ve+... 


<(2.45) 3 (4) <4 


peed r} may \O™-2#—1 γ᾿ 


2.3. Lemma 3.—lf τ >>0, then 


(2.31) wA,E me = OC"). 
1 
Suppose that Az=r/t, Ayp<KA< Ay 


Then DN 6. λεί = re? Σ | Aw exp (1-- Ὁ) ἘΣ 
; n ; ir r ) ’ 
say. The function ze!~" increases from z = 0 to ὦ =1, when it attains 
the maximum 1, and then decreases, so that no term of S exceeds 1. If 
n<p—l, n= p—m, where 1<m<p—l, and 
An Nish Nii 


x r δ... 


μ 
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and if n> 44+2,n= H+m-+1, where m > 1, and 


An —— Apenel ee es 
λ oo r > Nutt > θη" » 1. 
Hence 
ἘΠΕ ΤΣ ΠΣ Pages on (Des) 
μ m=1 μ μ 


m= } 


ἀρ 2+ Σ (θ-- 6 1- es ue Σ (O"¢ 1- αὐ 


m=1 m=1 


These series are greatest when r=1, so that S<A, which proves 
the lemma. 


Lemma 4.—If (Ὁ - 85 when t > 0, and 
f(t) = OW) 
for every r, then ἐ f(t) = o(1) 
for every r.t 


2.4. We can now prove Theorem 1 when a, =O(1). We may 
obviously suppose without loss of peneranyy that s =Q0. We have then 
f(t) = οί), and 


f(t) = ΓΞ ἸΡῈΣ ας, λ’ 6-λεῖ = o(r Ere ze ) = O(1), 
1 


by Lemma 3, and therefore 


tft) = o(1), 
by Lemma 4. 


Now 
rel 


f() = Daye ~*»! = Σ 5,6 δι eet) = ΕΣ ἃ} " e~“ du, 
1 1 


n 
An +1 


@ An el 
ue“ du—rt" Σ Sa | ute“ du 
1 


An 


(--δ Ὁ =e Σ .} 
1 


An 


— V.— ΤΊ ἢ; 
say. Hence 


(2.41) ΨΥ, τὸ τ», Ἐ0() = γίσ τοῦ Vp_g+o() =... = rt Vo ol) 
ἐς γῇ f(t)-+o(1) = σα). 


* The first of these sums is absent if μ < 2. 
+ J. E. Littlewood, loc. cit., 438. 
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ss . 
Now TSS s. | Pedr = 7 1s; Was 
0 0 
. Setar rte Leger ΣΝ = | 
and so, if 80 = 0, lim |s,{ = lim | = s,w, 
ν-» ὦ νὼ | n=0 
fea} ἰσ δ 
< lim | 2 sawa| +him [Σ (s,—s,) wa |. 
yv>n| 0 νΦΌΙ 0 
oo sa λι εγ 
But r! Σ syWn = D> sa | ze*dz = V, = o(1), 
0 1 Aye 


by (2.41). Hence, since |a,]< 1, we have 


lim | s, | < lim 
ν-»: 


Ὁ 
2 (Sn —=8,) Wn 
van 0 


Ao? 
γ᾽ 


« VWot(v—1) w+... Fw_itw tweet... « 


by Lemma 2. This is only possible if s,-» 0, which proves the theorem. 


2.5. So far we have assumed the truth of (1.18). The remainder of 
the proof of Theorem 1 consists in showing that its hypotheses imply 
(1.18). For this, it is plainly sufficient to show that 


(2.51) f(t) = O(1) 

imphes (1.18). We suppose, therefore, that 

(2 . 52) an =F O(1), 

and we show that (2.51) is then impossible. 
We write lim sa =k, 


so that O< « « ὦ ; and we may distinguish three cases: (1) κ =o, 
Gi) O<« «οὐ, and (iil) «x= 0. 


3. Discussion of case (i): «= @. 


3.1. The discussion of case (i) does not require the machinery of 
differentiation. We use two additional lemmas. 


LemMa 5.—There is an R = R(@)*such that 


ν--Ἱὶ rs 
(8. 11) Nev > ἢ ( ΣῈ Σ ) AE eat 
n=} nm=v+l1 


* So that R isan 4. 
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when 
(8.19) r>Rh, ἐπε γίλ, w= ΊῚ, 2,...). 

We have 


ν--ἸἘ ora) 
5. Ξξ λζίοον»ὦ ( Σ ἜΣ — 
= =pt+! 


r=} n 


== I aL τ νγπι Av+m \ | 
m=1 ry . (1— j + Σ ἢ ἀμ. 1 τὸ λ, } 


me 2 (ome 1-47 ΞΕ = (O™e 1- a si 
as in the proof of Lemma 3. These series are convergent when r= 1, 
and their terms decrease when r increases, so that they are uniformly 
convergent for r>1. Finally, each term tends to zero when +-> x, so 
that S-—0, which proves the lemma. It is plain that the 2 of the 
enunciation might be replaced by any larger constant. 


3. 2. LemMMA 6.—Suppose that r>R, where R is defined as m 
Lemma 5; that the series 


(8. 21) - g(t) = LZ ὑμδ 
1 
ts convergent for t > 0, and that 
(8. 22) lim An” | bn] = ὦ. 
nn 
Then 
(8. 28) lim ¢” | g(t) | = @. 
| t—>0 


We denote by v = v(t) the index and by p= p(t) the value of the 
maximum term of the series | b,|A;”e~**, so that 


w(t) = Max |b, [ Ἀπ᾿ 6, λε" = [ δ, | AD em 


len<ow 


ΤΆ several terms have the same maximum value, v is the highest of their 
indices. It is plain that » increases steadily when t decreases. Also 


μ >| bn [ λα" 6" 


for every n. If H is given we can, by (8. 22), determine n so 
that |b, |A,” > 2H, and then choose t so that e~'>}, »>H. It 
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follows that «co when t->0, and from this that ν-- σοῦ, since every 
term of the series is bounded. We can therefore, given any pair of 
positive numbers e, g, choose τ so that 


(8.24) O<r<e v=r(7)>g, m= μ(τὴ =] b, | Ἀν; 6}. 


We now take 


(8. 25) t=r+t=T+> 


(so that t, is defined as in Lemma 5). Then t tends to 0 with e, since 
yo. Since v defines the maximum term, we have 


| bal AZ" eW*7 <b, JAD em? 
for all values of n, and so 


| δ} ent Ν | bn | ern tt) A re 
Ἷ ο΄ λυΐ — | b 


| b, | ν 6 Oth) US QE em At” 
Hence, by Lemma 5, 


Ν (Σ Ξ | 1: ὁ (Σ ΣῚ eee 
pagpessr (5 +E) lols <geenn (= + 2) Mem <i 


and 
ν»--} n 
(3 ᾿ 26) | 9 (2) | z= | b, |ew~**— ( Σ + ΣῚ |b, | ewan! > 4 | b, | eA! 
1 y+l1 
= beh [ὃν] Ape = de (7) 
> gre" t" μ(ῦ), 


since 7 and ἐ, are each less than t. It is plain that (3.26) contains the 
result of Lemma 6,.and more. 


3.3. We can now dispose of case (1) of Theorem 1. If «=o, 
lim A; "lan |= ὦ 


for every r. We may therefore take ὦ, = ἀμ, f(t) = g(t) in Lemma 6, 
and it appears at once that f(t) is unbounded, and indeed that 


lim ¢”|f()| = ὦ 
for every rf. 
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4, Discussion of cases (11) and (iil). 


4.1. The remaining cases, which we can discuss together, are rather 
more delicate. We require the machinery of repeated differentiation, and 
in particular the following lemma. 


Lemma 7.—If g(t) increases* as t decreases, 


F(® = ο(φ) 
when t-—>0, and tft) = O(¢) 
for every r, then t" f(t) = ο(φ) 


for every r.t 


4.2. We suppose now that 


(4.21 lim | a,|= wD, 
Rh > wo 
——log|a,| _ 
(4. 22) lim ae =KkK< ὦ, 


and we have to prove that f(t) is unbounded. We write 
(4. 23) ὃ, = AnAn, g(t) = Σὺ, 6 δῇ = (—1) fO(O, 
(4.24) u(t) = [αν] 6.» = Max (|an|e7*») = Max (| ba | AZ” 6. 4). 
The definitions of »(t) and v(t) then agree with those of Lemma 6. 
ΤΊΈΜΜΑ 8.—If « <1, then t'u(t)> 0. 
For tu (2) = la, JAS (A, 6. δ < Fema, |r’ 
which tends to zero, since yo and «x < 1, 
Lemma 9.—There are arbitrarily small values of t for which 
μ(ᾷ ἢ « ἐμ. 
For otherwise there would be a positive ὃ such that 
(2-3) > Qu (2-**" δὴ >... DS 2” (δ), 
(2-"6)' μ(ῶ "δὴ > δ' μ(δ), 


for every n, and this would contradict Lemma 8. 


* In the wide sense. 

+ G. H. Hardy and J. E. Littlewood, ‘‘ Contributions to the arithmetic theory of series’, 
Proc. London Math. Soc. (2), 11 (1912), 411-478 (Theorem 6). We take this opportunity of 
observing that the proof given in this memoir of Theorem 2 is superfluous, since Theorem 2 
can be deduced from Theorem 3 (which is independent of it) by making r tend to infinity. 


1925.] A FURTHER NOTE ON THE CONVERSE OF ABEL’S THEOREM. 229 
4.3. Lemma 10.—We have 


--- UL ΚΡ] 
4. 81 SSE 
τὰς μί(ζ ἢ 
for every r, and 


arp 240) 
(4. 89) fim SLO! S 9 


for all sufficiently large values of r. 
In the first place 


| FO) | «Σ([α,} e~Pat Mem“ Bu) < wR) DALEm Mt, 


The last series is Ο(ἐ 7), by Lemma 8, and this proves (4. 31). 
Next, we choose 7, as we may do after Lemma 9, so that 0 “τ «.ε 
and 


μ(ᾷτ) < 2΄μ(). 


We take this τ as the 7 of Lemma 6, and then choose ¢ = τ - ἐν as there. 
We have then 


| SOW | > Cruz) ἐπ", 
by (8. 26), C, being a positive number depending only on r. But | 
wr) > 2" w(gr) > 2: ἱμ(ὃ, 
and so | fOO | > Crud t7; 


which proves (4. 32). 


4.4, We can now complete the proot of the theorem. In fact, if 
f(t) = O(1), we have a fortiori 


F(t) = o{mGd}, 
and PPO) = O{uGd}, 


for every τ, by (4.31). Hence, taking ¢ = Ψ = (Zt) in Lemma 7, 
we have 
ἐ “ὃ = o{uGd; 


for every r. This plainly contradicts (4.82). Hence f(t) cannot be 
bounded. 
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4.5. Our primary object in ὃ ὃ 3-4 has been to prove that f(t) cannot 
be bounded unless |a@,| is bounded. It may be convenient that we should 
collect here, as an explicit theorem, and in a somewhat sharpened form, 
the principal results of our discussion, as these results have an interest 
independent of their application to the proof of Theorem 1. 


THEOREM 2.—Suppose that 
Ay > 0, 0 = 1, λει > > Oru; 
that f(t) = Zane~*»' is convergent for t>0, and that 


u(t) = Μαχί[α,} 6 5) (xn = 1, 2, ...). 


Then, tf 
(4.51) lim |a,|= ὦ, 
n—>w 
we have 
(4.521) lim μ() = ὦ, 
t—>0 
(4. 522) lim | f@| =o, 
t—>0 
(4. 5238) πα 2) > 0. 
ΠῈΣ μ(ὴ 
And if 
——~ log | an = 
ee0®) fee οὔ An tet 
we have 
(4.541) fim 2&2 - 


a loedi). ’ 


πα OBIS! -- 
(4. 542) kim Tog (1/2) 


(4. 548) fim ZO! 5 1. 
r—>o M(t) 


Of the propositions (4. 52), (4.521) was proved incidentally, and is 
in any case almost obvious* ; (4 . 522) was our principal conclusion, and 
we deduced (4 . 522) from (4. 523).t 


4 Write a, for b,A," in the first sentences of the proof of Lemma 6. 
+ Strictly, from a slightly stronger proposition (with 4¢ for ¢). 
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The proofs of the propositions (4.54) are contained, in substance, 
in the proof of Lemma 6. Take there b, = a,, g(t) = f(t); it will be 
observed that y(t) has then no longer its meaning of ὃ 3.2. In virtue of 
(4.53), we have |a"|> \" for every r and an appropriate sequence of 
values of n, and 


tT u(t) > (Ages! > en! 


if A,f=1. This proves (4.541), and (4. 542) is equivalent to the main 
result of Lemma 6. Finally 


(4. 57) LF | > ἐκ 


for an appropriate sequence of values of t, by (3. 26).* This would give 
i instead of the 1 of (4.543). But the 4 arises only from the 2 of 
Lemma 5, and this 2 could obviously be replaced by any larger constant, 
so that the ἀ of (4.57) could be replaced by any number less than 1. 
This remark completes the proof of Theorem 2, which could naturally 
have been arranged more elegantly had this theorem been our goal. 


5. Examples of non-differentiable functions. 


ὅ.1. We conclude by applying Theorem 1 to the construction of 
non-differentiable functions. We require two further lemmas. 


ΠΈΜΜΑ 11.—Suppose that f(s) = f(e+it) is regular for ¢ > 0, con- 
tinuous for σ >0, uniformly in t, end tends uniformly to zero when 
a>; and that f(iu) = φ(μ). Then 


(5.11) f(s) = ai arty du, 


This is a very special case of well known results in the general theory 
of functions. All the conditions are satisfied if, as we shall suppose, 


f(s) = Σ Aye δι" 
1 


where ἃ, satisfies (1 . 21) and Xa, is absolutely convergent. 
We write 


f(s) = Go, O14+1H(, ἢ, (0) = gO+th. 


* First line (noting the altered meaning of 4 (é)]. 
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LemMa 12.—If g(t) has a finite derivative g'(t) for a particular value 
of t, then 


(5.12) 7 (Ὑ-» φ' (ὃ 
when t is fixed and σ--» ΘΟ. If g(t) has a finite derivative g/(t), then 
(5.18) OC gt) 


and similarly for H and h. 


It is plainly sufficient to prove (5 . 13); and we may suppose, without 
loss of generality, that the particular value of ἐ in question, and the value 
of g'(t), are both zero. We have then, on differentiating (5.11) and 
putting t= 0, 

0G 2 [ TuUg() 1 
Ot) ow Jew (σ᾽ +)? τ 


We can choose ὃ so that [σ(μ)] « εἰ in (--ὄ, 6). The integral outside 
these limits plainly tends to zero, and 


2 [ὃ cug(u) 4e | ou du 4ε |, wedw 
| π Ι, (σ΄ - εὖ)" ἄμ τς 9 (σ΄ +17)? oe 0 (1+? < de; 


which proves the lemma. 


5.2. THrorEM 3.—Suppose that , satisfies (1.21) and that >| a,| 
is convergent. If then the function 


p(t) = Σω, 6. εἶ 
has a finite derivative for a particular value of t, the series 
(ὅ. 21) > dn Ane rn! 


is convergent, to sum ig'(t). If a, is real, and g(t) = Xd, cosr,t or 
h(t) = Σα, sindr,t has a finite derivative, then the corresponding one of 
the serves 


(5 . 22) Σ AnAn SINAnt, 2 AnAn COB Ant 


is convergent, to sum —g'(t) or h'(t). 


In other words, if the derivative exists, it is given by term-by-term 
differentiation. 
ΤῸ prove Theorem 3 we have only to observe that, by Lemma 12, 


Σ dp Nn ewer 
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(or the corresponding real series) tends to a limit when σ-» 0. The result 
then follows from Theorem 1. 


5.3. We can now construct very general classes of continuous non- 
differentiable functions. 


In the first place, the series (5 . 21) cannot converge, for any t, if 


AnAn ΞΕ 0(1); 


and in these circumstances the (complex) function g(t) cannot be 
differentiable for any t. If |a,2,| has a positive lower bound, the real 
series are non-differentiable almost everywhere, since the set of points for 
which sin λ,( or cosaA,t tends to zero is in any case of measure zero ;* 
but it is necessary to particularize further if we wish for results valid 
without exception. 

Suppose that 


(5.31) goa, Op; 


where 0<¢a <1 and |b, | has positive bounds. In these circumstances 
we can prove ΣΉΝ the real series have no finite derivatives for any t 
This is, however, not an immediate deduction from Theorem 1, and we 
need an additional lemma. 


LEMMA 13.—If g(t) has a finite derivative g'(t), then 


#6 ἘΠ (1) 
οὔ σ 7) 
The proof is similar to that of Lemma 12. Differentiating (5 . 11) 
twice, and making the same simplifications, we have 


o’G 2, ᾿; σ(ι---σὮ g(u) du. 


ΟΣ π΄]. (+08 
The part of the integral outside (—6, δ) again tends to zero, and 


«5 ou(u?—o*) 4e [ w(w*—1) ie 


(σ᾿ +2")? eae υ (1+ w)® 


(δ = 
= | σ(ιβ '΄-- σἢ jai 


ΟΣ (oe? + us u*)8 σ 


which proves the lemma. 


* See F. Bernstein, ‘‘ Uber eine Anwendung der Mengenlehre auf ein aus der Theorie 
der sikularen Stérungen herriihrendes Problem’’, Math. Annalen, 71 (1912), 417-439 (421) ; 
G. H. Hardy and J. E. Littlewood, ‘‘Some problems of Diophantine approximation ’’, 
Acta Math., 37 (1914), 155-190 (180). 
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5.4: If now 


Yo) = &e = —2ZayAy SIN A, LEW”, 


χίσ) = FG = —Dayri, cosrA,te—”?, 


and g’(t) exists, we have 

(5. 41) We (σ)--- σ΄ (ἢ = o(1) = o(6*~”), 

by Lemma 12, and 

(δ. 42) x(0) = o(=) = οἱσ"-ἢ, 

by Lemma 13. Also 

(5 . 48) σ᾽ POG) = (—1)"t!6" La,rj;,"" sin X,, 67” 
O(a" ZA," * ea) = O(o*}), 

by (5.31) and Lemma 3, and 


(5 . 44) oT YO-D(g) = (—1)'o"-! Say AG"? COs Ag Lenn? 


= O(6" TINA?) = Ο(σ’ 5), 


[ Jan. 


for the same reasons. Applying Lemma 7 to (5.41) and (5.43), we 


obtain 
(5 . 45) oY) = ο(σ““ἢ); 
and similarly, from (5 . 42) and (5. 44), 
(5 . 46) a” y&-D(e) = o(6*~*), 
From (5.45) and (5. 46) we dade 
(5 . 47) SONS) = (— 1) Day rg e7Aalo to 
= = XY (6) +o) = o(6*-"-?). 

But this is impossible. For, by (4. 528), 

fim LAO! S ὁ 

m(c) 


where m(c) = Max (| a, |A,**e7>»?). 
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This is greater than a constant multiple of 
Max Qe en), 


and therefore than a constant multiple of o*-*~!, which contradicts 
(5.47). It follows that g(t) cannot exist for any value of t. 


5.5. An interesting case is that in which \,41/A, 15 a bounded integer 
Mn+1- Consider, for example, the cosine series g(t). If g(t) has a finite 
derivative, the first series (5.22) is convergent. If also |@nAn| has a 
positive lower bound, sin λ, ὁ must tend to zero. If then t = wu, we have 


Ant = Mint en; 
where m, is integral and e,->0. Hence 


(Mn +1 My — Mas) + (Un41€n— Eng) = 0, 


which is only possible, for large n, if the two terms are separately zero. 
It follows that 
Ent+1 — Mn+1€n (7 > 7.0)», 


Entk = Mn+iben+2 +++ Mn+keEn (70 > 1p). 


ΑΒ €,4,—20 when k->o, e, must be zero, and wu is of the form 
m,/X Thus g(t) cannot possess a finite derivative except perhaps for 
values of t belonging to a certain enumerable set, viz. the set 
t= r= 15 2 ees) 

where M is integral. 

Suppose, in particular, that a, 15 positive, and that t has the value 
(5.51). We may suppose, without real loss of generality, that 7=1. 
Then if g/(t) exists itis zero, by Theorem 3. But 


9 ἘΠ ee τ Σα, (1 -- 608 λ,}) = — ca Σ ας sin? ἐλ, h. 


The right-hand side has the sign opposite to that of h, and is numerically 
greater than a constant multiple of 


: > ΕΣ ee Σ᾿ Agi; 


h A, al An λιλκ«1 


which is not less than 1 if h is of the form 1/X,. Hence g’(t) cannot 


be zero. 
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We may sum up the results of δὲ ὅ. 38-5 .5 in 


THEOREM 4.—The continuous complex function g(t) cannot possess a 
finite derivative for any value of t in any case in which a,,r,, does not tend 
to zero. If a, 1s real, and |a,r,| has a positive lower bound, the continuous 
functions g(t) and h(t) can at most have finite derivatives at a set of points 
of measure zero. If ay 18 of the form rz*b,, where O<a <1 and | 6,| 
has positive upper and lower bounds, then neither g(t) nor h(t) can have 
a finite derivative for any value of t. If Xn+1/Xn 18 @ bounded integer, and 
lanAn| has a positive lower bound, then g(t) cannot have a finite deriva- 
tive except perhaps when t is of the form Mz/),, where M is an integer. 
If in addition a, 1s positive, then g(t) cannot have a finite derivative for 
any value of t. 


For example, the series 
2 (— 1)?» b-* cos b”t, Xb-™*p, cos b”t, X(—1)?a(n!)-* cosn! ἐ 


have never finite derivatives. Here 0<(a < 1, p, 1s an arbitrary positive 
integer, and ὃ is integral in the second series but not necessarily in the 
first. 

A particular case of the theorem is that Weierstrass’s function 
a” cos δ) ὁ has no finite derivative for any value of t when ab > 1.* 


ey 


* G. H. Hardy, ‘‘ Weierstrass’s non-differentiable function ’’, Trans, Amer. Math. Soc., 17% 
(1916), 801-325 (303). 


CORRECTIONS 


p. 221, lst footnote. For Belifante read Belinfante. 
p. 223, line 4 up. For xe! read vel *, 

p. 231, line 4. For a” read a,. 

p. 236,-line 5 up. For ‘never finite’ read ‘no finite’. 


COMMENTS 


Condition (1.13) was shown to be superfluous by Ananda-Rau.t 

Theorem 1 is the ‘high indices’ theorem, which was conjectured by Littlewood 
fifteen years earlier. If the ‘gap sequence’ λ is given, the theorem may be regarded as 
a Mercerian theorem, in which the transformation from s, to f(z), and its inverse from 
f(x) to s,, are both regular; see the Comments on 1912, 5. On the other hand, if λῃ is 
an arbitrary increasing and unbounded sequence, the condition lim |A(t)—A(A,) = 0 
as 70 > 00, where ὁ > λ,» t/A,, > 1, and 


A(t) = αν» 
O= 2, 


is a Tauberian condition. This is satisfied when A, is of the form (1.21), or when 
An = O((An—An_1)/An); see D.S., p. 177. A simpler proof of Theorem 1 was given by 
Ingham. ἢ 

In ὃ 5, Hardy and Littlewood apply Theorem 1 to the study of conditions under 
which > a, e~"%, or its real or imaginary parts, are non-differentiable functions. 
In the final example, Weierstrass’s function > a” cos 6", the conditions 0 <a < 1, 
6 > 1,ab > 1 were obtained by Hardy in 1916, 2 (in Vol. IV). Weierstrass’s conditions 
were 0 < a < 1,banodd integer > 1, andab > 1+ 37/2. For references, see 1916, 2. 


¢ J. London Math. Soc. 3 (1928), 200-5. 
1 Quart. J. of Math. (1st Oxford series), 8 (1937), 1-7. 
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Nore ON THE MULTIPLICATION OF SERIES. 


NOTE ON THE MULTIPLICATION OF SERIES 
G. H. Harpyt. 


1. I proved in 1908! that if the series A = Xa, and B= Xb, are 
convergent, and ma, and nb, are bounded, then the series may be multi- 
plied by Cauchy’s rule. In 1911§ I proved a corresponding theorem for 


+ Received and read 10 March, 1927. 

+ G. H. Hardy, ‘‘The multiplication of conditionally convergent series’’, Proc. London 
Math. Soc. (2), 6 (1908), 410-423. 

§ G. H. Hardy, ‘‘ On the multiplication of Dirichlet’s series ’’, Proc. Uondon Math. Soc. 
(2), 10 (1912), 396-405. 


1927, 10 Journal of the London Mathematical Society, 2, 169-71. 
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Dirichlet multiplication’’ of type A,, but assumed the type of the series 
to be subject to a restriction, viz. that A,—An—-1 = O(A,). This restric- 
tion was afterwards shown to be unnecessary by Rosenblattt; and 
Landau, in 1920}, gave an extremely concise proof of Rosenblatt’s un- 
restricted theorem. Finally Neder, in 19238, applied Landau’s method 
to generalize the result further in various directions. 

Concise as is Landau’s proof, there is still, I think, a good deal to 
be said for my original method; and I prove here, by this method, the 
corresponding theorem in which a,, and b, are real and subject to a ‘‘one- 
sided’ condition only. This is hardly a new theorem (though it has not, 
so far as I know, been stated explicitly before), since it is easily deduced 
from Neder’s generalization of the original theorem, and my object in 
proving it is mainly to show that the method which I followed before 
does, in fact, lead very simply to the most general results. 


2. THEOREM. Suppose (1) that Xn and μι each increase steadily to 
infinity, and that vy, 15 the sequence X,+pun arranged in order of magni- 
tude; (2) that A and B are convergent; and (8) that a, and b, are real 
and 


Me Am Sues 1, hn δι 


—l. 
Am—An=1 bn Bn-1 a 


Then the series C = XC,, where Cp is the sum of all products amb, for 
which λα τί μη = vp, converges to AB. 


We may plainly suppose, without loss of generality, that A, >0, 
4, >0,A=0, B=0. It is then known|| that C is summable (R, v, 1) 
to sum 0, 1.e. that 


(vg—v,) Ci.+ (vg — να) Co+ see + (Vp — Yp—4) C'y-1 = ο(ν,), 


+ A. Rosenblatt, ‘‘ Uber einen Satz des Herrn Hardy ’’, Jahresbericht d. Deutschen Math.- 
Vereinigung, 23 (1914), 80-84. Rosenblatt had earlier extended the results of my first paper 
in other directions: see his memoir ὁ Uber die Multiplikation der unendlichen Reihen”’, 
Bulletin de Vv Acad. de Cracovie (A), 1913, 603-631. For still other generalizations, see T. 5. 
Broderick, ‘‘ On Dirichlet multiplication of infinite series’’, Proc. London Math. Soc. (2), 22 
(1923), 468-482. 7 

+ KE. Landau, ‘‘ Uber einen Satz des Herrn Rosenblatt’’, Jahresbericht d. Deutschen. 
Math.-Vereinigung, 29 (1920), 238. . 

8 L. Neder, ‘Uber Taubersche Bedingungen’’, Proc. London Math. Soc., 23 (1924), 
172-184 (176-177). 

|| See for example G. H. Hardy and M. Riesz, 1.6 genera: theory of Dirichlet’s series 
(Cambridge, 1915), 64. The essential difference between my method of proof and Landau’s. 
or Rosenblatt’s is that I make use of this result and they do not. 
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where C, is the sum of the first p of the c’s. This is 
Vp Cp V1 C1 Vg lg «6. — Vp Cp = Ο(ν,),.. 


so that the necessary and sufficient condition for the convergence of C’ 
to zero is 


(1) cr = VC, pt rgCgt... tip Cy = ο(νρ). 


If we write 
A(z) = 2 an, B= 2 Bb, 


Am Sw bn me 
we have 


ΟΣ = Σ (Am+ Mn) Qn bn 


Amtin < Vy 
=2 mm B (v, ὕω Am) + Lin by A (Vp — fn) = Xpt Yo 


say, the summations being bounded by An <vy—pmy and pn < νρ--λι 
respectively. It is plainly sufficient to prove that X, and Y, are ο(νρ), 
and, on grounds of symmetry, we need only consider X,. 

I observe first that if μι -Η «“ν, then 


(2) 2 Am | An| < ΔΗ + o(vp), 


vp—HKaAns Vp ~ BL 
uniformly in H. For if we write a,,= a,—a;, |a,,| =a, +a, we have 
Σλ, | On| = Σὰ, by, ἘὩΣλ, ας « οὐ) +F2AZA,—An—ds 


since A is convergent, and this gives (2)t. 
Since B converges to zero, we can choose H = H (ec) Σ- so that 


|B(a)|<e for 2H. Then 
| x, | < € Σ Nin | bn | + Σ Am | An | | B (vp—Am)| 


An < Vo} Vy— Ht <Am <= Vp— ML 
< Κεν ἘΚ ( 2H + o(v,) | < 2Kevy, 


where K is a constant, for sufficiently large values of p; and so X, = ο(ν,), 
which proves the theorem. In particular, the Cauchy product of A and 
B is convergent if ma,, => —1 and nb, > —1. 


+ Cf. G. H. Hardy and J. E. Littlewood, ‘‘ Two theorems concerning Fourier series’’, 
Journal London Math Soc., 1 (1926), 19-25 (20, Lemma gs). The first term in ΣᾺ ας, here 
goes into the o(v,). 


CORRECTION 


. 171, line 5 up. For read : 
Ὄ τ lnc Ht 


COMMENTS 


In Hardy’s O-theorem of 1911 (Theorem IT of 1912, 2), and its extensions by Rosen- 
blatt (1914) and Neder (1923),f μα is taken equal to λ,. To deduce Hardy’s one-sided 
theorem, § 2, from Neder’s theorem, we have, from hypotheses (2) and (3), 


lan] = Σ at Σ (ἰα,--α,) 
ἐσάλικα ἐσάλιξα ἐσάλικα 
< o(1)+ > 2K (An—An-1)/An = O(1), 
40<An< az 
and similarly >  |b,| = O(1). The A, and μῳ may then be replaced by a single 


SLR μια 
sequence by inserting zero terms in the series; see the Comments on 1912, 2. 


t Date of presentation. 
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A THEOREM IN THE THEORY OF SUMMABLE DIVERGENT 
SERIES 


By G. H. Harpy and J. E. Litrtewoop. 
[Received 5 October, 1926.—Read 11 November, 1926. ] 


1. Introduction. 


1.1. This paper arises from a theorem which we published in 1924* 
and which proved to have important applications in the theory of Fourier 
series. The theorem ran as follows : in order that the series 


(1.11) Σ δ, = by +b; +be+... 
should be summable (C,r), it is necessary and sufficient that the series 
(1.12) Len = Coty tek) 
where 
ΔῸΣ δ. “". bn+41 
(1. 13) = ai tater 


* G. H. Hardy and J. Εἰ. Littlewood, ‘‘ Solution of the Cesaro snmmability problem for 
power-series and Fourier series’’, Math. Zeitschrift, 19 (1924), 67-96. See also ‘‘ The allied 
series of a Fourier series’’, Proc. London Math. Soc. (2), 24 (1925), 211-246. 

The substance of the present paper was written in the summer of 1925, and its publication 
has been delayed for various reasons. The subject is essentially the same as that of the 
independent researches of Andersen published recently in the Proceedings, though there are 
considerable differences in the point of view and the methods of proof. See A. F. Andersen, 
‘¢ Comparison theorems in the theory of Cesaro summability ’’, Proc. London Math. Soc. (2), 
97 (1927), 39-71. In particular one of our principal theorems (Theorem 3) is included as a 
particular case in Andersen's Theorem 2 (stated by him in the form of two theorems 2a and 
28), Andersen considering arbitrary real values of r where we consider only integral values. 

We shall also have occasion to refer (under the short title of Studier) to Andersen's 
dissertation ‘‘Studier over Cesaro’s Summabilitetsmetode’’, Copenhagen, 1921, which contains 
the most general account of the theory of summability yet published. 

Finally we should add that all these theorems are very closely related to theorems proved 
earlier by Knopp. See K. Knopp, ‘‘Uber die Oszillation einfach unbestimmter Reihen”’, 
Sitzungsberichte der Berliner Math. Gesellschaft, 16 (1917), 45-50, and ‘‘ Zur Theorie der C- 
und H-Summierbarkeit ’’, Math. Zettschrift, 19 (1924), 97-113. See also G. H. Hardy, "ἃ 
theorem concerning summable series’’, Proc. Camb. Phil. Soc., 20 (1921), 304-307, and 
W. L. Ferrar, ‘‘ Necessary 4nd sufficient conditions for summability (C, r)’’, Journal London 
Math. Soc:, 1 (1926), 175-179. 


1928, 1 (with J. E. Littlewood) Proceedings of the London Mathematical Society (2), 27, 327-48. 
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should be summable (C, r—1), and the sums of the two series are the 
same. Here r is a positive integer or zero, and the sum (1. 13) by 
which ὁ is defined is, for r> 0, a Cesaro sum of order r—1. 

This theorem may be stated in a different form which is more 
illuminating and lends itself more naturally to extension. Suppose. 
first, that (1.11) is summable (C,7r) to sum B, and write 


ὃ, = (n+1) ag. 
Then Xa, is summable (C, r—1)*, say to sum A, and 
Co= A, Cy = A—A)—A,—...—ay_-1 = A—Ay_, (n> 0). 


It follows that 
A+(A—A,)+(A—A,)+... 


is summable (C, r—1) to sum B, or that 


48 


(A —A,) 


n=0 


is summable (C, r—1) to sum B—J. Conversely, if this series is, for 
any value of A, summable (C, r—1) to sum B—A, then 


A,—>A_ (6, r—1), 
so that La, is summable (C, r—1) to sum A. If now we write 


Cn = An +Anyit... (C, r—1), 


then Xe, is summable (C, r—1) to sum B—A+A = B, and so Xb, is 
summable (C, r) to the same sum. 
We thus obtain 


THEOREM 1. In order that the series 


(1.14) (n+ 1)an 
should be summable (C, r) to sum B, it is necessary and sufficient that 
(1.15) ~(A—A,), 


where A, = a,+a,+...+a, and A is the sum (C,r—1) of Lan, should be 
summable (C, r—1) to sum B—A. 


a ht τ. 4 


* By a well known theorem due to M. Riesz. See ζ΄. Chapman, ‘“‘ On non-integral orders 
of summability of series and integrals ’’, Proe. London Math. Soc. (2), 9 (1911), 369-409 (388) ; 
where a more general theorem is proved, A slightly less precise form of the theorem was 
proved independently by H. Bohr, Bidrag til de Dirichlet’ske Raekkers Theori, Copenhagen, 
1910. 
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1.2. We observe now that, if we write generally 
Aun = Un—Unsi, 
then A(n+1) = —1. Thus Theorem 1 asserts that the series (1.14) is 
summable (ὦ, r) if, and only if, 
2(A,—A) A(n-+1) 


is summable (C, r—1), 1.6. if its order of summability is reduced by unity 
by an appropriate partial summation. 

We are thus led to conjecture that if φ, is any sufficiently regular 
function of a suitable rate of increase, the series 


(1. 21) LAn Pn 
will be summable (C, r) if, and only if, the series 
(1 . 22) Y(An—A) Ada, 


where A is an appropriate Cesaro sum of Da,, 1s summable (C, r—1). 
Similarly we are led to suppose that the integral 


(1 . 23) Ι a(x) p(x)dz, 

will be summable (C, r) if, and only if, the integral 
(1. 24) [ {4 ) --- 4} φ' (γ)ά, 
where 

(1. 25) 4 = \ a(t)dt 


and A is an appropriate Cesaro sum of 
(1 . 26) | a(x) dz, 
0 


is summable (C, r—1). Our object here is to investigate how far these 
conjectures are true. 


1.3. Our conclusions, which it is convenient to state for integrals 
in the first instance, may be summarized as follows. Our theorem, that 
the summability (C, r—1) of (1.24) is a necessary and sufficient con- 
dition for the summability of (C, 7) of (1 . 23), 1s true, in the first instance, 


for 
p(t) = x* (a> 0). 


This we prove in ὃ 8. More generally, it is true if @(x) is a sufficiently 


330 G. H. Harpy and J. BE. Lirrtewoop | Nov. 11, 


regular function whose rate of increase is approximately that of a positive 
power of x. ‘The conditions to be imposed upon φία) could be stated, 
for any given value of r, as inequalities to be satisfied by $(£) and its 
first r+-1 derivatives ; but it is more convenient to adopt a different point 
of view. We suppose that g(a) is, in the language of Hardy’s Orders 
of infinity*, a ‘‘logarithmico-exponential’’ function or ‘‘ U-function’’, 
that is to say a function definable by some finite combination of algebraic, 
logarithmic, or exponential symbols. This being so, the theorem is true 
1: (x) is an L-function of the region 


ile a a ἣν 


that 18 to say an L-function which increases neither more nor less rapidly 
than all positive powers of x. If (x) lies outside this region, the theorem 
is false; thus when @(x) = log x our condition is necessary, but not 
sufficient, while if @(xz) = e* it is sufficient, but not necessary. 

This we prove in §5. In § 4 we prove the theorem for series which 
corresponds to that of § 3: here gx has the special form 


ΟΞ DPam+i+a) 
Pn = Tin+1) ᾿ 


which is more convenient than the substantially equivalent form (n+1)+. 
The more general theorem corresponding to that of § 5 is discussed briefly 
in $6. 

There is naturally no really important difference between the proofs 
of the theorems for series and for integrals, but partial integration is 
formally a little simpler than partial summation, and we have therefore 
put integrals first throughout the paper. The formal difficulties are then 
reduced to a minimum, and the kernel of the argument is clearer, while 
it 1s easy to indicate the modifications necessary in the other case. 


2. Definitions and lemmas. 


2.1. We suppose that f(x) is integrablet over any finite interval 
(0, X), and we write 


(2.11) 
F(a) = F(x) = \ f(dt, F(x) = 3 Fi()dt, Fy(x) = [ Fi(dt, .... 
0 
ee ee ee κω τς 


* G. H. Hardy, Orders of infinity, Cambridge Tracts in Mathematics, 12 (2nd ed., 1924), 
17. 
+ In the sense of Lebesgue. 


120 


726 


1926. | ON SUMMABLE DIVERGENY SERIES. 331 


Then 
ΡΩΝ 1 ᾿ m.. #\k—-1 

(2.12) F,(z) = c—! ζω t)"—* f(t)at 
ifk>o0. If 

ik 
(2.18) Fi, (4) ~ Bas 
when z > οὐ, we say that 
(2.14) | fdr =F CR, 

0 


or that the integral (2.14) is summable (C, k) to sum F. We also say 
that 


(2.15) F,(a)~> F (Ὁ, k). 


We shall say that the integral (2.14) is summable (C, —1) if it is 
convergent, 1.6. summable (C, 0), and 


(2.16) f(x) = o(=-). 
We shall also write 
(2.17) Fj(e)~ Καὶ, Foz) = Οὐ, Fyo@) =o) (C, Δ), 


where 1> —1, meaning thereby 


L+i: 


F(t) = O(a! apie 
fdr. πε re 


(2.18) Fi(z)~ Καὶ 


respectively*. 

We shall use Ε΄ generally to denote either the integral (2.14) or its 
value or sum, if it has one, and Fy to denote Fo(x) or F(x), or the same 
function of some other variable. And we shall apply the same system 
of notation, without further explanation, to letters other than /f, F. 


2.2. In dealing with series we write 
(2.21) PSP, =fthAt..th, F.= FotFit...+ Fu .... 
so that 
(2. 22) PS 2 see 


where 


pe — ey —_ (ath)! Pm +k+)) 


(2. 221) n/ μκ'κ' ΓΞ Γ(- 1)" 


* The first approximation is to mean Κα' when k =0. 
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The last equation may be regarded as defining P" for all real values of k 
greater than —1. 
We shall say that 


(8.28) ΣΙ, τ 9ΞἘΛΈΪΞ.. ΞΕ (C,h, 
or that Xf,, or the series Ε΄, is summable (C, k) to sum F, if 
(2. 24) i eee, 


or (what is the same thing) if 


i γι" 

(2. 241) il ~ Fo. 

We shall also say in these circumstances that 
(2. 25) Fi—>F (CG, kh). 


If F is convergent, i.e. summable (C, 0), and 


(2. 26) 7 255 (+) 


VW 


we shall say that F is summable (C, —1). 
Finally, by 


(2. 27) Fi~ KP,, Fi= O(P), Fo =o(P)) (C, bk 
we mean 
(Ὁ. 28) Fi~ KP", FR=oOPRS, FE = o( Ph, 


respectively. Here ἰ is any real number greater than —1. 


2.3. Lemma 1. If 
(2.31) F(x) ~ Καὶ (C, bh), 
where 1» —1, then 


L 
(2. 82) x-*F (2) ~ K ESV Sos (C, k—s) 
fors=0,1, 2, ..., k. In particular, if 
(2 . 88) F\(«)>F (6, 1), 
then 
(2. 84) a F(x) > a (Ο, k—s). 
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If 
(2. 35) F(z) = O(“') (ὦ, 1), 
then 
(2 . 36) αι = O@') (C, k—s); 


and similarly with o(z’), 
It is sufficient to prove that (2 . 32) follows from (2.31), and, since 
the conclusion is obvious when k = 0 or k = 8, we have to prove that 


1. ἢ | 
(k—s—1)! | F,(t) ἐπ ( - i dt 


(2 . 37) 
RK plth—s 
~ TED I+2) ... +8) (4D (42)... C+k—8) 
for 1<s<k—1. Integrating the left-hand side k—s times by parts 
we obtain 


" 3 1} 5 Ι (4 a ((α.--- ὁ τ 
ps a, end Se = J Sena 
(2. 38) α΄ F.(2)-+ PEE ἢ! tH di ἰ - j at, 
the terms integrated out vanishing until the last partial integration. If 
we effect the differentiations, we obtain a sum of multiples of integrals 
of the type 


| F,.(é) (α -- ᾿Ξ 15 ἐ "τὸ dt, 
0 


where 0X A<k—s—1, and each of these is asymptotically equivalent 
to the integral obtained by replacing F,,(¢) by 


ἐπ} 


ΚΠ ηπ-5γ.-. (ἘΠ᾿ 


It follows that our original integral is asymptotically equivalent to that 
obtained by replacing F,(¢) by its asymptotic value; and this, on revers- 
ing the process of partial integration, becomes 


1 [κ ἌΝ ι-"(.--ὸῦττ1 dt 
(k—s—1)! Jo (041)... ([-Ὲ 5) 
K . gitk—-s 


— (41)... 9 (41)... G4k—s)' 


2.4. We shall say that y(x) is a regular convergence factor in 
(€, ©) if (a) it is indefinitely differentiable in (€,a@), and (b) (—1)° Ya), 
where s > 0 and yis the s-th derivative of Wy, is positive from a certain 
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point onwards (this point in general depending upon s) and tends to 
zero when x>@. Thus x~* (a> 0) is a regular convergence factor in 
(€, 0) if €>0, but not in (0, 0)*. 


Lemma ὦ. If 
(2. 41) Ey(z) = O(2') (C, &), 
where l> —1, and W(x) is a regular convergence factor in (0, wo), then 
(2. 42) F,(x) (x2) = o(2') (CC, k). 


We shall be concerned in the argument only with a finite number of 
terms (—)* v(x), and these will be positive from a certain point on, the 
same for all. There is, therefore, no real loss of generality in supposing 
that each derivative which occurs is of fixed sign for all positive ὦ. 

We may suppose k > 0. We have 


(. 48) [ F,W(e—0)'— αἱ 
0 


k " d . k—1 } 
= (A—1)! WY +(—1) | 7. (=) {(2—t)*- ψ dt, 


by k partial integrationst, or 
(2. 44) | Εοψώ--- δ" ! dt 
0) 


k x 
= (k—1)! F,w~+ τ 4 --ιγ-- 8)... F(—1 Wa -- ὃ": αἱ. 
δι: 1 ᾿ 0 


Every function which occurs here as a coefficient of Κ᾽. is positive. Hence 
the order of magnitude of the right-hand side is not greater than that of 
the function obtained by replacing F, by 2'** or U*+*; and this function 


is transformed, by reversing the process of partial integration, into a 
constant multiple of 


\ Wet (x—t)') dt = o(a'*"), 
0 


which proves the lemma. 


* [The fact that x-+ has a singularity at the origin introduces some small complications 
which have no bearing on the essence of the problem; see, for example, Lemma 3 and its 
application in ὃ 3.3. For this reason we now regret that we did not work throughout with 
(5 Ὁ 1)" instead of x*; the latter factor is more convenient for printing, but its disadvantages 
outweigh its advantages. It is not possible to make the change now without great incon- 
venience. (Added Dec. 1926).] | 

+ It is to be understood that when a function, such as Κ΄}, occurs without an argument 
under the integral sign, the argument is the variable of integration. 
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We add a corollary, which will be useful : 


LemMaA 3. We may suppose, in Lemma 2, that W(x) = 2-8, where 
B>0, provided that 1 B—1 and that F(x) = οι ") when x0. 


We have only to observe that 
Fyy =o0(1), Ῥᾳψ' =o0(1), F3v" = οὐ), 


aes 


when x —0O, so that the partial integrations are still legitimate. The 
rest of the proof goes as before, provided that 1—8B > —1. 


2.0. The corresponding lemmas for series are as follows. 


Lema 4. If 


(2.51) Po~ KP (C, hb), 
where |=> —1, then 

(2.52) Fe ΠΡ ~ K(P)/P) (Ὁ, k—s) 
fors=0, 1, ..., k. In particular, if 

(2. 58) P>F (Ὁ, bh, 

then 

(2.54) F‘/P\—>F (C, k—s). 


There are also results for O and o corresponding to those of Lemma 1. 


We say that Ww, is a regular convergence factor if it and each of its 
differences is positive from a certain point onwards and tends to zero 
when n>. 


Lemma 5. If 
(2. 55) r= O(P') (C, k), 
where 1: —1, and wW, is a regular convergence factor, then 
(2.56) FowW, = ο(Ρ (C, k). 


2.6. The proofs of Iiemmas 4 and 5 are the same in principle as 
those of Lemmas 1 and 2, and we need only indicate the formal differ- 
ences in the argument. If 


G = = Pr’ /P* 1) 
we have Ce — Σ PG = Σ ἘΙΡΙΞ 1B). 


j=0 
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Now Abel’s formula for partial summation may be written 

Σ ujvj = Σ UVP Δυ;, 

j=0 j=0 


if we adopt the convention that any v whose suffix exceeds n is to be 
regarded as zero, so that Av, means v,. Hence, with this convention, 


(2. 61) Gi-s τὸ Σ FEAb-*(pk-s-1/ po, 
j=0 | 


This sum corresponds to (2. 38). It follows, as in the proof of Lemma 1, 
that ΟΠ" is asymptotic to the sum obtained by replacing, in (2.61), 
Fy by KP;+*. We thus obtain a dominant sum which, on reversing the 
process of partial summation, reduces to 
KE Pi(Pr/P) ~ KP PS 
ja 
and this proves (2. 52). 

We should add that the most important part of Lemma 4, that is to 
say that (2 . 54) follows from (2.53), has been proved, in a more general 
form, by Andersen*. 

To prove Lemma 5 we observe that, if 


αϑ = Fivn, 


3 


u—j j n—j 


wehave Θ᾽ τε Σ ΡΠ) 6) τε Σ HPs = Σ Τὶ AK (Pty), 


with the same convention as before regarding y’s whose rank exceeds n. 
This formula may be written 


n k 
(2. 62) Gis 2 FEE PPA yas 


The formula (2.62) is, in the first instance, subject to the convention ; 
but the convention may be ignored, since the terms which it suppresses 
are o(n't*); and from this point the argument proceeds as before. 


3. Integrals: the case (x) = a". 
3.1. THEOREM 2. If 
(8. 11) φί() = χ' (α» 0), 


eo ae = 


* See A. F. Andersen, Studier, 64 (where the result is stated without proof). 
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and a(x) is integrable over any finite interval (0, X), then the necessary 
and sufficient condition that 


(3.12) | a(x) p(x) dx 
0 
should be summable (C, r), to sum B, is that 
(8. 138) {Ay(a)—A} f(x) dx 
0 


should be summable (C, r—1) to sum —B. Here r is a positive integer 
or zero; A is the swum (C, r) of the integral 


(8. 14) [ a(x) dz ; 
0 


and the sufficiency of the criterion is to be understood as implying that, 
if (3.18) is summable (C, r—1) for any value of A, then (8.12) and 
(3. 14) are summable (C, τ), and A is necessarily the value of the latter 
integral. 


It is to be observed that (8.14) is certainly summable (C, r) if 
(8. 12) is so*. | 
There is no real loss of generality in supposing throughout that 
A τὸ. If this were not so, we could replace a(x) by the function 
(aa) =ae)—-A O<r<_l), α΄) α(ἡ @>)). 


We therefore adopt this simplification. 


We write | 
(8. 15) b(x) = a(x) $(a), 
(8. 16) p(x) = A,(z) $' (2), 
8.1) q(2) = —Byle) δ {τ 


so that when, as here, φί(α) = a*, we have 
b= σὰς part "A. o=— ar B,. 
It may be verified at once that | 


(3 . 18) P(x) = Qo(x) P(e) = A(x) o(z)— By (2). 


* See G. H. Hardy, ‘‘ Notes on some points in the integral calculus (30)”, Messenger of 
Math., 40 (1911), 108-112. The theorem there proved is the analogue for integrals of what 
Andersen calls the ‘‘ Bohr-Hardy’ske Saetning’”’. 
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3.2. We dispose first of the case r= 0. We have then to show that 
(3 . 12) is convergent if and only if (i) (8. 13) 1s convergent and (1) 


(3. 21) Aj?’ = 0 (+). 


oo 


Suppose first that (8.12) 1s convergent, so that B, > B. Then 
A, A =0, and so 


B, 
Vo 0 φ 
Now | 
(8. 22) P, = 2° Q) = aa | ἐπ By dt, 
0 
and v= a| t-*-* Ry dt 
0 


is convergent, so that Qo > Q. It follows that Q@ = 0, and that we may 
write (3. 22) m the form 


(8. 28) P,= —aa* | t-*-1 B, dt. 


Thus Py~ —abes | t-*--idt = —B, 


“ 


which proves (i). Also 


| 1 
Ag’ ΞΞ αα 4, ΞΞ —(By+ P») — ὁ (3), 


which proves (i). 
The converse implication is trivial, since (11) gives 40 = οία 5) and 


ΒΒ. ἘΞ = 154, = O(1). 


3.3. Passing to the general case, we suppose first that (3.12) is 
summable (Οὐ, 7), so that 


(3.31) ee ee 
Then 
(3.39) 0,---- —|'3,4 (4) ae = --, 5 (4) +\ a (f)a 


ὌΝ = Σ(-Ὁ8, = © (το |p gra (3) ae 


= Σ jotTrsr 
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Say. Hence. by (3.18), 


(8. 88) Py Ξε Σ bist $Trer 
Now 
᾿ Β 
(8. 84) α΄ 8. -» ro (C, γ-- 8), 
by Lemma 1, and 
(8. 35) Js = a(a+1)... (ats—1)x-**B,>0 (C, r—s), 


by Lemmas 2 and 3*. Also the integral 


T+1 , qt} 
(3. 86) 9 =(—-1)" | B ἄστι (4) a 
is convergent. It follows from (8. 32), (3.35), and (8. 36) that 


Vo ae ῳ (C, P=), 


But Qo = Ap—Bo/¢, and 40 and Bo/¢ tend to zero (C, τ), the first by 
hypothesis and the second by Lemmas 2 and 3. Thus Ὁ must be zero, 
and we may write (3.33) in the form 


(3 . 37) Py —= Σ Get ply 

where 

: “ αὶ [1 

(8.38) Ia =(—D'| B.S (1) ae 
3.4. Now 


(8.41) $j. = a(at))... (a ts—Da—B, > Set: δε τες ἢ 
(Ο, 75:8), 


by (3. 34), and 
(8. 42) olr41 = ---,(α-Ἐ 1)... a-tnat| B,.t-*~" "dt 


Ν aot) CE? Boe | dt = _ (a+)).. τες τς (a+7) p 


* The application of Lemma 3 requires a word of explanation. We have to take 
Fyo=ax-*B, lt=0, k=r—s, B=a. 


Since b= χα, and a@ is integrable down to 0, By=o(x) and B, = o(a**5), so that 
Fy = 0(2*) = o(x*-1), Hence the second special condition of Lemma 8 is satisfied. 

The first condition (J > B—1) is only satisfied ifa<1. If a >1 we must use the lemma 
several times in succession. Ife.g. 1 <a<2, we may use the lemma first, with 6 = da, to 
show that x-i*-*B,;-»>0 (C,r—s). We then take this function as a new Fy, and apply the 
lemma a second time, again with 8 = 3a. The first condition is evidently satisfied in both 
applications. 
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Finally, from (3 . 37), (8.41), and (8. 42), 
Piss ja+ α(α-Ἐ 1) ΠΝ «(α -Ἐ 1)... (a+r—1) a (a+1) a Ὁ ἘΠῚ ἢ 


2! r! r 
ΞΞ- --Β (C,r—1). 
8.5. Next, we suppose that (8. 18), with ΑΓ, =O, is summable 


(C, r—1), so that 


pil 


(8. 51) a dea 
2 
We have B=¢h, 
en Ge ae £_\ 4 (¢ 
(8. 52) B,=|qfa =e oa 7) dt 
=P, 4 —| Poyat, 
φ 0 
where 
_id/¢# 
(8. 58) vas eos 


In the present case this formula takes a particularly simple form, since 


o «1 _ 1+a 
(8. 54) Py Sa Y= ται, 
(8. 55) Rasp ere... 
ri a 


from which we deduce 


roa 


(8. 56) B. = aa Ρ, 


ppl 


aoa {ewe to)| τι = -- ΡΞ 
aoa [ἢ ΩΝ tat} = -- ΡΞ 


This completes the proof of the theorem. 


4. Series: the case $, = ete 
4.1. THEOREM 3. If 
(4.11) eg aie (a > 0), 


Tia+1) 
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then the necessary and sufficient condition that 


8 


(4.12) An dr 


Θ 


Should be summable (C, r), to sum B, is that 
(4.13) Σ (49 —A) Ad» 
0 


should be summable (C, r—1) to sum B— —Adgo. Here A is the sum 


(C, 7) of Za,; and the sufficiency of the criterion is to be interpreted as 
in Theorem 1. 


It is to be observed, as in §3.1, that Sa, is certainly summable 


(C, r) if Zag, 185 so, and that there is no loss of generality in Eupponiae 
A= 0. 


4.2. The proof is substantially the same as that of Theorem 2. We 
write 


(4.21) δι = dupa Pn = ALAS qu = -- ΒΔ ( ᾿ ), 
ys . Pin+1+a) 
so that when, as here, on = Tay? we have 
—  La+tit+a) o L(in+1+a) _ pg UPin+1) 
ὦ, = an ΤΏ)’ 2= τα, T'(2+2) ’ Lr ob. Toa) 
Then 
(4. 22) "δε = Q Pri = —Ai dna +B. 


We dispose first of the case r = 0; the proof in this case is so like that 
of § 3.2 that we need hardly repeat it. Passing to the general case, we 
suppose first that (4.12) is summable (C, r), so that 


(4. 28) BO~ BP = De) 

7} 
Then 

1 nu—}. 1 
4.24 Oates —EBIA (= ) =—Bia(= )- Σ Ba? (4) 
( ) Qi "9 ra Σ 9 


: πον , 
= ῸΣ Β᾽. (ἢ Δ' )— Σ Bars (3) 
ZB s+] : φ 


0 


᾿ 
=— 2 σ.--- 5.) 1) 
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_ We now prove, much as in ὃ 3.3, that the series 
Σ Β΄ ΔῈ! (=-) 

0 Pr 
converges to zero. The essential point is that 


o,70 (C,r—s); 
and 


1 ἘΞ το ΓΤ - Ὁ  Brecat 
φ..--.«.1 


which tends to zero (C, r—s) by ieemmas 4 and 5 
We have therefore 


GSB cag ( 


(4. 25) P ΞΞ Οὐ φ,ει = Σ puri Fst prs D1 
1 
where 5 = Σ Brant} (= , 
nu—Trt] dj 


and the proof may now be completed as in ὃ 3. 4. 


4.3. The converse inference is (as with integrals) easier. We have 


1 Δῴ, 
ἐξ Ξ ἈΠ ἀξϑῦτε ὁ ς 
q φ.. ' Pi Putt 
4.31 Bi =D By = Dg; PO 
( ) Hu 0 ΟΣ Δῴ; 
= Q° Pn Putt Pi +t ὩΣ = 0A (2 a 
Ag, WO Ags 
— pl Pu, 0 
=P. Ad, a = P; Wj, 
where 
1 φ, n+1 
4.32 en (ἔχ 6.5. 
( ) ν φιςι Ad, 
But here 
He oa! ἩΞΕῚ _ 1i-+a 
(4. 88) MG, = πῆ Vv. = re. 
so that (4.31) becomes 
1 _ atl 1+a τὶ 
(4. 34) B= Pat Paar 


s! Tia+2+a) ΡῈ ει 


191 


738 


1926. | ΟΝ SUMMABLE DIVERGENT SERIES. 343 


From this it follows, as in §3.5, that P,P (C, r—1) implies 
B' > P (C,7r). This completes the proof of Theorem 3. 


4.4. We have already mentioned the particular case of Theorem 3 
in which a=1, ¢,=n+1. Suppose now that we specialize by making 
r=1. Then the necessary and sufficient condition that 


2b, = Β (C, 1) 


is that 
n—1 
(4. 41) Σ (Aj—A) Ag; > B—Aq,. 
j=0 
n on | 
But B, = Σ α;φ; = Σ (AS—A)AGj+Agbo+(42—A) Gn 
j=0 τυ 
Hence (4.41) takes the form 
(4. 42) Bi+(4—A%)db, > B, 
or 
(4. 48) Bo+¢ (2:3. ὅδε 4 )>B 
. Pn+1 Pnse2 _ ; 


where the series in brackets is a (C, 1) sum. 


If a>1, and Xd, is summable (C, 1), the series in brackets is 
convergent. We thus obtain 


THEOREM 4. The necessary and sufficient condition that =b, should 
be summable (C, 1), to sum B, is that 


byt bab byt nb bat bu (SE re rae +...) +B, 


where a>1 and dn = ea 


This theorem is due to Knopp. It is to be observed that it remains 
true for 0<a<1, provided that the series in brackets is regarded as 
@ summable series only. 


5. Integrals : the general case. 


5.1. We suppose now that ¢(#) is an L-function* of the range 
(αὐ, x‘). Then (x) possesses derivatives of every order, all of which 


* For an account of the principal properties of L-functions see Hardy’s tract quoted on 
p. 880. We refer to this tract as O.I. 
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are continuous and monotonic from a certain value of x onwards*, and 
we may suppose, as we are at any moment considering a finite number 
of derivatives only, that these conditions are satisfied for z>0. Thent 


p= zx, 
where x is an L-function for which 
tc y < 28. 


We shall suppose, in order to avoid trivial complications, that y and its 
derivatives are continuous also for x = 0. In these circumstances we 


shall say that ¢ is an L-function of the range (2°, x*) regular for «> 0. _ 


The orders of magnitude of the derivatives of g@ and x, or of any 
elementary combinations of them, may be calculated by the rules laid 
down in Chap. 5 of Hardy’s tractt. 

If ἢ is an L-function which tends to zero, then either 7 or —7 is a 
regular convergence factor in the sense of §2.4. If, e.g., ἡ is ultimately 
positive, then 7’ is ultimately negative and tends to zero, and the argu- 
ment may evidently be repeated. 


THEOREM 5. If g(x) is any L-function of the range (x*, x4), regular 
for x>0, then the necessary and sufficient condition that the integral 
(8. 12) should be summable (C, r), to sum B, 1s that the integral (3 . 13) 
should be summable (C, r—1) to sum —B+A¢(0). 


We may suppose, as before, that A = 0 ; and we may confine ourselves 
to pointing out where the argument of §§3.3-3.5 requires modifica- 
tion. 

Very little change is necessary in §§ 3.3-3.4. The formulae (8. 32) 
and (3.33) are unaltered, but*we must reconsider the behaviour of the 
various derivatives of 1/¢. We have 


1 
φ 


where ὦ is an L-function of the range (z~*, x°); and 


— —a 


ΕΣ (:) = —az~*-lyw (1-22) = —az~*!w(1+y), 


a τ --“- ὃ“ὃἝὮὦἝὮἝὮὁὃἪἝ“Ἕ ΡΥ ΎΝ 
* O.I., 17-20. 
{ Ο.]., 21-22. 
ΖΦ O.L., 32-48. 
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where ἡ is an L-function which tends to zero*. Similarly 


(2) (2) = (—1)'ala+l)... (a+s—12-**w(1 +n), 
where ἡ has the same significance. Thus every function which arises 1s 
asymptotically equivalent to the corresponding function of §§ 3 .3-3. 4, 
and its dominant term leads to. an identical result. The error term differs 
from the dominant term in every case by a factor ἡ, and the corresponding 
Cesiro limit is zero, by Lemma 2. The conclusion is therefore unaltered. 


5.92. Rather more alteration is required in the argument of §3.5, 
since the function there denoted by Ψ' is no longer a constant. We have 
now 


(5.21) B,= Py 3. -- Pyar = P,& 
0 


£ — P+) ΡΨ" αι 


— aoe Σς “16 PSP 4(—1)" |p Wd. 


Now 
(δ. 22) ὅς οὐδεν ee ay 
oa Φ a 
_ 1 ἃ ([ΦᾺ _ lta 
(5 . 28) ay (ἢ) = +n, 
(ὅ. 24) | We = a stty (s > 1), 


where ἡ is in each case an L-function which tends to zero. Thus we may 
write (5.21) in the form 


1l+a 


(5. 25) B, = a ae P,+ 2 mabe, 
where 
(5 . 26) be = 2 Py oy = (—1)"| P,_yt7"**y dt. 
0 
5.3. Now 
See 
Pig Pop’ 
so that 
(5 . 31) P,~ Px (C, r—2). 
* O.L, 36. 
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It follows from Lemma 1, with | = 1, that 


= OEP: ἠδ᾽ ὅπ δι, 


and 80 Ὁ ἐΡ 4 τ P,— 12 ~4pe (Ὁ, r—29), 
Lv Jo « 
zPy~ Px (C,r—1), 
(δ. $2) = P,— —F*p, ΕΝ, 1): 


It also follows from (5.31) and Lemma 1 that 


gh px “2 (C, r—s—1) 


for s = 1, 2, ..., r—1; and from Lemma 2 that 


(5 . 33) Ms = ο(αὶ (C,r—s—1). 
Finally 
(5. 83) y= ! Ort") o(-** at = o(2); 

0 


and from (5. 25), (5 . 32), (> . 33), and (5 . 84) we obtain 
B,~ —Pxr (C,r—1) 
or Β,-» -- Ρ (C,7). 


5.4. It is natural to ask whether the result of Theorem 5 is valid 


when ¢(z) is an L-function of the ranges (1, 2°) or (δ, 0). An ex- 


amination of the argument shows that the hypothesis φ - {αὐ is used 
only in the argument from P to B, and the hypothesis ᾧ < z* only in 
the argument from B to P. If ¢~< 2° | 


δ =—$<4 
and generally φ (£) (=) < =. 


In this case the argument of §§ 8. 3-3. 4 succeeds as though a were zero. 
The only point of the proof which requires special comment is that in- 
volved in (3.38) and (3.42). We have to show that ¢/,,,>—B, 


14] 
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and this reduces to showing that 


<9, (1) (φ) at 


But, if Ψ = 1/¢, we have* 


(- VoD κα. YN = —y" Pp 


and so = ΩΡ A t” (4) (:) dt ~ 6| ἥς dt = 


If @>a* this argument fails; but that of §3.5, which depends 
essentially on the fact that ~ tends to a limit when zo, succeeds, 
since 


φξει aes a 


7 go” 


We have, in fact, 


THEOREM 6. If ¢ is an L-function of the range 1<¢~< 2°, then 
the summability (C, r—1) of (8. 18) ts a necessary, but not a sufficient, 
condition for the summability (C, r) of (8.12). If φ ἴδ an L-function 
of the range @ > 2, then the condition is sufficient but not necessary. 


It is easy to give examples to prove the negative assertions of the 
theorem. If . 
d(x) =e, att) ΞΞ 65“) (a> 0), 


> 


‘then [ a(x) φ(α) dz = | e** ax 
0 0 


is summable (C, 1), but 


Ω 1 von : 
eee Ao 0. Sony ΠΡ ὉΡ: ὐΥ̓ΡΝῚ aix ,7. 
[ {1A,(2)—A} $'(@) dz = τῇ if er dx 


is not convergent. On the other hand, if 


m—l—at 
p(x) =logr, a(x) = lene (c > 2), a(z)=0 ὦ < 2), 
| 2; ἐ 1--αἱ | gt 1 
then A,(«) = [ Tost = 4—stope τ laa >) 


* O.I., 36-87 (see especially 37, top). 
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| Ὁ ἐς 1 ἰῷ ΠΝ 1 
and \ 1A o(2)—A ; iT =e ta a log z art |, 0 (toga) >) a 


is convergent. But 
Ὁ 


\ a(x) log x dz | x dz 
2 2 


is not summable by any Cesaro mean. 


6. Series: the general case. 


6.1. It will hardly be necessary now that we should enter into 
details concerning the proof of the theorem for series corresponding to 
Theorem 5. Suppose first that ἢ, in Theorem 3, is replaced by n+], 
so that » runs over 1, 2, 3, .... Then ¢, may be replaced by n* or by 
any function of the form 


nt (1 ao τι +4 4 ΕΝ i) 
where the series is convergent or asymptotic. In fact, if 
ψι Ξε φι (1+ 24+ 44...), 


then the series ZAnGry Vann 


are summable or non-summable, whatever the order, together’. 

Finally, if we observe that, when ¢, is an L-function of n, of the 
range ηὃ < ¢, <n‘, then all the differences of @, are also L-functions, 
and are asymptotically equivalent to multiples of the corresponding de- 
rivatives, we may at once enunciate 


THEOREM 7. The result of Theorem 3 remains valid when ¢, is any 
L-function of the range n° < ¢, < n°. 


* The materials necessary for a formal proof will be found in Andersen, Studter, Kap. 3. 


143 


144 


CORRECTIONS 
p. 331, line 2. For f read Ff’. 
p. 335, last line. For G° read G4. 
p. 339, line 8. For ΒΓ read B,. 
footnote, ine 5 up. For > 1 read a > I. 
p. 346, line 8 up. For ¢ < 2° read ¢ > 2°. 


COMMENTS 


The paper develops further the results initiated independently by Knoppy{ and 
Hardy, 1921, 4, and extended, with applications, by Knopp{ and Hardy and Little- 
wood, 1924, 1 (in Vol. III). An independent paper by Andersen§ overlaps the present 
one. | 

Lemma 4 and its converse (not included) constitute an equivalence theorem for 
iterated Cesaro means, of the form (C,k) ~(C,k—s) (C,s). For 1 = 0, this was 
obtained by Hausdorff||and Kogbetliantz,ff for allrealk, ssuchthat k > —1,s> —1, 
k—s > —1. Zygmund{t gave another proof, and an extension which includes Lemma 4 
and its converse. He also stated, independently of Hardy and Littlewood, that his 
proof ‘lasst sich leicht auf summierbare Integrale tubertragen’. Under the same 
conditions at the origin as in Lemma 1, Zygmund’s method establishes Lemma 1} 
and its converse for all real k, 8 such that 0 < 8 < k. For a remark about conditions 
at the origin, see D.S., p. 119. 

In Lemma 3, the condition F(x) = ο(αβ--1) may be replaced by F(x) = o(x*). This 
is enough to show that the integral on the left in (2.44) converges at the origin 1f and 
only if the last integral in the sum on the right does. The role of the condition! > B—1 
is to establish the convergence at the origin§§ of the last integral on the right. On the 
other hand, if the integral on the left is known to converge, ||!| the condition ὦ > B—1 
is not required, and the result holds for 1 > —1. It follows that the instructions in 
the 2nd part of the footnote to § 3 may be omitted. 

Conditions involving only ¢(z) and ¢+)(x), in the necessity part of Theorem 2, 
have been given by Borwein.{TT 

The equisummability of }a,d¢, and Ya,%,, § 6, follows from the Bohr—Hardy 
theorem, 1908, 1, by taking f, to be Jp/hy or φρίψ,. 


+ Sitz. ἃ. Berliner math. Ges. 16 (1917), 45-50. 
t Math, Zeit. 19 (1924), 97-113. 
§ Proc. London Math. Soc. (2), 27 (1928), 39-71. 
"|| Math. Zeat. 9 (1921), 74-109. ᾿ 
++ Kogbetliantz (1), Comptes rendus 176 (1923), 224-7; (2) Ann. de Ecole norm. sup. (3), 
42 (1925), 193-216. He had 0 - s < k. 
tt Bull. de ’ Acad. Polonaise (A), 1927, 309-31. 
δὲ With the apparent proviso that F;,(x) = O(ak+!) for small x. 
lll e.g. if By (2) = o(a®) as x > 0. 
+++ J. London Math. Soc. 29 (1954), 276-92. 
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NOTES ON THE THEORY OF SERIES (XI): ON TAUBERIAN 
THEOREMS 


By G. H. Harpy and J. fo. LitrLewoop. 
[Received 10 November, 1928.—Read 13 December, 1928.] 


1. This note originated from our desire to prove a theorem for 
moment constants corresponding to our ‘‘Tauberian’’ theorem concerning 
power series with positive coefficients*. We quote here, for reasons 
which will appear in the sequel, not this theorem, but the corresponding 
theorem for integrals (from which it is easily deduced). 


THEOREM 1. If f(t) is positivet and integrable? over every finite 
range (0, T) and e~* f(t) is integrable over (0, x) for every x>0; 
and τῇ 


ie 2] 


(4.1) g(x) = { e-* f(t) dt ~ Hxr-*, 


where a>0O, H>O, when χα τσ; then 


(1. 2) Ὑ Ὁ} ΞΞ | {( du~ ΕΞ ἐπ 

0 Ela @) 
when ἐ-» αὐ. The result is still true when a>0, H = 0 if we interpret 
(1.1) to mean g(x) = o(a~*) and (1.2) similarly ; and it is still true when 
a=0, H>O§. | 


Tt should be observed that the theorem is trivial when a = Ὁ. 
The corresponding theorem for moment constants is Gn the form in 
which it first presents itself) 


a a en at eS er se rt ee ae on oo 


* Hardy and Littlewood, 1 and 2. See also Hobson, 3, 185, or Landau, 5, 50. 
+ In the wider sense. We use the word thus throughout. 

t In the sense of Lebesgue. 

s If a and H were both zero, f(t) would necessarily be null. 


1930, 4 (with J. E. Littlewood) Proceedings of the London Mathematical Soctety (2), 30, 23-37. 745 
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THEOREM 2. If f(t) is positive and integrable over (8, 1), for every 
6>0, and ἐν f(t) is integrable over (0, 1) for sufficiently large n; and if 


1 
(1.3) ὅ5.ΞΞ | ἐπ f() dt ~ Hn-*, 
0 
where a>0, H>0, witen τ - ὦ by integral values ; then 


1 
——— ᾿ 7 Η α 
(1. 4) Foj= {feo du Td +a) t 
when t->0. The result is still true when a>0, H=0, if (1.3) and 
(1.4) be then interpreted as in Theorem 1. 


This theorem has no significance when a = 0, since F(t)-> 0 for any 
integrable f(t). Its relation to Theorem 1 is better appreciated if we 
reduce it to a different form. It is plain first, since g, decreases when 
n increases, that we may replace n by a continuous z. If then we write 
ἐ ΞΞ ε΄“, e“ {(67 5) = h(w), the hypothesis becomes 


D 


(1.31) g(x) | 6. τῷ h(w) dw ~ Hare. 


0 


When we make a similar transformation in the conclusion, and observe 
that 


1 
log a t, 
it becomes | 
| [ Η 
(1 . 41) H(t) = 3 hiw) dw ~ Tato i 


Hence Theorem 2 is equivalent to 


THEoREM 3. If f(t) is positive and integrable over every finite range 
(0, 7), and e~* f(é) 1s integrable over (0, o) for sufficiently large x; and 
if (1.1) holds, with a>0, when ro; then (1.2) holds when t ->0. 


This theorem is almost identical verbally with Theorem 1, differing 
from it only in an exchange of réles between large and small values of ὦ 
and t. 


2. Theorems 1 and 3 are of just the same ‘‘depth’’ and Theorem 3 
may be proved by an argument which runs parallel to that of Theorem 1. 
In spite of this similarity, it does not seem possible to deduce either, in 
any obvious manner, from the other. There is, however, another theorem 
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which is in essentials symmetrical as between large and small values of 
the variables and from which both Theorems 1 and 3 may be deduced. 


THEOREM 4. Suppose that f(t) is positive and integrable over every 
finite range (0, T), and that 
| Κῶ 
(ἐ- 2)?’ 


where p>0, ts integrable over (0, ») for some (and so for all) x>0. 
Suppose further that 


yua( fod ΗΕ 
(2. 1) h(x) >. Ι (ἐ- 2)» er? 


whereQ<o<p,H>0,uwhenxz->ow. Then 


HT (p) 
ΓΟ Γ: σ ΕΠ 


t 
(2.2) Fit) =| f(u)du ~ Ere 
0 
when t—> a. 
Further, if (2.1) holds when «0, then (2.2) holds when 1{--» 0. 


We have stated the theorem with O<o<p, H>O. The results 
are, in fact, true for Ὁ <0 <p, H 150, if we pay regard to the following 
glosses :— 


(i) equations with H = 0 are to be interpreted as in Theorem 1; 


(8) when 0<o0 =p, we are to suppose H>0 in the first part 
and H = 0 in the second part of the theorem ; 


(ii) when 0 = σ < p, we are to suppose H = 0 in the hypothesis 
of the first part, and H >0 in the hypothesis of the second part, 
while the conclusion of each part is to be replaced by F(t) = o(#); 


(iv) if O=o0=p, we are to suppose H > 0 in both hypotheses, 
and interpret both conclusions as meaning Ff > ἢ. 


The results in these special cases are all trivial, and there is only one 
of them (the case 0O<i1o =p, H>0, x, t->) to which we shall 
refer later. We therefore simplify the discussion by dismissing them at 
the outset. 


3. We observe first that, when p= 1, «-σ <1, and x and t tend to 
infinity, Theorem 4 is substantially the same as a theorem of Valiron 
rediscovered by Titchmarsh*. 


* Valiron, 9, 121-127; Titchmarsh, 7, 8. 
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Valiron’s theorem* asserts that, if f(t) is positive and increasing, and 
vanishes for sufficiently small t, and 


3.1 “θα, pro! 
awe Ι (a a ὐδδ,, 


where O<A<1, when tx>o@, then 
(8. 9) f() ~ At, 


when t->o+, We shall show that this theorem is deducible from the 
first part of Theorem 4 (with p = 1), and conversely. Our proof depends 
on a theorem of Landau!, which we shall require again later, and which 
we therefore state as a lemma. | 


Lemma a. Jf x f'(a) increases with «x and 


f(a)~ 2" (a> 0) 


« 


when «>a, then . f(z) ~ ar S. 


(1) Suppose that the first part of Theorem 4 is known, and that the 
conditions of Valiron’s theorem are satisfied. Writing g(t) = t~'f(t) in 
(3.1), and applving Theorem 4, we obtain 


Gob) = \ g(u)du~ Au’. 
0 


But tG’ = ty =f increases with t. Hence Lemma a gives g ~ At, 
f~ At. 


(2) Suppose that. Valiron’s theorem is known and that the conditions 
of the first part of Theorem 4 are satisfied, with ρ Ξε 1Τ|1, It follows from 
(2.1) that 


= | © FOO ~ £0 2, = op-e 
Ε(ὃ Ξξ | fw du « 2t | gray du « δὲ Ι aero du = O(t#~*), 


* Valiron’s theorem, as he proves it, is more general in other respects; we confine our- 
selves to the case of the theorem directly relevant here. 

+ Here and in what follows the A’s are constants (functions of H, A, p, or « only) whose 
values are irrelevant to the explanation. The value of an A can always be determined, if 
required, by considering the appropriate case f(x) =a*. 

+ See Landau, 4, 218, or Hardy and Littlewood, 1, 175. 

§ This is, of course, also true when x-> 0. 

|| So that o «1. 
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and a fortiori F(t)=o(t), for large t. Hence we obtain, by partial 


integration, 


" δα, [ F(t)de 
o τα Jo +2)" 


᾿ F(t)dt Η 
α {πὰ} α΄ 


and so 


Integrating with respect to x, and observing that 


Ϊ dy 1 1 x 


(ἐὺ t t+ t(t+.2)’ 


° Fit)dt = 
eae 


From this it follows, by Valiron’s theorem, that F ~ 4{π σ, 


we obtain | 


4. It is convenient to prove three additional lemmas before we go 


further. 


Lemma β. If e-™ f(t) is integrable over (0, ©) for sufficiently large x, 
and f(t) ~ Ht-8, where B<1, when t +0, then 


ee) σα) = | ἐπ’ f(t) dt ~ ΗΓ -- β). 1} 
, 0 
when αὶ -» οὗ. 
Lemma y. If e-* f(t) is integrable over (0, ©) for every x>0, 


and f(t)~ Hi-8, where B<1, when t>o, then (4.1) holds when 
>. | 


These lemmas are of a straightforward (Abelian) character, and it wilk 
be sufficient to prove the first of them. We can choose τ so that 
(1—e) Ht-* < f(t) < (1+6 Ηπ 8, 


for Ὁ «« ἐ <7, and then g(a) lies between 


(l-e)H \ et e-B dt τ] 6. "| f(t) | dt. 


τ 


The second term is not greater than 


L 
ο΄. Bu T en axt 
τ 


when 7 is fixed, and the integral in the first term is asymptotic to 


f(t) |dt = O(e-*”), 
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Td —)x-+8, It follows that 
(1—e) HT(1—8) < him x*-! g(x) < (1+) HT (1—§8), 


which proves the lemma. 


ΠΈΜΜΑ 6. Suppose that Ὁ «- 8 «ζ΄, that f(t) is integrable in every 
interval (0, T), and ἐπ᾽ f(t) in every interval (T, 0), where T>0. Then 
the relations 


(4. 2) Fy) = { u-" f(u)du~ ΗΠ (t>0) 
t 

and 

{4 . 3) Fit) = \ J(u) du ~ ay {5 (t—0) 
0 if 


are equivalent. 


We take H=1. Suppose, first, that (4.2) is satisfied. Then 
t’ F(t) 0 when ¢->0. From this and the fact that F; is (except at the 
origin) an integral, we deduce 


t t 
Fit)= -| u'’ Fi\(u) du = "ἢ uF (Ὁ du—t' FL) 
0 0 


t 
~ r| us" du—t = uv, 
0 


r—s 


Next suppose (4.3) satisfied. Then 
r t 
ἐπ" RO< ef} fu) du+| wu" f(u) du, 
0 tT 


iffO—<T<t. The second term is less than ε if T > T(e), and the first 
is O(t-") when T is fixed and t>o. Hence ἐπ᾽ Ε(ὃ - Ὁ when t>o. 
It follows that : 


[52] 


F(t) se} au" F"(u)du = r| u~* 1 F(u)du—t-" F(t) 
t t 


wD 
ee Ss 5 
ἔφ — |) we" du—-—._ te = t, 
t {== 5 


when t— 0. 


5. We can now prove (1) that Theorem 1 is a corollary of Theorem 4 
(when x2—>o, ἐ-» 9), (2) that Theorem 3 (and therefore Theorem 2) is a 
corollary of Theorem 4 (when x-0, ἐ--» 0), and (3) that each half of 
Theorem 4 is a corollary of the other. Thus the complete machinery of a 
Tauberian proof need not be used more than once. 


1928.] Ox TAaUBERIAN THEOREMS. 29 


(1) Suppose that the conditions of Theorem 1 are satisfied, and that 
p>a. Then 


τῷ 


e~* F(t)at 


Q 


h (y) a \, ge} eg (a) dzk= \ xl e—'’ dx | 


rey (is ὌΠ te “ fdt 
= [pode ( wtextrde = Tip) | LOR 


if either repeated integral exists, a condition certainly satisfied, since 
g(x) is continuous for z > 0, tends to zero when z—>«, and is less than 
a multiple of α΄ when ὦ 15 small. 

It follows from Lemma § and (1.1) that 


hiy) ~ HV (p—a)y~°** 


when y->o. Hence the conditions of Theorem 4 are satisfied, and the 
theorem gives F(t) ~ At*, where A is a constant which may be identified 
with the constant of (1. 2). 


(2) The proof that Theorem 3 is. a corollary of the other half of 
Theorem 4 is the same in principle and may be omitted. 


(3) Suppose that Theorem 4 has been proved when r>o@, t>o, 


and write 


1 = (=) 
—_  _ Cee ΝΠ ΒΩΣΘΑΝ ρ-- uae — J -- ,. es —— . 
ae = μρ f = = 9), p=Tr, p-oc=s 


Then 0<s<r, and the hypothesis becomes 


“  g(u) A 
I yp ae 
᾿ (uty) = μ᾽ 


where now y—0. The conclusion becomes 
{ 1077 g(w)dw~ Au~* 
when u—>o, and Lemma ὃ shows that this is equivalent to 
| g(w) dw ~ Aw’ 
0 

(with the appropriate values of the A’s). The converse transformation 
goes similarly. Thus either case of Theorem 4 transforms into the other. 

We should add that Titchmarsh* has given deductions of Theorem 1 


(with α « 1) and Valhron’s theorem from one another. The preceding 


* Titchmarsh, 8. 
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analysis shows that his deduction of the first theorem from the second 


may be simplified, since it 15 not necessary to use integrals of the Fourier 


type. No corresponding simplification of the converse deduction seems 
to be possible. 


6. The preceding analysis shows that all our theorems are corollaries 
of either case of Theorem 4, say that in which the variables tend to 
infinity. It is therefore very desirable to give as direct and simple a 
proof of this theorem as possible. Such a proof must naturally follow 
the lines of our original proof of Theorem 1 or of Valiron’s proof of his 
theorem ; but Valiron’s argument may be simplified considerably. 

It follows from (2.1) that 


> f(t) dt ” f(t) dt 


(6.1) 7 Ia) < (2x)? \ (¢+2)? < (2x)? \ (¢+2x)? = O(x?~*), 
for large x. In particular F(x) = οί). Hence, integrating by parts, 
we obtain 
“ F(t) dt [ fdt H 
” ἘΞ a oe ΄ = 
wae Me) =o |, πα π΄ 


We prove first that (6.2) may be differentiated any number of times. 
It follows from (6 . 2) that 


per ae x? ἐξ (ἢ dt ° uF (ru) du ,, 
dx = hee \, (t4-2)e*? ess | (0 - 1)Ρ}5 " 


an increasing function of z. From this and 
eer se Age 


we deduce, by Lemma at, that 
a Ger fia AP, 
dz . 


Expanding the left-hand side, inserting the appropriate value of A, and 
using (6.2), we obtain 
“ F@dt — oH 
re, —_— ~ 
h (xr) —— p(p+1) \ (t¢-+-a)P** po tl 


A RO 


* The differentiations under the integral sign here and later are trivial, the derived 
integrals being uniformly convergent in any interval x > ὃ > 0. 

+ We do not actually require the full force of Lemma a here; it would be enough that the 
result of the lemma should hold when Κ΄ increases. 
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This justifies one differentiation, and the argument may plainly be re- 
peated. 
We thus obtain 


T(p+q+l]) Ι Fit) αἱ T(e+q) H 


(6. 8) h(a) = Tp) » fay ~ Te) ze 


forg = 0, 1, 2, ..... Writing down this relation for q = ρ, Ρ-Ἐ1, ..., 2p, 


and observing that 


i _ (t+r—ay? ἢ (2) (=o) 
(Eparyerert (Ep ayerert ΞΔ 95} (epayerere 


we find that 


(6. 4) i, =| oe 


is asymptotic to a certain multiple of z-*-’. The multiple in question 
may obviously be determined by supposing that F(t) is actually equal to 
the right-hand side of (2.2). We thus obtain 


= pre-e dt oe 
(6.5) i,~a\ ({--«Ἱρ τ eri = Mx δ; 
where 
; ee HY) 
(6.61) M= TOT ok’ 
ΘΓ utere du Τ(ρ-Ἐρ--σ-Ἐ1}} σ-Ἐρὶ 
Se as ] wt Drei τὶ ΠΡ ρΕ. 


This is true for all positive integral p. 


7. Lemma ε. If Jy is the integral in (6.62), and 05,1, Jy,2, Jp,3 the 
corresponding integrals over the ranges (0, 1—Q, A—s, 149. (1+¢, o), 
uwhereO<€<1, then — | 


Id, Mg Ua). ie Hey 
where ny = (6) = nlp, o, ὃ-» 0 when p, o, ζ are fixed and p> Ὁ. 
A straightforward application of Stirling’s theorem shows that 
(7.1) dy~ Ap7?2-” 


when p>o. On the other hand, u(1l+u)~? has a maximum 4 when 


u = 1, and its values when wu is 1—¢ or 1+¢ are each less than a number | 


793 


154 


92 G. H. Harpy and J. E. Lirvrnewoop [Dec. 13, 


k= κ(ῦ «1. It follows that 


7... τῷ Γ΄ Urte—o du ᾿ ue~? du 
yp, 1 


εἰν τὸ ee. αν. αν α΄ 
WPI Κ΄ @pie = Ae 


(7. 2) 
The conclusion concerning Jy,1 follows from (7.1) and (7 . 2), and it 15 
obvious that a similar argument disposes of J,, 3. 


8. We can now prove Theorem 4. We use the following notation. 
We denote by nz a function of ζ (and p and co) which tends to zero with 
ζ; by ἡ» 8 function of ¢ and p (and p and oc) which tends to zero when 
¢ is fixed and po; and by m a function of ¢ p, and ὦ (and p and o) 
which tends to zero when ¢ and 7 are fixed and r>o. 


By (6.4) and (6.5) we have 


“2 F(t) at er 
(8 Ε 1) 1, ΞΞ \ (t-- gyet etl = Me 1 (1 +7,)*. 
We write 
1 a—)jx rl+g)e 20 
(8 . 2) 4, — | +| +| +| Ξε- Pe Εν a ae Oy ot), s. 
0 1 (1—¢)2 (l+¢)x 


Ift>1, then F(t)< Ate-’, by (6.1). Hence 


1s)" gpte~s dt 
Lai<A i (fp ayerr ΞΞ Ag OOS 5 

(8. 8) ἢ, = 27°" Sp mp, 

by Lemma ε; and similarly 

(8. 4) La? Dae 

Also 

(8.5) Τα ΞΞ O0G 0?) S02 6 7) =f a 
From (8. 1)-(8.5) we derive 

(8.6) Iy,3 = Mz-°-? T(r +n). 


On the other hand, since F(t) increases with t, we have 


x + Cac ptp-o J} ; =, P\ p-o 
L F'(x2+ x) t! at F(x+ 2) (τ: ne Dy, 


2m (a— )ρ- pare (ἐ- χ)ρ ΡῈ} — (a+ ζ)ρ τσ 1—¢ 


Sr eee ree .......- 


* The 7, here is independent of ¢. 
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Combining this with (8.6), we obtain 


F(x+ Cx) 
(τς 2 


Jy 


i 


(8.7) > tno? 22S (14) ar? 
p,2 : 


Ὁ MA+nt+ny+n;). 
F(x— τ) (1Ξὸὶ 


Similarly 


p-o 


> amt TFC 

and so 
P(a—¢x) vip tp,2 o+tp 152 
(8 5 8) (x -- Ex)P-% <= (1 + ye) x To <= (1 t+net ny) 2 ie 


<S M(i+ngtiyp+n;). 


It is plain that (8.7) and (8.8) are possible only if F(t) ~ Mt°-°, which 
proves the theorem. As we have seen, Theorem 4 carries with it 
Theorems 1-3. | | 

We have ignored the special cases mentioned at the end of δ. The 
only one which is relevant is that in which στε p>0, H> 0, and the 
variables tend to infinity. The truth of the result in this case follows 
at once from (6.1), which shows that F(t) is bounded. 


9. It is known* that the condition f(t) 20 in Theorem 1 may be 
replaced by f(t) > —Kt*-1, where K is 8 positive constant; the 
extension is immediate when a> 0, but less obvious when oO, 
There are corresponding developments of Theorem 4: we confine our- 
selves to the case in which r>@, t>o, 


THEOREM 5. If p>o in Theorem 4, the condition f(t) 50 may 
be replaced by 


(9. 1) Κῶ > --κρτσει 

where h>0. The result remains true when p=oa: if p>0 and 
(9. 2) JO®O>—-Kt", 

(9.8) ht) = " foe ~ at 

then 

Θ. 4) { Κῶ dt = H. 


ee eS ὐν 
* Hardy and Littlewood, 1, 185. 
t Hardy and Littlewood, 1, 188. 
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When p>o, Theorem 5 15 an immediate corollary of Theorem 4; 
we need only apply Theorem 4 to 


g(t) = (ὃ ἘΚ στ τς, 


The case ρΞξεσ is more delicate, and we require Lemma ἡ below: 
Lemma € is included for the sake of completeness and is not actually 
used. 


Lema ζ. If (9.4) is true, then (9.3) ts true. 


This is the ‘‘Abelian’’ theorem, and follows at once from the relations 


Τ ἰὼ 
ie SAOE ᾿ 
h(x) ἘΠΞ ([-|} (¢+.2x)? a, hy (x) + ha(x), 


| Ag(a) | < «Ὁ : f(b) ae| «εὖ.» [(T>T>T,()], 
hy(z) ~ x7? 4 fo αἱ. 
LemMA y. If 
(9. 5) Git) = | uf(u)du = o(t), 
and, in particular, 1} 
(9 . 6) f() = oft"), 


then (9.3) wmplies (9 . 4). 


This is the ‘‘o-Tauberian’’ theorem. To prove it, we write 


f(tdt 
a ....... Σὲ |, float 19 ΤΩ ΟΣ ΣΝ (-1α}} 


= F(x)+l(x)+m(x), 
say. Here 
ὡς eet pes ye | G'(t) 
ge (" G@dt _("{,_ «“ G(t) 
— (1279) = + pat | [ ai a dl, 
The first term is 0o(1). The second is 


O (2°) O(2-?~) , sae =O). 
0 


* Cf. Hardy and Littlewood, 1, 185. 
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In the third we observe that the expression in the curly bracket does not 


exceed 
At 


α(1- ) = xz 


so that the third tern) is 


1 ΕΝ 
τ] o(1) dt = o(1). 


(9. 8) l(r) = o(1). 


Finally 


_ [ fOdt [" &@@dt 
9) (ἐς as q (t+.xr)? : | t(t-+ 2x)? 
_, G(x) “ Gédt , ,( G@dt 
GO 7} était al Pitta)? 


= o(1)+0 (x? Ι ΓΝ = ο(Ἱ). 


From (9.7), (9.8), (9.9), and (9. 3) it follows that 


[ f(t)dt -> H, 
0 


which proves the lemma. 


10. We can now prove Theorem 5. We write 


(10.1) g(x) = 2 h(e) = [ a fode 
Then 

(10. 2) p(x) ~ Hx 

and* | 

(10.8) ¢"(«) = “h ΓΑ [ὥξ: ὍΝ fd 


a oe se 


A 


7 « 


* The differentiations under the integral sign present no difficulty: compare f.n. *, p. 30. 
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From (10.2) and (10.3) it follows* that 


(10. 4) p(x) > A, 

1.€. (p+1)aPh(x)+a°t" h(x) > A, 
pee “fj αὐ ee 

and so h'(x) = -ρὶ On ~ —pHz a 


Hence " ΤΠ ΤΠ ας " 1 --ὦ |, Δ Ὁ εξ o(a~?). 


o ({- 4)» 0 (+2)? ο (ἐπ )ρ}} ὁ 
But g (2) = f(t) > —K. 


[ Dec. 13, 


Hence we may apply the case of Theorem 5, already proved, in which p 


is replaced by p+1 and o by p<p+l1. It follows that 


t 
G(é) = u f(u)du = o(u), 
0 
and the final conclusion then follows from Lemma ἡ. 
11. It is plain that we may prove similarly 


THEOREM 6. Suppose that Oo < p, that 
An >> --Κηρσ!, 


that h = z 
(2) 1 (n-+2)? 
is convergent for p> 0, and that 
h(x) ~ H2~?, 
when χοῦ. Then 
Σὰ = 1. 


1 


[Added July, 1929. Important contributions to the theory of 


Tauberian theorems have been made recently by Schmidt 


Vijayaraghavan (140), and Wiener (11). 


(6), 


Schmidt proved first that the condition na,=O(1) of Littlewood’s 
original theorem (afterwards generalized by us to na,>—A) could be 


replaced by 
lim (S,— Sm) 2 0, 


* Cf. Hardy and Littlewood, 1, 188. 
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where s, = 4+a,+ ... 4a, and m and n tend to infinity in such a manner 
that n/m—>1. This condition includes all previously known. A much 
simpler proof than Schmidt’s was given later by Vijayaraghavan. 


Schmidt also proved what is substantially the corresponding generaliza- 
tion of Theorem 1. 


We have proved the corresponding generalization of Theorem 4, in 
which the condition is 
ἫΝ F(quz)— δ (ρα) 


τορος gee 


= 0, 


when n>, g>p, q/p—>1. Our method of proof is unlike those of 
Schmidt or Vijayaraghavan, but we must reserve its publication until 
another occasion. 


We may, however, take this opportunity of calling attention -to 
Wiener’s paper, in which Tauberian theorems generally are investigated 
from a quite novel point of view. ] 
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CORRECTIONS 
p. 26, line 7 up. For Au’ read At). 
φ. 35, line 3. For = read <. 
p. 37, line 9. For n + © read p > 00. 


COMMENTS 


Theorem 1 is the ‘positive’ Tauberian theorem for integrals, corresponding to the 
‘positive’ theorem for series, 1914, 4. It may be proved by an argument similar to 
that given for series. Doetsch} proved it this way for α = 1. Szasz{ used the same 
argument to obtain a theorem for Stieltjes integrals, which includes both the integral 
and the series versions. Titchmarsh (references 7 and 8) quoted Theorem 1 in 1926, 
attributing it to Hardy and Littlewood. He proved that Theorem 1, with 0 < a < I, 
is equivalent to a theorem which (as Hardy and Littlewood remark) was obtained 
by Valiron in 1914 (reference 9). In §1, it is stated that the series theorem is easily 
deduced from the integral theorem; e.g. by taking f(t) = a, forn < ὁ < n+1. The 
converse is also true; e.g. put ny 


On = | f (t) dt. 


In the present paper, Theorem 1 is deduced from Theorem 4 (i). The relations 
between Theorems 1—4 and Valiron’s theorem are indicated by the diagram: 


Ai) «---------.ἔ-----ς----αο Mii) 
1 2<—> 3 
4(i) <> V <—> 1 
p= a<] 


In the Addendum, the new methods and results of Schmidt, Vijayaraghavan, and 
Wiener are mentioned. To this list the name of Karamata§ may be added. The Schmidt- 
type generalization of Theorem 4, mentioned in the addendum, was not published. 
But Hardy states in D.S. that the method used in Ch. VII, § 7.10, is that originally 
used to prove this generalization. 


+ Math. Annalen 82 (1921), 68-82. He makes the transformation v = οἷ, so that the 
Laplace integral becomes a Mellin integral. 

{ Sitz. ἃ. Bayerischen Akad. d. Wiss. 59 (1929), 325-40 (published in 1930). 

§ (1) Math. Zeit. 32 (1930), 319-20; (2) ibid. 33 (1931), 294-9; (3) J. fiir die reine u. 
angew. Math. 164 (1931), 27-39. 


NOTES ON THE THEORY OF SERIES (XVI): TWO 
TAUBERIAN THEOREMS 


G. H. Harpy and J. EF. Lirruewoop*. 


1. Our first object in this note is to prove Theorem 38, which we 
required for an application in Note XV. The proof, however, depends on 
Theorems 1 and 2, which are in themselves more interesting. Theorem 1 
is a known theorem ; the most important case, in which r is integral and 
ὃ = 1, was stated as long ago as 1911 by Littlewoodt, and the complete 
theorem was proved by Andersen in his dissertation]; but the proof 
which we give here is a good deal simpler than any previous proof which 
we have seen§. Theorem 2 is very closely connected with another theorem 
of Andersen, but 1s apparently new in the form in which we state 1{{]. 


* Received 6 August, 1931; read 12 November, 1931. 
ΟἿ Littlewood, 7, 448. 
+t Andersen, 1, 80 (Theorem 4). Andersen assumes Littlewood’s result, and deduces tke 
general theorem as in § 2, (i), below. 
§ The idea of the proof is similar to that used by Landau (6, i2-13) in his deduction of 
our ‘‘ positive ’’ Tauberian theorem from Littlewood’s original Tauberian theorem, 
Ϊ See ὃ 3. 


1931, 8 (with J. E. Littlewood) Journal of the London Mathematical Society, 6, 281-6. 
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2. THrorem 1. Jf Ya, is summable (A), and bounded (C, r), where 
r > —1, then tt ts swmmable (C, r+6) for every positive ὃ. 


(1) We show first that it is enough to prove the theorem when * is 
integral and ὃ = 1. Suppose that the theorem has been proved in this 
case, that x is non-inteeral, and that s=[r]+1. Then Sa, is bounded 
(C, 8) and therefore summable (C, s+1), Hence, being bounded (C, »), it 
is summable (C, 7+6)*. 7 


(1) If r is integral, we have 
S$, = 8) = atat+...ta,, st = so+s9+...+8°, 


1 = | p—1 " . . 
Sy = 8. +87 +... +50 = Ando tAn-iait...+Aoan, 


ar. (H+r\ (Ἀπ Ἐ 1) (n +2)... (+2) 

where A= ( ᾿ ) = mI 
| eae τ᾽ | st+...+8" 
τ its ὅτῳ = ὅστις ἘΠ 


ἐνῆν, τος (γ,- 1)} 


τὸ «a +. ΤΣ 
On On Pant = i)... 7) ims,—@ FD) 8974] 
ἐξέ (- <=) On) = - 0(5), 
since, by hypothesis, 8. = O(n’). 
Again, 


a” 


σῷ) = E wy a" = (r+1)! > aa ττ 


n 


x 


m(na+1)...(atr+1)’ 
“711 Σ gitrt ie) απ τ ὃ 


τὸς οἶς ἥπρῖς. ἰοὺ. 5 τ τς." 
ori I@ = 2% Gay ταν Γἢ aie G41)... @prd) 


(r++)! E941 
1 


* Andersen, 1 (Theorem 8, p. 56). 
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Hence, if f(v) = Σ α, οὖ, so that (1 ---α)τ 1 f(z) = Σ 8: xv", we have 


at ΘΒ eC \ αι, JY) 
fi I”) =|, GW Gaya Y—),e-W™ Gaye wy 


= " 2 (x—y)" | 
= (1—2) \ (1—y)"*? Ty) dy. 
If now we suppose, as we may without real loss of generality, that 
f(x) 0 when «— 1, we have 


gt ti _ x r+1 1 ) 7 


Hence g(x) > 0. It follows, since w, = O(1/n), that 2w, converges to 0, 
ve. that vit'—+0O; and this proves the theorem. 

The theorem is also true for » = —1, if we agree that “2a, is 
bounded (C, —1)”’ is to mean ‘‘ Da, is bounded, and a, = O(1/n)”’. 


8. ΤΉΒΟΒΕΜ 2. If Ya, is summable (A), then a necessary and sufficient 
condition that it should be summable (C, r), where 7 > —1, ws that 


(3.1) ty = Ap +2a,+...+(n+1)a, = o(n) (C, 1). 
The meaning of (8.1) is that 
(8. 2) tr, = o(n"*), 


where ¢’, is formed from ὃ, = nd, as s, is formed from ap. 
Theorem 2 is very nearly the same as a theorem of Andersen*. 
Andersen gives, instead of (8.1), the condition 


(8. 8) = Spt): (Oa 


A comparison of the two theorems shows that (8. 1) and (8. 8) must be 
equivalent when Xa, is summable (4); and in fact it may be proved 
directly (though the proof demands a certain amount of calculation) that 
they are equivalent independently of this condition. It is, however, more 
convenient to prove Theorem 2 directly, especially since our proof is rather 
simpler than Andersen’s proof of his theorem. 

We require two lemmast. 


* Andersen, 1 (Theorem 7, p. 87). 
+ These are given (apart from trivial differences of notation, and the limitation of 


Lemma 1 to integral r) by Hardy, 5, 304-305. 
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Lemma 1. Suppose that 2a, 1s summable (C, r+1), where r > —1. 
Then (8.2) 1s a necessary and sufficient condition for summability (C, 1). 
We have (whether 7 be integral or not) 
si = Anagt...tAodn, th = Ando t+... + Addn, 


. {7 _ v+1)(r+2)...7+n) 
where Ay = Tir+ilin+)) ~~ n! ; 


From these equations it follows at once that 
(n+r+2)s,—(7 +) 5. = bh, 
and the lemma isa, corollary of this identity. 


Lemma 2. If ris integral and r > —1, then a necessary and sufficrent 
condition that Xa, should be summable (C, γ- 1) vs that 


Ὁ. r+1 1 
(ὃ ..4) Σὰ Tel 
should be convergent. 
It is easy to verify by induction that 
5. 1 (,"-Ε1}! @—n)! ona 
r+1 ae 
(3 Z 5) = t’ A rae Sa Ee ag (n-+1)! Sn—r—-1e 


In fact (8.5) is true for ἢ = 7r-+1, and the condition that, if true for_ 
n—1, it should be true for n, reduces to 


1 
ἔ 75 ot πὶ = (1-- 7) 4.1} -γ- 1- ΟὙ- 1) 5.1.9, 


another immediate consequence of the definitions of s, and ἔκ. 


4. To prove Theorem 2, we observe first that the necessity of the 
condition is contained in Lemma 1, the hypothesis of summability (A) 
being here irrelevant. 

To prove the condition sufficuent, we suppose first that r is integral. 
We have then 


yp) τῷ < ἐν --- ἔμ. a s xo oe le > rartl ax” 
(4.1) f@)=2 ΠῚ] x τ τ aa 


ἧς cs (7 +)! r+l—s 2 AS 1 
Σ tn ker s!@+1—s)! A χα, n+r+2—s 


π᾿ δ ἸΞΞ 
- τὶ 41 (γ-Ὲ 1 -- 5)! F(z), 
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where f(a) = (1—ay"tt-s Σ "ΗΝ (a: yaaa) x”. 
Ifs<r+1, we have 
; F(x) = (L—ax)'t*-§ Zo(n"**) O(n") a" 
= (1—2)"t-* 9 {(1—az)-"-1**} = o(]). 


Hence the remaining term in (4.1), viz. 
1 
Pees r Arti n 
ει) = 2A es 


tends to a limit. Since the coefficient of x” is οὐυ ἢ O(n-"-%) = o(1/n), 
it follows that the series is convergent for « = 1 or, what is the same 
thing, that the series (8. 4) is convergent. Hence, by Lemma 2, 2a, is 
summapble (C, 7). 

If r is non-integral, let s=[r]+1. Then ἐμ =o(mn) (C, s), and so 
Xa, is summable (C, 5), and ὦ fortiori is summable (C, r+1). Hence, 
by Lemma 1, it is summable (C, 7). This completes the proof of the 
theorem. 


5. Tueorem 38. If r>—1, 2a, ts summable (A), and 
(5.1) tn = O(n) (C, 7), 
then Xa, vs summable (C, r+6) for every positive ὃ. 


If we use (5.1) instead of (8.1) in the argument of §§ 3-4, the con- 
clusion is plainly that 2a, is bounded (C, 7). Theorem 3 (which is the 
proposition that we required in Note XV) then follows from Theorem 1. 

It may be worth while in conclusion to state shortly an alternative 
proof of Theorem 1 for integral 7. Suppose that 7 is integral and r > —1. 
We proved in 2* that @ necessary and sufficient condition that Dan should 
be summable (C, r) ts that Σα, τ, where 


_ an 
1 p+ 


Qn+1 
mage 
should be summable (C,r—1); the serves which defines ay: is itself 
summable (C,r—1). There is plainly a corresponding theorem in which 
Za, and Ya,,1 are bounded (C, 7) and (C, r—1) respectively. 


* Hardy and Littlewood, 2 (Theorem A, p.69). See p. 71 for explanations of the relations 
of this theorem to substantially equivalent theorems of Knopp. a. is summable (C, —1) if 
it is convergent and a, = 0(1/n) ; bounded (C, —1) if it is bounded and a, = O(1/n). 
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When » = —1, Theorem 1 reduces to Littlewood’s original Tauberian 
theorem. Let us assume that the theorem is true for 7, and that da, is 
summable (A) and bounded (C, r+1). The series which defines An,1 18 
summable (4) and bounded (C, r), and so (by our assumption) summable 
(C,r+1). It is then easy to verify* that 


1 1 
F(a) ΞΞΕ Σ ἄμ, 1 c= 1—z | f(b αἱ, 
and so that f,(z) tends to a limit. Hence Yan, is summable (A) and 
bounded (C, 7), so summable (C, 7-+1); and therefore Xa, is summable 
(C, r+2). This proves the theorem by induction. 


References (for 1-4, see Note XV). 


5. G. H. Hardy, ‘‘ Theorems relating to the summability and convergence of slowly oscillating 
series’’, Proc. London Math. Soc. (2), 8 (1909), 301-320. 

6. E. Landau, Darstellung und Begrundung einiger neuerer Ergebnisse der Funktionentheorie, 
2 ed., 1929. 

7. J. E. Littlewood, ‘‘The converse of Abel’s theorem on power series’’, Proc. London 
Math. Soc. (2), 9 (1910), 434-448. 


* Compare 2, 78. 


CORRECTIONS 
p. 283, line 11 up. For na, read (n+ 1)a,. | 


p. 285, line 6. For Artt— an read (ars Jao 


p. 286, References. Add from 1931, 7 (in Vol. IIT): 


1. A. F. Andersen, Studier over Cesdro’s Summabilitetsmetode (Copenhagen, 1921). 
2. G. H. Hardy and J. ἘΣ. Littlewood, ‘Solution of the Cesaro summability problem for 
power series and Fourier series’, Math. Zeit. 19 (1924), 67-96. 

3. —— ‘The allied series of a Fourier series’, Proc. Lond. Math. Soc. (2), 24 (1925), 
211-46. 

4. R. E. A. C. Paley, ‘On the Cesaro summability of Fourier series and allied series’, 
Proc. Cambridge Phil. Soc. 26 (1930), 173-203. 


COMMENTS 


Littlewood’s theorem, §1, stated in 1911, is here deduced from his O-Tauberian 
theorem. Anderson’s proof of the result quoted in the proof of Theorem 1 (i) is repro- 
duced by Dienes;f see also Zygmund.t 

In the proof of Theorem 1 (ii), an alternative way of manipulating g(x) is to write 


> w,2" = ¥ (7 11- ΓΕΔ)" = (1—2) > oft xe. 


Then > ota! is the (r+1)-fold integral of (r+1)! Σ᾽ sftta", ie. of 
(r+1)1—2)*-*f(x). The proof is then completed as before. 

The proof of Theorem 1 (ii) does not use the full force of the hypothesis δ΄. = O(n’), 
purony Wy, = vito, = O(1/n). 
By an identity of Kogbetliantz,§ 

n(ortt— orth) = rt, 


where 7% denotes the nth Ceséro mean of order k of the sequence na, It follows that 
the proof of Theorem 1 (ii) establishes an analogue of Theorem 3, with na, in place 
of (n+1)a,. The argument holds for r > —1, if Aj, is defined as in Lemma 1. The 
analogue of Theorem 3 was obtained independently by Kogbethantz (Mémorial . . ., 
p. 40), who also gave a one-sided version. It may be proved directly that condition 
(5.1) is equivalent to its analogue. 

There are two versions of Lemmas 1 and 2, one involving (n+ 1)a,, as here, and the 
other na,, 85 in D.S., pp. 121-2. The identities in 1910, 3, ὃ 4, where the sums run 
from 1 to n, correspond to those here. It is enough to redefine the 87, ¢, of 1910, 3, 
as s’_,, #_,, and replace the a, by a,_,. On the other hand, the identities in D.S., 
p. 122, are the same as those given by Kogbetliantz; see Mémorial .. ., pp. 23 and 30. 
A special feature of the sequence na, is that it may be written 


NVEn = MSn—Sn1) = (H*—L)8q, 
which is a Hausdorff transformation. It follows that 
(nV)(C,r4+1)s, = (C,r+1)(nV)s_, 
which is Kogbetlantz’s identity stated above. In 1910, 3, Lemma 1 is given for 


integral 7. In 1913, 2, ὃ 47, Hardy and Littlewood state Lemma 2 (2nd version) for 
r> —l. 


+ The Taylor series, pp. 428-30. Oxford University Press, 1931. 

t Math, Zeit. 25 (1926), 291-6. ᾿ 

ὃ Kogbetliantz, (1), Bull. des sci. math. (2), 49 (1925), 234-56 ; (2), Mémorial des sci. math. 
51 (1931), p. 23. 
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ON THE SUMMABILITY OF SERIES BY BOREL’S 
AND MITTAG-LEFFLER’S METHODS 


G. H. Harpy*. 


1. We may say that the series 
(1.1) Ap ta,+a,+... 


is summable (B, a), to sum s, if (i) the series 


fan 
(1.2) A(t) = Σὰ, Fo 


is convergent for all ἐ, and (ii) the integral 


(1.3) | eA, (t)dt = lim [etA.(edt 

Jd 1-» ὦ 0 
converges to s. This method of summation plays a great part in Mittag- 
Leffier’s classical researchest in the theory of analytic continuation. 
When a= 1 it reduces to Borel’s exponential method{. The method 
becomes more ‘powerful’, 7.e. more capable of summing “crudely 
divergent’ series, as a increases. Thus the series 


᾿Ξ 19 t= 3 te... 


is summable (B, a) when a> 1 but not when a <1. 

Littlewood and I have often emphasized § a general principle which it is 
difficult to formulate precisely, but which may be indicated roughly as 
follows: the delicacy of a method of summation tends to be inversely propor- 
tional to its power. Thus Borel’s method is much more powerful than any 
of Cesaro’s, which cannot sum a power series outside its circle of conver- 
gence. On the other hand, when we are dealing with delicately divergent 
series, the Cesaro methods are always more effective ; and in fact a series of 
finite order ||, if summable (B), is necessarily summable (C)§. There is no 


* Received and read 18 January, 1934. 

+ Mittag-Leffler (4). . 

+ When a is a positive integer k the method is that described by Bromwich (1, 299) as 
*““ Le Roy’s extension of Borel’s method ”’, in which we apply Borel’s method to the series 
obtained from (1.1) by interpolating k—1 zeros between each pair of terms. 

§ See, for example, Hardy and Littlewood (2, 2). 

|| With a, = O(n*) for some K. 

‘| Hardy and Littlewood (2, 10). 


1934, 5 Journal of the London Mathematical Society, 9, 153—7. 
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relation of complete inclusion between the two methods, as there is between 
the Cesaro and Abel or Poisson, or between the Euler and Borel*, methods, 
but there is a restricted relation of inclusion; if a series is summable (8), 
and if it is not so crudely divergent as to be outside the bounds of possible 
C summation, then it is certainly summable (C). My object here is to 
show that there is a similar relation between the Mittag-Leffler methods 
corresponding to different a. 


2. The existence of such a relation is suggested by Mittag-Leffler’s 
work. He determines first the dfoile de convergence of 


1l+2+27..., 


where z = re’®. The boundary of the ‘‘star’’ is the curve 


= (eo) 
r= |sec—)}. 
a 
If 0<a< 2, the curve runs to infinity in the directions 6 = +4a7z, and 
the star is the region to the left of the curve. Ifa > 2, the curve cuts itself 
in the point corresponding to θ = +7, and the star is the interior of the loop. 
The star increases as a decreases, and its limit when a—0 is the ordinary 
‘“‘Mittag-Leffler star’? of the function, the plane cut from 1 to οὐ. 
Mittag-Leffler then extends this conclusion, in a manner now classical, to 
any power series with a finite radius of convergence. | 


The theorem which follows shows that the relation indicated by Mittag- 
Leffler’s work holds for all series without exception. 


THEOREM. If (i) B >a> 0, (ii) the series (1.1) 18 summable (B, B), and 
(iii) the sertes (1.2) 1s convergent for all t, then the series (1.1) 1s summable 
(B, a). 


As is to be expected after what I have said, the inference is from the 


more to the less powerful method, so that the theorem has a ‘‘'Tauberian’”’ 
character. 


3. I givea full proof only in the special casea = 1, B= 2. The proof is 
practically the same when a is arbitrary and B = 2a. Inthe general case it 
is the same in principle, but there is a good deal more formal detail. 


a ne i i ΘΝ ΝΜ ΦΘΟΝΕΙ͂Ν 


* Knopp (3). 
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Suppose that we have determined a positive solution (x) of the moment- 
equation 


ae _ T(Bn+1) 
(3.1) »Ἢ Ce) Oe Tena) 
Then 


fon ee ου i 
(3.2) Al) = 24, ery == PEED | h(x) dx 
= [φω ΨΩ ΤΣ [φω A, (at? telP) dee 
0 "Γ(βη- 1) 0 : 
The term-by-term integration is justified by “absolute convergence”. 
We may now argue formally as follows. Using (3.2), and then making 


the substitution 2 = w*t-*, we obtain 


(8. 3) [4 dit = | «αι | (2) Antal 218) dr 
-β κι di [we φ (=) A,(w) dw 


go | we! 4 ,(w) dw { etd (=) dt. 
9 0 cb 


If now ) 
2 τ , (we 1 

(3.4) { ett-*d =) dt = —- w!-8e-, 
0 t β 

then (3.3) gives 

(3.5) | eA (t)dt= | e-” A,(w) dw, 
0 0 

the result of the theorem. 

4. When a = 1, 8 = 2, wecan take 
(4.1) d(x) = Cu-te-®, 


where C'= 21/7. The formula (3.4) may be verified directly. Hence, 
in order to complete the proof, it is only necessary to justify the inversion 
of the integrations in the second line of (3.3). This is (in the general as in 
the special case) the kernel of the proof. ᾿ 
It follows by ‘‘ uniform convergence ᾿᾿ that 
ap? 


T οο 5 1 
{ οἰ τὶ dt | ew lat 4. (w) dw =| A,(w) dw | exp (—1— a) t-* dt. 
9 0 0 0 
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Hence everything depends on proving that 


= Ξ w 
(4. 2) \ A,(w) dw | exp (—1— vt dt—>0 


as 7’ co (the assertion, of course, including that of the convergence of the 
integral for finite 7). If we put ¢ = 4u?, then (4.2) becomes 


(4.3) \ ΠῚ 
where 

20 2 
(4.4) p(w) =e" 4,(ὼ), x(w, U)=| exp 'πξᾷ(-- γΠἼαυ; 


and if now we put 


u—— =2, U=2+7/(x?+w), 0): 3 πὸ δα; 
μ U 
then y takes the form 
oo ee © ,.,ρ- 313 J 
ne x=) et de | Tey τ tebe 


Say. 

Suppose now that U> 1 and that w increases from 0 to oo. Then 
X decreases, so that x, increases, but remains less than an absolute constant 
C'; and if we write y, in the form 


X2 = X3—Xa> 
where 


χο 2x" 


ο re 2.3 οο 
=|, Terra «ἡ, a| apt ὧν 0, 


=| ede (w< U2), y=0 (w>U2) 
*4 Jo ν ΞΕ ΩΣ) ae: 

then a moment’s consideration shows that X3 and x, are also monotonic and 
bounded. Hence the integral (4.3) satisfies the following conditions : (i) ψ (w) 
has a convergent integral over (0, 00); (ii) x(w, U) is a linear combination of 
three functions, each positive, monotonic in w for every U, and less than an 
absolute constant; (iii) χίω, U) tends to zero, when U > oo, for every w. 
It follows that the integral (4. 3) is convergent and tends to zero. 


5. It is only when β = 2a that the proof can be stated so shortly. In 
the general case, 


. EARS)... 
ῥα) = σοὶ | Meath) © 


11] 
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where c> 0, and this is not an elementary function but a function of 


hypergeometric type. It behaves, for large positive 2, like a multiple of 


e Cx" gb : 
where 


Sole 
τε: 


b —1, 0β-«-- (β--α)β- αὐ BrP. 


ΞΕ ἘΝ 

2(B—a) 
The proof runs on similar lines, but the argument of ὃ 4 has to be replaced 
by one a good deal longer, which I must reserve for another occasion. 
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CORRECTION 


p. 155, line 6 up. For C = ὃνπ read C = ες 
2 τ 
COMMENTS 
The result, § 1, concerning the series 1—1!+2!—..., stated to hold when a > 1, has 


been shown by Good? to hold only when 1 < « < 3. Ifa > 3, the series (1.2) converges 
for all ὁ > 0, but the integral (1.3) is not convergent. The theorem stated in § 2 and 
proved for « = 1, 8 = 2, has been proved in the general case by Good.t 

The method (B,«) is called (B’,«) in D.S., (B’,1) being Borel’s integral method 
(Β΄). The method called Mittag—Leffler’s method in D.S. is that defined by the limit 


οο 
: An 
= Zz P(dn +1)’ 

which corresponds to the case α = 0; see Good (paper (2), § 12). The method here 
called Mittag—Leffler’s method is called the Borel-Mittag—Leffler method by Good 
(paper (2)).t 

A method defined by the integral (1.3) was also given by Le Roy.§ But his definition 
was an extension of Borel’s version of the (B*) method, in which the series (1.2) has 
a finite radius of convergence, and its sum on (0, 00) is defined by analytic continuation; 
see the Comments on 1911, 8. In DS., p. 226, Hardy defines a *-version of the 
(B’,«) method, which also contains Le Roy’s method, and states a corresponding 
extension of the theorem proved here. _ 


t Good (1), J. London Math. Soc. 16 (1941), 180-2. 
1 Good (2), Proc. Cambridge Phil. Soc. 38 (1942), 144-65. 


§ Ann. de la Fac. des Sci. de VUniv. de Toulouse (2), 2 (1900), 317-430. See Borel (2nd 
edn.), pp. 146-8. 
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REMARKS ON SOME POINTS IN THE THEORY OF DIVERGENT SERIES 
By G. H. Harpy 
(Received July 5, 1934) 


1. Ihave collected here a number of remarks which have occurred to me when 
lecturing on Fourier series or on the general theory of divergent series. ‘They 
contain nothing that is important, and not a great deal that is new, but may be 
interesting because they refer to comparatively unfamiliar topics. 


A. On Fourier’s own deduction of Fourier’s theorem 


2.1. By'‘Fourier’s theorem’ I mean here the theorem that, if f(x) belongs to 
an appropriate class of functions, and is ‘representable’ by a trigonometric series 


(2.1.1) lag + >) (an cos nz + δὴ sin nz) , 
1 
then a, and b, are given by the formulae 
(2.1.2) Qn = : f(z) cos nx dz, b, = : f(x) sin πὰ dx. 
op | © fie 


The formulae are older than Fourier, but with that I am not concerned.! 

‘Fourier’s theorem’ asserts, in modern language, that a trigonometrical series 
which represents the function must be the ‘Fourier series’ of the function. It is 
true or false according to the class of functions considered and the manner in 
which the function is ‘represented’ by the series. Thus it is true, after du 
Bois-Reymond and de la Vallée-Poussin, when the function is bounded or in- 
tegrable and the series is convergent. If we assume only that the series is 
summable, by one or other of the standard methods of the theory of divergent 
series, then the theorem is usually false, even when the function is 0.5 ‘Thus the 
series 


(2.1.3) sinz + 2sin 2. + 3sin3r+--- 


is summable to sum 0 by the Abel-Poisson method or by Cesdro means of any 
order greater than 1. 


1 The fullest account of the early history of the formulae is that given by Burkhardt, 
‘Trigonometrische Reihen und Integrale’, Encykl. d. Math. Wiss., 11. A. 12 (in particular 
§16). Burkhardt traces the first of them back to Clairaut (1757). The usual deduction 
by term-by-term integration is due to Euler (1777). 

2 The best results in this direction are due to Rajchmann, Zygmund, and Verblunsky. 
In particular Verblunsky [Proc. London Math. Soc. (2), 31 (1930) and 34 (1932)] has shown 
that a trigonometrical series cannot be summable (C, 1) to 0 unless its coefficients are nul, 
thus confirming a conjecture of M. Riesz [Math. Ann. 71 (1911)]. 
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Here I am concerned primarily with the very special case which is considered 
by Fourier in §§207-218 of his Théorie de la chaleur. Suppose that f(z) is odd 
and analytic for | «| S π, so that | 


οο 


{τὸ (0) 


(2.1.4) f(x) = 2 ὥηπ-π τ 2.Ἐ1 
for |x| S π, and that 
(2.1.5) f(x) = > b, sin nx 


for —7r < x < 7, the series (2.1.5) being convergent in the classical sense.’ 
These are in effect Fourier’s assumptions, and his object is to prove that ὃ, 
is given by the second of formulae (2.1.2). It will be observed that he is 
attempting to prove a theorem of ‘uniqueness’. He wishes to show not merely 
(what is trivial now) that f(z) can be expanded in the form required, but also 
that the series so obtained is the only trigonometrical series for the function. 
The conclusion desired is true, but only on account of ‘Cantor’s theorem’; and 
a mild generalization of the interpretation of (2.1.5) would render the con- 
clusion false. 

Fourier replaces every sine in (2.1.5) by its Taylor series, and equates coeffi- 
cients. He thus obtains the system of equations 


(2.1.6) δ᾽ - BH, + BHO, 4... = (—1)*fe4D(0) (ἢ = 0,1, 2, --- ). 


It will be observed that the series here are all divergent even in the simplest 
cases; thus the Fourier series of f(z) = z is 


sin 2x sin 32 
2 — ieee Φ ΕΣ ΓῚ 
(sin x 5 Ἔ 3 ) ; 


and the system (2.1.6) then becomes 
1—~1+1—...- =, 1— 2% 4 3% — ... = 0 (h = 1,2,--- ). 


These equations are correct when properly interpreted, but they require a theory 
of divergent series; and a very little use of divergent series is, as we have seen, 
sufficient to falsify Fourier’s conclusion. 

Fourier next replaces the system (2.1.6) by the corresponding system 


(2.1.7) Bi + 2°78. + +--+ + PMB, = (—1)*fO4P(0) (ἃ = 0,1,---,& — 1) 


of k rows and columns, solves this system for βι, B2, --- , 8, and makes k tend 
to infinity. The method, as Riesz remarks, embodies an important principle, 


3 The sum of the series at the ends of the interval will naturally not be f(z) but 


2{f(—m) + f(m)} = 0. 


‘There is a short but very interesting discussion of Fourier’s argument in Εἰ, Riesz, 
Les systemes d’ équations linéatres ἃ une infinité d’inconnues (1913), pp. 2-7. 
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and the calculation is the more remarkable because Fourier had no deter- 
minants to help him. It would be hopeless to attempt to ‘justify’ the method, 
in this particular application, under any ‘reasonable’ conditions, and Fourier’s 
calculations are now only a historical curiosity. But the result, viz. 


(2.1.8) ee ee ἃ aa 'ψα σοι τ τ ει 2 why 


2 


is true fairly generally, and is a formula of considerable interest. 

2.2. The formulae (2.1.7) and (2.1.8) suggest several different questions. The 
first is whether (2.1.8) is in fact a valid representation of the Fourier coeffi- 
cient of f(z). 

In the first place, if f(z) is analytic for —r S x S π᾿ we have 


5m, =. ΝΙΝ sin nx dx = ere _ f(r) 


ns 


ΕΠ ee 1) ead (— 1)* [ forty (x) én δ ic}, 


rari nent 


by repeated partial integration. Since the last term is O(n~?-*) for large n, 
we conclude that the series (2.1.8) is an asymptotic series for b,, for any ana- 


lytic f(x). 
The series will be convergent, for sufficiently large n, if 


[L2(n) | < Ke 


for some K. For this, it is necessary and sufficient that f(z) be an integral 
function of order 1 and finite type, 1.6. that 


(2.2.1) f(a) | < Ae®l# 


forsome A and B. If B < 1, in which case also Καὶ < 1, then the series is con- 
vergent forn Ξ 1. ΑἹ] this is familiar.® 
We are led to ask whether the series 


f(r) _ f’' (1) f'n) _ 


(2.2.2) : 
nN 7ὺ 7ὺ 

or 

cee Se) 9. ΤῸ) ree) 


are summable by recognised methods: it is the second series which presents 
itself most naturally. If f(x) is an integral function, we have 


e222 ES el ais Ὁ ψ{τ ὅς {--- 3), 


nm 2) n> 4! 2n 


δ That is to say, in a region of the complex plane containing the portion of the real axis 
from —z to x. This is naturally a more general hypothesis than Fourier’s. 
6 See in particular G. Pélya, Math. Zeitschrift, 29 (1929), 549-640 (especially pp. 578-580). 
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and so 


(2.2.5) [ née fe) Pee ee ὩΣ 


ne 221 


᾿ς it\ | it 
Ξ 55} ° {i +2) +4(x - ἢ) 


_1 Ϊ e-™ {{{π-. it) + γα -- it)} dt, 


2 


if the integral is convergent. In these circumstances the series (2.2.3) is sum- 
mable (B), i.e. by Borel’s exponential integral. The series (2.2.2) is summable 
in the sense which I have called (B, 2). It is summable (B, 1), 1.6. (B), 
whenever 


S@) = i'r) t f'n) P 


n ne 1! nm 2 


is convergent for all ¢; for example, when f(z) is of finite type, in which case 
the series is convergent for large n and summable (B) for all positive n. 
Suppose now that f(z) = ζ(ξ + 7m) is (integral and) of finite type in the half- 
strip R defined by 
—7 S§S7,7 20; 
that is to say that (2.2.1) is satisfied in R. Then, applying Cauchy’s theorem to 


[ἐπ f(x) dx 
and R, we obtain 


πὸ, = ΕἸ | ent f(x) dx 


π 


(228) = | ot, ae | mins flr + in) dh 


ne (ye | e—™ {f(a + in) + flr — ty)} dy. 


Comparing (2.2.5) and (2.2.6), we see that the series (2.2.3) is summable (B) 
to sum (-- 1)" 1 πὸ,. That is to say, when f(z) satisfies the conditions stated, 
Fourier’s formula is correct for sufficiently large n if the infinite series 1s inter- 
preted asa Borel sum. It is correct in this sense for all n if the B of (2.2.1) ts 
less than 1. For example, these conditions are satisfied when 


f(x) = x cos az’? (2Qar « 1). 
7 See G. H. Hardy, Journal London Math. Soc., 8 (1934), 153-157. A series is summable 


(B, k) when the series obtained by interpolating k — 1 zeros between each pair of suc- 
cessive terms is summable (B). 
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It is to be observed that the series may be summable, or even converge, with- 
out representing 6,; thus it vanishes identically whenever f(x) has the period 27. 
In this case f(x), if of finite type, is a trigonometrical polynomial, and ὃ, = 0 
for sufficiently large n. 

There is another generalization of Borel’s method which is fairly familiar and 
which enables us to extend the range of validity of Fourier’s formula further. 
‘The generalization is that often used in summing the series 


Diane τ 1 -- 11 -Ὁ 2] αἕ -- -.-. 


In this case the series 


a 


7) 


is convergent only when ¢|2| « 1, but issummable (B) when R(2t) = -- 1, we. 
when σέ lies within the Borel polygon of summability. This condition will be 
satisfied, for all positive ¢, if and only if R(z) > 0; and then we may write 


2 a ᾿ et 

l1—I1le+2!2?—... -| Tes a 

and say that the series is summable (B?), 1.6. by a repeated application of Borel’s 
method. 

We assumed that f(x) is an integral function only in writing down the sum 
of the series in (2.2.4). This equation will be true, in the Borel sense, whenever 
all the arguments of f(x) in question lie within the Borel polygon of the series; 
and this will be true, for every ἐ, if all the singularities of f(x) are on the real azis 
and at a distance greater than x from the origin. If this condition is fulfilled, and 
f(x) satisfies (2.2.1) in R, then our conclusions about Fourier’s formula remain 
valid with the substitution of (B?) for (B). 

As an example, suppose 


1 1 


a—x a+ 2x 


f(z) = (a>). 

2.3. There remain Fourier’s formulae (2.1.6). Fourier’s series are divergent 
in the most trivial cases, but the simplest definitions are sufficient to sum them 
and to re-establish the formulae. Riesz,® for example, remarks that the for- 
mulae are correct if the series are interpreted as Abel-Poisson sums. Much 
more indeed is true, since Young? has shown that the k* derived series of the 
Fourier series of f(z) is summable (C, k), at any internal point, whenever 
f(a) is continuous. However, the Abel-Poisson method is the simplest and 
most natural which will sum all the series, and it may be worth while to give 
a very simple proof that it will do so. 


8:1 δ Ὁ. Ὁ. 
9 Proc. London Math. Soc. (2) 17 (1918), 195-236. 
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Since f(x) is regular for —7 Ξ ὦ XS π, we have 


b, = Es } le) ertz dr = — τ f(x) εκ" dz, 
πὶ πὶ ΟῚ 


τ 


where C; is a curve from -- π to 7 ἃ little above the real axis. Hence, if 5 > 0, 


De b,e-o" = =f f(x) o> eriz—on dy — rah f(z) re 


Differentiating 2h + 1 times with respect to 6, and then replacing the deriva- 
tive under the integral sign by the corresponding derivative with respect to 2, 


we obtain 
>) nba bn nee i = ee ee 


When 6 — 0, the right hand side tends to 


ΝΞ ye 2.1 pix (—1) | qd \2nt1 1 
I f(z (2 3 τ- κλπ ih (2) cot 5 x de 


Qh+1 1 1 
= Ξ " [πὸ (4) 9 ots τα, 


where C is a complete contour round the origin. This is 


__ 1 )h—-1 
cote i [ pon (x) : cot ; χ αὐ -- (--1}} fern (0) : 
Cc 


and this is accordingly the Abel-Poisson sum of the series En2"+10,. 

A slightly modified form of the argument will prove that the k* derived series 
of the Fourier series of f(x) is summable (A) to f(a) at any internal point of 
(--π, 7). Suppose that 


: ] 1 ᾿ —niz 
fla) ~ Dj ene peng fe f(x) dz, 


and that —r < & < x. Then we can express the sums 
> Cn enit—in ; > Cn enittin (ὃ > 0) 
n2=0 n<0 


by integrals along paths C2, Οἱ from —7 to 7, C; above and Οἷς below the real 
axis. The proof then follows the same lines. 

It is also easy to show that the series are summable (B); we may prove this 
directly from the definitions, or use the theorem that a power series is summable 
(B) at any regular point on the circle of convergence. 


10 This was pointed out to me by Professor Pélya. 
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B. The series δ᾽ a’ $(z) 
3.1. The series of §2.2 were of the type 


οο 


> at (x) , 


r=0 


and we expressed these sums by integrals involving ¢(x) and exponential func- 
tions. A more entertaining form can be given to the results by considering 
series infinite in both directions. We write 


sa) =o) τ ς [@-are@a (50), 


so that a derivative of negative order —r is a ‘Riemann-Liouville’ integral of 
order 7 and with origin 0; and we consider the series 


| - T Tr -Ξ T 1 
(3.1.1) y(x) = 2, α' d(x) = 27 b- h(a) (s = 1). 


I suppose, in the first instance, that 2 and a are positive. 
If the series (8.1.1) is uniformly convergent in any interval of z, then 


y’ = by, y = Ce”. 


Hence we may expect the sum of (3.1.1) to be an exponential function, whatever 
the form of ¢(z).1! 
We write 


(3.1.2) y= >) 074%) = D+ Σ) τ νι Ῥ νι. 


r<0 r2=0 


The first series may be summed at once, since 
(3.1.3) Yi = Σ GT Gap so [ (2 --- τὶ φ() ας = be Ἢ et b(t) dt. 


For this no more is necessary than that ¢(¢) should be integrable. If we can 
prove that (with some interpretation of the series) 


(3.1.4) ye = be b-7g6 (x) = 6 | ed(a + u) du = ber | et h(t) dt, 
0 


γ 0 si 


then (3.1.3) and (3.1.4) will give 


(3.1.5) ἢ πε δε, Ὁ τῷ 5 | et p(t) dt. 
0 


11 See Pélya and Szegé, Aufgabe aus der Analysis, I (problems 165, 261, pp. 30, 133, 185, 
314). The formal remark is probably to be found in the work of Heaviside. 
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These formulae are certainly true, for example, if ¢(x) is integral and of type 
less than ὃ; in this case the series are convergent. 

The work of §2.2 suggests that (3.1.4) should be true under considerably more 
general conditions when the series is interpreted as a Borelsum. The ordinary 
Borel sum is 


fo =) 


I ὦ 2) τ o(x) dx = | ed(z + at) dt = ὃ | e d(x + u) du 


if (i) #(x) is an integral function and (ii) the integrals are convergent. The con- 
ditions that the series should be summable (82) are more general. Suppose, 
for example, that a > 0, x > 0, and that φί(ξ + 27) is regular for § > 0. Then 
the series 


(3.1.6) > 0@) 


has a positive radius of convergence, and x + at lies, for every positive ἐ, inside ' 


its Borel polygon of summability, so that the series is summable (B) to ¢(2 + at). 
Hence (8.1.4) zs true, in the (82) sense, whenever (i) $(& + 1η) is regular for — > 0 
and (ii) the integral is convergent. 

For example, we may take 


γ΄ 
φί() ἘΞ T(c)’ 
where c > —1: ifc = 0, φ() = 0. We thus obtain the formula 
rer 
r — Qe ete. 
(3.1.7) ae ἢ are 


ποῦ 


Here it is understood that terms for which c — r is 0 or a negative integer are 
interpreted as 0. 

The formula (38.1.7) is proved, in the first instance, for z > 0, a > 0, 
c > —1. These conditions may be relaxed. In the first place, replacing c 
byce+1,c+ 2, --- ,wemay remove the restriction onc. We may also sup- 
pose c complex. Finally we may extend the formula to complex values of x 
and a. For here ¢( + in) is regular except at the origin, and not merely in 
the right half-plane. Hence, if 


[ρα — arga| < ἔπ, 


or #(z/a) > 0, z + at lies, for all positive ¢, within the Borel polygon of (3.1.6). 
Hence (3.1.7) is true whenever R(z/a) > 0. 

When ὁ is an integer, the series reduces to the ordinary exponential series. 
The formula itself seems to be due substantially to Heaviside.” 


12 See H. Jeffreys, Operational methods in mathematical physics, Camb. Math. Tracts, 
No, 28, p. 91. 
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Ingham and Jeffreys* have shown that Heaviside’s formula is true asymptot- 
ically, that is to say that 


οο 


ger sees 
ie υ-- 


for large positive x. It is natural to ask whether (3.1.4) and (8.1.5) are true in 
the same sense. We take a = 1. 
If x is positive, and φί(ξ + 277) regular for ξ > 0, then 


$3 H2@ Af 4) {1} 
- rl! Ont cu—r4“\u-2 : 


where C is a circle, of radius less than x, round u = x. We may replace C by 
the circle y whose centre is x + ¢ and whose radius is $2 + ¢t. Then 


R 


Se oe κι} φίιω) 1 -( i ἊΣ 
π γὶ 2πὶ Jy τι -- ὦ ---ςὄὄ μ -- 1 


=oeto— Ὁ [ 9 (ava oe τὺ -J, 


2m Jy U-xX—t\u-2z 


say. 

Suppose now that ¢(u) = O|u|*), where K > 0, in the right hand half 
plane. Then, on y, | ¢(u) | « Α(“« + #),|u—x2—t|>Az,|u—2|> Az, 
where the A are independent of τι, x, 1, R. Hence 


R+1 
| J | < A(ak + m() < A(ak-Fk-1 {Rt+1 4+ g—R-1 jx+R+1) , 


| e-t J dt < A{V(R + 2) 25-1 44. Τ(Κ + R + 2) 27-8} 
0 
| <AT(K + R +4 2) ak-#4, 


>, (2) = | at Dit oo eS ᾿ 6 φία + ἢ dt + OG"), 
0 0 0 : 0 


rT 


for large x. In this sense the series is asymptotic. When, as in Heaviside’s 
formula, $(x) is a power of z, the series is asymptotic in the ordinary sense, the 
error after the term of order 2°" being of order το ΚΠ 1. 

C. The W, V, and B methods of summation of Fourier series 


4.1. We may say that >) a, is summable (A, a), where a > 0, to sum 8, if 
>, a,e-*"” is convergent for all positive ὃ and tends to 8 when 6-— Ὁ. The 


13 Jeffreys, ἰ. c. 
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particular case which is relevant here is the case a = 2. In this case it is con- 
venient to replace ὃ by (δπ)3, so that 


(4.1.1) D> dn er? 8, 


In these circumstances I shall say, for reasons which will appear in a moment, 
that the series is summable (W). 
A series may be summable (W) without being summable (A); thus 


l—-r+27-—24+.-- 


is summable (W), to sum (1 + x), for some xz > 1. It is however easy to 
prove that if Ss a, 1s summable (W), and oy an,e—™ is convergent for all positive y, 
then >a, 1s summable (A).4 Ina word, the (W) method is more crudely powerful, 
but, for delicately divergent series, the ordinary Abel-Poisson method is always 
the more effective. In particular a Fourier series, if summable (W), is certainly 
summable (A). 

It is not quite so easy to give an example of a Fourier series which is sum- 
mable (A) and not summable (W). I have however shown” that the Dirichlet 
Series 


> ηγ 9 ei (log n)2 (s > 0, A> 0) 


is summable (A) if s > 1 — Am and summable (W) if s > 1 — ξάπ, these in- 
equalities being the best of their kind. Hence the series 


> mits eAt (log n)2 COS NZ, 
with 
0<6<4,3Ar <5 <Ar 


is a Fourier series summable (A), but not summable (W), for xz = 0. 


If 
4Ay + > An(t) = ta) + a: cos nt + ὃ, sin nt) 
14 From 
es | -“-“΄..: 
Vz |, τῇ 
we deduce 


by α, ον = 2 “" Jez dx 
n “τ ψ 13 


where f(u) = Σα, 6. 2, and the conclusion follows from the continuity of f(u) at the 
origin. Much more general theorems concerning the relations of the methods (A, a) and 
(A, 8) have been proved by M. L. Cartwright, Proc. London Math. Soc. (2), 31 (1930), 81-96. 

16 G, H. Hardy, ‘The application of Abel’s method of summation to Dirichlet’s series’, 
Quarterly Journal, 47 (1916), 176-192 (192). 
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is the Fourier series of f(t), then 


A(x) = 1 [ f(t) cos n(t — x) dt, 


= Aa + >) Aa(2) ᾿νε, * [ f(t) K(t — x) dt, 


where 
io a] 1 oo 
K(u) = 5+ +> ) cos nu e— (mn)? = > e—(onm—u)2/4n2 62 
1 26/4 52 


by a familiar formula of elliptic functions. It is plain that, when we substitute 
the second series for K(t — x) under the sign of integration, all the terms are 
trivial except that for which n = 0. Hence, zn order that the series be summable 
(W) fort = x, it 1s necessary and sufficient that 


4.1.2 t) e—(t-2)?/42 62 le - g 
( aay js e = 


1.€. that Weverstrass’s singular integral for f(t) should converge to 8. 
The (W) method, like the (A) method, sums the series at any point of ‘mean 
continuity’. Mean continuity is defined as follows. We write, as usual, 


ot) = φ(ί, 2) = ἐ{7(5 - ὃ + 7 — ὃ — 2s}, 
with arbitrary s, and 


‘Ore | οὐ δὴν HO = De δ διὰ ats 


and we say that f(t) has mean continuity at z, or tends to 8 in mean at 2, if 
(4.1.3) ox(t) = o(t*) 


for some k. 
The series will be summable (W) if 


(4.1.4) 1 [φὦ e—/4n2 2 dt — (1), 


where the integration is over a small fixed interval including the origin; or, 
what is the same thing, if 


| oo (4 ἢ] (eH) ay = o(1). 
d J —t2/4r2§2 _  o—k [: —t2/4r2 δὲ 
(4) 6 = 6*Q: 5) é ᾿ 


Now 
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where Q;(u) is a polynomial of degree k in u; and 


1 ἐν ἐλ 12 /4n2 δὲ 
; | (5) ar(5)< a 


is bounded in 6 for every k. From this it follows in the ordinary way that 
(4.1.3) implies (4.1.4). 

4.2. Another method of summation which has the property just proved for 
the (W) method is that of de la Vallée-Poussin. We say that >~a, is summable 
(V) to s if 


n n(n — 1) n(n —1)---1 = 
etait Geeta TENG +2) on 
Since | 

1 n n(n — 1) ied sal τ 
Sia GaGa  Ξ- ont cos 5! 
and 


J2n-1 η 2 ἘΞΣ 


a necessary and sufficient condition for the summability of the Fourier series 


to s is that 
1 n ω 1 25 
5 4/® [Κοζοωξα. 2d)" dts, 


or, what is the same thing, that 


(4.2.1) νη | d(t) (cos :)" di = o(1), 
the integration being again over a small fixed interval including the origin. 
The relations between the (W) and (V) methods are much closer than those 
between either of them and the Abel-Poisson method. In particular, for 
Fourier series, the (W) and (V) methods are equivalent. 
To prove this we have to show that the hypotheses (4.1.4) and (4.2.1) are 
equivalent. If we write 1/» for 776? in (4.1.4), it becomes 


(4.2.2) νν | (t) = dt = o(1). 


Here however » tends to infinity continuously, whereas n is an integer in (4.2.1). 
We therefore prove first that if 
N<vr=N4+f<N+4+1, ret = Σ, reas, 


18 Mr. J. M. Hyslop has shown that the two methods are equivalent for all series in 
which a, = O(n*) for some k. 
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and a, = o(1), then 
(4.2.3) Dy On (6 τ) _ e-(nfgn)? | _ Q 


when N -- οὐ, uniformly inf. This will show that, when a, = o(1), (4.1.1), if 
true for the special sequence (49), is true generally, so that we may suppose v 
an integer in (4.2.2). For this, it is enough to prove 


δ {em l(N+) ΜΌΝ 6. n/N} 
bounded; and this sum is less than 


1 1 


1 — eae) ~ 7 _ enn 
—~N+14+40(1) —-N +0(1) = οὐ). 


We may therefore replace v, in (4.2.2), by n. 
We choose a value of a between ὃ and 4. If t > n-@ then 


>> {e-nl(N+1) __ e-niN} ς- 


—jn t? < ἔπ, ee 
and!’ 
1 2n 4n log 1----: t2 —1n 72 —1,,1—2e 
(cos 3 = e2nlogcostt < ρ ( τὸ ) cet «εὖ 


Hence the parts of the integrals in which ὁ > πὰ are negligible, and it is suffi- 
cient to prove that 


ne Qn ΒΕῚ ey ee | 
s=f | 600 | 4 (cos 8 ~ otha - ln 4), 
0 


1 \%& -ἰπ t?+0(n t*) 
(cos 5 ) =e ἢ 


1 2n —in t2 
(cos ) —e* = O(nt'), 


Here 


and so 


J= ofn t i* | b(t) at} = O(n'42) = on Ὁ) 


which proves the equivalence of the two methods. 
4.3. I conclude by a few remarks concerning the summability of Fourier 
series by Borel’s method. This method is much less useful than those which 


eT eg ὅν eee pole " 
2 24 4 
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we have been considering since §4.1, as has been shown by C. N. Moore!8 (and as 
will appear incidentally in the sequel) it is not always effective at a point of 
continuity. Littlewood and I have however shown” that Borel’s and similar 
methods can be of service in the theory of convergence of Fourier series. 

In what follows I suppose that ¢(¢) tends to 0 with ¢t. Since a, and δ, are 
o(1), the various forms of Borel’s definition are equivalent. I take the defi- 


nition 
nr 
= lim εξ Σὰν Ἐν 
n! 


§—r00 


Since 
ὟΝ Τ᾿ eee : 1 
> Fain (n+ 5) ta sin ξ 810 + 51 : 
the series will be summable to s if and only if 
1 
sin (¢sin: εν ) 


in ~¢ 
sin 5 


(4.3.1) / h(t) ο΄ ἔ(--οοβ ἢ dt— 0. 


Here we may, on the usual grounds, omit the 3 ¢ in the argument of 
1 
sin (¢sin Ἑ Σ ; 
and replace sin 3¢ in the denominator by 3%. The condition thus takes the form 


(4.3.2) / p(t) ε΄ ἔα--οο8 ἢ “πο dt — 0 


The condition (4.3.2) may be simplified further. Since 1 — cost > 3 @ for 
small ἐ, ¢(t) = o(1), and 


1 
. --τξι σππο 
00 e ΕἸ οο e 3 
; dt = 
to t 1 U 


is bounded, we may ignore the part of the integral for which ἐ > δ. J 
ἐ < &+ then 


e-*-cos 4) sin (ξ sin t) — sin & = O(Eét?) 


18 Proc. Nat. Acad. of Sci., 11 (1925), 284-287. See also Εἰ. Hille and J. Ὁ. Tamarkin, 
Math. Annalen, 108 (1933), p. 557. 

19 ‘Some new convergence criteria for Fourier series’, Annali d. R. Sc. di Pisa (2), 3 (1934), 
43-62. 
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and 


1 _1 


[᾿ | b(t) | Ο(ξὺ dé = o( [ ᾿ ι4) = o(1). 


Hence a necessary and sufficient condition for summability™ 15 that 


1 


ε 2 ι. 
(4.3.3) | o(t) = 30. 
0 


Suppose now that 


(4.3.4) | φ() = ὁ {(με ae : 


Then 
ες sin δέ ἫΝ ε ? 
wo=[ oo 8a [ +f, τῷ το. 
Here ΄ 
¢—1 
Ji(é) = (| eat) = o(1), 
and 
ΕΣ dt 
Jo(€) = 0 [᾿ tlog (1/2) = o(log 2) = o(1). 


Hence the series is summable (B), to 8, whenever o(t) satisfies (4.3.4). It is this 
result, in a different and generalised form, which Littlewood and I use in the 
paper just referred to. Combined with Tauberian theorems, it yields interesting 
criteria for ordinary convergence. 

It is easy to deduce from (4.3.3) that Borel summation is not always effective 
at a point of continuity. The proofs that the Fourier series of a continuous 
function is not necessarily convergent depend, at bottom, on the fact that 


a %..9 
i sin’ ξί dt 
0 t 


‘is not bounded. Since this is equally true of 


ae | 


Ζ 
ἕξ ἔν 
| sin St ae 
0 t 


the same is true of Borel summability. 


TRINITY COLLEGE, CAMBRIDGE, ENGLAND. 


20 When o(t) = o(1); in particular, when f(t) is continuous at z. 


CORRECTIONS 
p. 171, leone 4 up. For (C,k) read (C, k+1). 
p. 174, lines 17-20. Replace [(c) by I'(c+1). Omit ‘if ὁ = 0, d(x) = 0’. Replace 
T(c—r) by ['(c—r+1). Omit ‘0 or’. 


οο R 
p. 175, line 3. Replace > by > , and I'(e—r) by I'(e—r+4+1). Cf. 1945, 3, § 1. 
R — © 


COMMENTS 


Section A 
A further discussion of Fourier’s proof of ‘Fourier’s theorem’ is given in D.S., Ch. IT. 
An English translation of Fourier’s Théorie de la chaleur, by Freeman (1875), is reprinted 
by Dover Publications (1955). 
The methods (B) and (B, 2) are called (Β΄) and (Δ΄, 2) in D.S., p. 83. The (825) method 
is given in Borel (Ist edn., p. 99, 2nd edn., p. 129); see also D.S., p. 346. 


Section B 


The series (3.1.7) is given here as an example of the series (3.1.1). In 1945, 3, Hardy 
observes that it is also a case of Riemann’s form of Taylor’s theorem:f 


7 att8De+8f (Ie) 
s=—0 
Put k = 0,8 = —7, f(x) = e*/* and{ De — δῬρδα͵ 


In 1945, 3, Hardy points out that the asymptotic formula, attributed to Ingham and 
Jefferies in § 3, had been given by Barnes§ in 1906, for complex x in an angle. 


t For reference see 1945, 3 and the Comments on that paper. 
1 Cf. Liouville, J. de l’Ecole polytech. 13, cah, 21 (1832), 1-69. 
§ See the Addendum to 1945, 3. 
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NOTES ON THE THEORY OF SERIES (XX): 
ON LAMBERT SERIES 


By G. H. Harpy and J. E. LirrLewoop. 


(Received 6 February, 1936.—Read 20 February, 1936.] 


1, A series Xa, may be said to be “Lambert summable”’, or 
“summable (Z)”’, to sum J, if 


| oe nye TY 
(1.1) . ἡ ἘΞ ay, —>l 


when y—>0 through positive values. This method of summation is one of 
the most interesting of the less familiar methods because of its curious 
connections with the analytic theory of numbersy. 

There are known theorems which state simple relations between 
Lambert summability and summability by more usual methods. 


THEOREM 11. If Sa,,is swmmaile (C, k), for any k, then vt is summable 
(L) to the same sum. 


Turorem 2§. If La, is summable (L), then it is summable (A) to the 
same sum. 


In fact (6) <(L)<(A); the Lambert method includes the Cesaro 
methods and is included in the Abel-Poisson method. The proof of 
Theorem 1 is straightforward); but that of Theorem 2 demands the 
‘prime number theorem” or an equivalent. Both theorems are ‘‘ Abel- 
ian” in character; they state relations of complete inclusion, without 
supplementary conditions. 


+ See Hardy and Littlewood (4); Wiener (10, 39; 14, 112). 

+ Hardy (2), Theorem 2. 

§ Hardy and Littlewood (4). 

|| It is a corollary of general theorems of Bohr, Bromwich, and Hardy, concerning 
series >a, x,(y). 


1936, 1 (with J. E. Littlewood) Proceedings of the London Mathematical Society (2), 41, 257-70. 


258 G. H. Harpy and J. E. Lirrnewoop (Feb. 20, 


2. It is natural to ask for ‘‘Tauberian’’ theorems corresponding to 
Theorem 2: in what circumstances does summability (A) imply summa- 
bility (Z)? The supplementary or ‘‘Tauberian’”’ conditions may be 
expected to bear, not directly on the coefficients a,,, but upon the function 


(2.1) fly) =a, e-™. 
1 


One such theorem has been proved by Ananda Rauf. 


THEOREM 3. If 


(2. 2) 7.)-»Ἱἱ 

and 

(2.3) f(y) = 0($)), 
where $(y) ts a positive decreasing function such that 
(2.4) |, e@)dy < 0, 

then 

(2. δ) g(y) >. 


That is to say, summability (4) implies summability (Z) under the 
supplementary condition (2.3). We shall give a new proof of this theorem 
in §3, and see later (§8) that it is a ‘‘best possible’ theorem of its kind. 
There are, however, other theorems (neither including Theorem 3 nor 
included by it) in which the supplementary condition has a simpler form. 


3. THEOREM 4. 7} f(y)>1 and 


(3.1) f"y)> -π, 
then g(y)> lf. 


We may suppose /—0. Then, since 


2) mye-™y 
gy)= = a Im =Y 


3 
i M8 


οῦ 
Σ May, 6 πιὴν 
1 n=1 


=yh = Mp CY = τῷ Σ f'(ny), 
n= 


n=1 m=1 


t Ananda Rau (1), Theorem 2.2. 
+ Here, and elsewhere, C is a positive number independent of y and (when ἢ occurs) 
of n. 
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(2.5) is equivalent to 


_ 9(0). $F pring) — 9 (1 
(8.2) hy) = 2 — Ep (ny) =0 (7). 
a co ((ntl)y 

Now fu) =—|" pou — Σ |" roa 
Hence 
(3.3) fly)—gy) = fy)-+yby) = Σ u(y) = 30), 
where 

(n+1)y 

(3.4) uty) =|" (f(y) —F'0) at 
Similarly, 


(3.5) f(y)—yf' (ψ)---σ(ν) =fy—yf y)+yh(y) = Py v,(y) = T(y), 
where | 


(3.6) nny) =| 


(n+1)y ( 
ny 


γίω Ε1)9)-- Ὁ) a. 


We use both (3.3) and (3.5) in proving Theorem 4. 
The conditions of Theorem 4 imply thatT 


(3.7) f(y) =o (:} 


so that each term of S(y) or Τ(ψν) tends to zero. If the conditions of 
Theorem 3 are satisfied, then S(y) is majorized by 

yXUd(ny)<y \ pty) dt < C, 
so that S(y)>0 and therefore g(y)>0. We thus obtain an immediate 


proof of Ananda Rau’s theorem. 
Returning to Theorem 4, we write 


Sy) = Σὰ, (y) = Erg ly) Ete (y) = 84(y) + Spy). 
1 1 N+1 


In S.(y) we have 
Κ΄ (ny)—f () = —(t—ny) [7 (τ) (ny <<), 
C C 


SS <_< 
----- 


n2 y? n2° 


and so unly) <y-y- 


Ne 
+ Hardy and Littlewood (3), or Landau (5, 58). 
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Hence S.(y) < os <e 
N tT 


for N = N(e). Also S,(y)—+>0 when N is fixed. It follows that 
lim S(y) <0, 

and therefore, from (3.3), that 

(8. 8) lim yh(y) <0. 

Similarly we prove that 

lim T'(y) > 0, 

and therefore, from (3.5) and (3.7), that 

(8.9) lim yh(y) > 0. 


Finally, (3.8) and (3.9) show that yh(y) +0. 


4. There is another theorem of some interest which neither includes nor 
is included by Theorem 4. 
We write 


(4.1) PY) = fay) = Una, e-™, 


for all reala. When a is a positive integer, f*(y) is, apart from sign, the 
a-th derivative of f(y). Also 


(4.2) foe) = pam | τὺ» fa 
when B>0, and 
(4.3) SW) = το], (Hwrapwde 


when y>0O. Our formulae embody the natural definitions of the deriva- 
tives of arbitrary order. 


THroreM 5. If f(y)>l and 


(4.4) PRY) = Oy) 


for some positive 5, then g(y)—l. 
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It will be observed that (4.4) is not a “one-sided” condition, as 
(3.1) is; we return to this point in a moment. 

We use the identity (3.3). The hypotheses again involve (8. 7)7, and 
μ,(})- Ὁ for every n. 

Next, by (4.3), 


{0 = PO) = peg | (HOP (wy, 
and so 
7 (ny)—f' (ἢ = ~— ΓΑ(δ) J, Rr 1 ΠΠ (wu) ὦ 


+5 |, (@—O = (way) 4) f(a) du= J, +I 


(n+1)y | 
Ty = 0 ((ny) |" (w—ny)*4du) = 0 ( (ny!) = O(w4y, 
ny 
uniformly for ny<t< (n+1)y and all n; and 
J,=O ((nyy | (ὠ--ἢ-- (ω---πψ) 1) du) 
t 


= O[ (ny) **(t—ny)*) = Ory). 
Hence |un(y) |< Οπ 1, 
and S(y) is dominated by ΟΣ 1 δ, It follows that S(y)—>0 


5. It might be thought that there should be a more general theorem with 
(5.1) a) ed Os ic 


in place of (3.1) or (4.4); such a theorem would include both Theorem 4 
and Theorem 5. It seems that this is not so; that (5.1) is not a sufficient 
condition unless ὃ >1; and that each of Theorems 4 and 5 is in a sense 
‘best possible’’. We do not prove this formally, but the remarks which 
follow will probably persuade the reader. 

There are well-known relations between the orders of magnitude of the 
derivatives of f(y). Let us suppose for the moment that f(y) is a general 


+ See M. Riesz (7). Riesz works with a different definition of the fractional derivatives, 
but the difference is of no importance here. 
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function of the real variable yf. Then 


(5. 2) Fy)>1 

and 

(5.3) | f(y) = ο(χ ἢ) 

imply 

(5.4) FP(y) = οἰ") 

for0<B<at. Ifaand fare integers, (5.3) may be replaced by 
(5.5) fey) > —Cy°§, 


but this is not true without reservation for general a and B; (5.2) and 
(5.5) imply (5.4) when 0< B <a—l, but not necessarily when 


a—l<B<a. 
Suppose, for example, that a = 2 and C — 0, so that (5.5) is 
(δ. 6) | f(y) > 0. 


Then (5.4) is true for 0 < 8 <1, but f*(y) may have infinities, when 8 > 1, 
in every neighbourhood of the origin; in this case f’’(y) will also have 
infinities, but this is consistent with (5.6). Thus (5.2) and (5.6) do not 
imply 

f(y) = O( d(y)) 


for any monotonic ¢, however rapidly ¢ may tend to infinity, when 8 > 1. 

Here we are concerned with power series (so that infinities are im- 
possible), but the limitations on theorems of this kind are effectively the 
same. ‘Thus 


fly) = Xa,e-™-1, f’(y)=inta,e >0 


+t In this case our definitions of the derivatives must be framed differently. We must 
define f,(y), for B>0, by (4.2), and 


F*-8 (y) = fe-x(y) (k= 1, 2, ac) 
d \* 
by Se-n(y) = (—1)* [2] faly). 


The functions are no longer power-series, and the question of “‘ consistency ”’ requires atten- 
tion, but the general situation is much the same. 

{ See Hardy and Littlewood (3), M. Riesz (7). Theorems of this type are by now 
familiar. 

ὃ See Hardy and Littlewood (3). 
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do not imply ) 
762) = Unba, er = ο(γ Ὁ) 


when B>1. Hence Theorem 4 is not (as we might have expected it to be) 
a corollary of Theorem 5. And (5.1), for some positive δ, does not, even 
when C = 0, imply (4.4) for all smaller positive 5, so that we cannot replace 
(4.4) by (5.1), in Theorem 5, in the way which is naturally suggested ft. 


Negative results. 


6. We shall not attempt to prove formally that Theorems 3, 4, 5 have 
all a best possible character (though this is the natural lesson of our analysis). 
But it is desirable to show by definite examples that one particular condition, 
viz. 


(6. 1) | fy) =o(—), 


is not a sufficient substitute for (2.3), (3.1), or (4.4); and this will lead us 
to the study of some special series which have an independent interest. 
The proposition to be negatived is 


(A) fy) +1. fy) =0([) 9) +1. 


With this we may associate two other propositions, viz. 


(A,) fly) = 0(1).f'y) = 0 (=) gy) = σι); 
and 
(Ag) IfW1< ὁ... Y)| <=. r|9(u)| <4, 


where H = E(C,D). We may call (44) the “Ὁ form” and (A,) the 
“inequality form” of (A). The three propositions stand or fall together ; 
if we can prove (A,) false, for example, we can deduce the falsity of (A) 


ἱ Τὸ may be shown that (5.2) and (5.5) imply 
lim y° f(y) > 0 
when 0<a—1<B<a. 
The significance of the difference 1 between a and 8 becomes clearer if we suppose that 
f2(y) > 0 and observe that 
1 


PW) = παίξῃ | (eure roa 


increases (when y decreases) if a—6 > 1, but not necessarily if a—8 <1. 
+ »» is Hilbert’s symbol for implication. 
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by a familiar, though possibly tiresome, routinet. In what follows we 
shall consider (A,) or (A,), and leave the transition to (A) to the reader’s 
imagination. 

We have two ways of proving (A,) or (A,) false. The first depends, at 
bottom, on the facts that 


h(y) = Xf" (ny) = y* ζ(5) 


 apl-s 
when fly) = y 


and that {(s) is not bounded on the line s = 1- ὐ}. ‘This is the most natural 
line of proof, but there are complications because (i) y~* is not a power series 
in e-¥, and (ii) Σ 5 is not convergent when s = 1-78. 


We take | 
1—e-v)-ta ; i ἢ 
(6.2) fy) =F pry sere, 
where a= [Y-*] 


and Y is small, sothata>1. This f(y) obviously satisfies the hypotheses 
of (A,), with C=D=1. We consider its behaviour for y= Y. 
We have 


(6.3) —g9(Y)= YA(Y)=Y2uf' (nV) = Y De" (1—e*¥)- τα 
ΞΎ ΣΤΥ xX 4+Y = ΞΕ 
Na a<n<1/Y n>1/Y 
say. 
In S,, nY =7 is small, and 
e"=1+0(y), 1-et=+0(7?), (1--α τ = 1+ O(a). 


Hence 


(6.4 S;=Y¥ 5 ((m¥)*4+0(a)) = Y* Σ w+ 0(Ya?) 


naa 


= Y-@( £(1-+ia)+0(1))+O(1)t = Y-*¢(1+ia)+-O(1). 


t+ Compare, for example, the three false propositions: 
(a) if f(z) >l when x-—>0, then 
é 
σ,-- =| fle) 
υ 
(a,) if f(x) is bounded, then J, is bounded; 
(a) if |f(w)|<C, then |J,|<H(C). 
+ Itis familiar that ¢(1+ 2) = 2 τ τι. O(1). See, for example, Titchmarsh (8), 13. 


sin nx 
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Next 
(6.5) S,=: 3 Ye-"¥(1—e-¥)-1-ia — Yu, (Y)-+ Dv, (7) = S,' +8", 


(n+1)¥ ; 
where u,(Y)= | e*(1—e-t)-1-1a dy, 
nY 
(n+1)¥ " ; ᾿ 
Vn ( Y) = | ( ennt ( a en )—1-ia __ et ] --εἡττ ἴα ) dt, 
nXY 


and the summations are overa<n<1/Y. Here 
(6.6) 8S,’ =| d-eyr ed = [- (l—e~ “«] = o(—) = O(1 
a δ 1a ae τῶ ape) 
(the particular values of τ and 7 being irrelevant). The integrand in 
v,(Y) is 
a 


- £ (e-"(1—e")-1-2) du = Ὁ Ὑ: τ] +0(¥. ys) = ο( 59). 


n 


uniformly in ἢ, and so 


(6.7) 8," = 0(a¥ eee )=0(a > 5) = O(1), 


"πὰς Uae a 

Finally, it is obvious that 
(6.8) S, = O(1); 
and (6. 8)-(6. 8) give 
(6.9) —g(¥) = Y-#£(14ia)-+0(1). 
Since €(1+7za) is not bounded for large a, or small Y, this contradicts 
(Ag). 

7. There is an alternative method which leads to more interesting 
analysis. We take as our goal the refutation of (A,). Suppose that 


7 ; a a 2e-¥ 2Zae—¥ 
(7.1) f’(y) =cosechy cos (a cosech y+ 8) = Toon 5908 (<a +8) ξ 


Then f(y) tends to a limit} and yf’(y) is bounded. We wish to show that 
g(y) is not bounded, and it is plainly enough to prove that 


᾿ ] 
(7.2) ἄξει Ὁ f'(ny) #0(—). 
n<1/y y 
+ Since [ων = lim {7 ῳ)άν 
exists. 
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If we replace the first factor cosech ny in f’ (ny) by 1/ny, the error intro- 
duced into a term of S is O(ny), and that in S is 


i a7 


= το Ἐβ)-τοος (= ἀν ἘΒ)-- (1) sin (O(ny)) = O(ny), 


Also 


and so 


3,390" Gag +8) (+8) = 2, 00= 0G), 


Hence (7.2) is equivalent to 


(7. 8) T= ΤῈ = 008 (2 +B) #O(1) 


n<l/y 70 


and it is sufficient for our purpose to prove that the functions 


1 x 1 x 
are not bounded for large xt. 
8. THEOREM 6. P(x) = O(log log) f. 


If c is fixed and 
CVU Ξμανεα, 


then 
an vty 
B= cos = —| — cos — dt 
μ 1 n me t 
v fnt+l1 
| (τ cos = —— cos +) at 
μ Jn 7ὺ 7ὺ t t 


3G) ο())τ οι ποτ it) = OU) 


es δ μὰ 


t+ Either function would suffice; but there are ΤΠ ἘΣ differences between them 
and we discuss both. Since 


3 


Sa ο[α Σ +] = O(1), 
τε 1 n nr n 
the second series may equally well be extended to infinity. 
1 |P|>Cloglogz for appropriate large zx. 
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Hence 
(8. 1) Ῥω Ξ: © + ὁ“ 40(1) = P*(x)+0(1), 
neat n 
the O being uniform in p for ὁ γα <p <a. 
We suppose & to be a large positive integer, and take 
C= τ Jak. tHe 4 1 2p is Bh). HK 


Then μ lies between 4/(x,/27) and x; for all 7, and (8.1) is true when 
= Καὶ and x=2,, uniformly in 1. 


Now 
ko] K i 1 x, 
(2;) = Wee τὶ 605 “ m7 BRT a 7 908 a> 
and so 
] K . 7 Κ 1 K Ἶ 
Bey ae — 5) J%1 
τ Σί- — 5) Ps (a) > aK Bkt ze Br arc! ( Tee 


K j 
But 4+ Σ (.-- 2) cos 70 
a K 


is the first Cesaro mean of the series 4-+-cos 6-+ cos 28-++..., and is therefore 
non-negative for all 6; and so | 


ΚῚ 
og k— aK Uy > (2-2) logk 


is (ι-- 2) Peg ΕΣ Σ 


K ;:, K 2K 
for every ε and sufficiently large k. It follows that 
P¥(x;) > (l—e«) logk 


for every ε, sufficiently large k, and some yj. The same is true of Pe ;), by 
(8.1). Finally, 

α, «Ξ QnrK* < 2Qr(k!)?, logz;<Cklogk, loglogz,< Clogk, 
and the theorem follows. 


It is plain that the same argument would prove that 


pian cos — = Q(log log log 5), 
Nz 


and that it could be developed so as to prove Ananda Rau’s theorem the 
best possible of its kindy. 


+ As indeed, no doubt, could thai - 6. 
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9. THEOREM 7. Q(x) = Ω( (log log x)t), 


We denote by g a number of the form IIp*%, where the p are the primes 


4m-+-1, and take 
Κ--- JE og, 


g@<4k4+1 
x=tnK, 24;=(47+1)x (7ΞΞ1, 2,..., K). 


As before, it is sufficient to consider 


for the values 2,. 


If n| K, then K/n is an integer 4m-+1, and sin (x,;/n) = 1. Hence © 
. 
Q*(a,) = Στ +R(x,) =Ak)+ Ra), 


say, where R(x) = Σ' — sin =, 
n ῃ 


Σ΄ denoting a sum over n which do not exceed and do not divide K; andt 


Bue 


᾿ | 
(9.1) EO) =AL)+-z ὑπ ξ᾿ 


,1 ἢ. 
»" — Σ sin 
ἢν ge Nn 


j=1 
In the inner sum on the right of (9.1), 2a/n differs from the nearest 
multiple of π᾿ by at least C/n, so that 


e 
x sin ITN? _ o( 


g=1 


cosec at ) = O(n), 
n 


and the repeated sum is 


Hence 


and | Q*(x;) > (1—e) A(&), 


for some j, in the sense of § 8. 


ft There is no advantage this time in taking a more elaborate mean. 
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Finally, it is plain that 
NSS 5. .1. 
q<4k+1 7 


If N(n) is the number of g which do not exceed n, then 


] N(n)—N(n—1) N(n) 
x —-= YF > 
q<4k+1 Jo n<4k-+1 ” “κει (n+1) 
Cn 
Butt N(n) > (logn)? 
and so Q*(z,) = Q{ (log i) | = Q( (log log x,)*). 


We cannot prove that Q(x) is ever as large as log log x, though this is true 
both of P(x) and of 


1)» x 


1)? 
Qi(%) = 2 a a as 


The ‘‘O-problems”’ for all these sums are much like the corresponding 
problems for €(1-+7#). 

The series are also connected by identities with series of a quite different 
type. Thus 


(2) ΞΞ = τ (1—e-#/") -- 2 logz+2y 


ἜΣ [Κ οἱ ν (2nmi ))+Ko(/(—2niz))}, 
if %(z) > 0; here y is Euler’s constant and K, is ‘‘ Basset’s function” f. 


Such identities lead to interesting translations of our theorems. Suppose, 
for example, that 


f(s) = Στ στον 
1 
if s = o+i, σ > 0, and f(t) is the limit of f(s) wheno—+>0. Then 
fit) = QU{t|# log log |t)). 
That f (it) = O(|t|***), for every positive ε, has been proved by Dr. Eric 
Phillips, but the proof has not been published. 


+ Landau (6). 
t Watson (9, 77). 
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COMMENTS 


Theorems 1 and 2 are proved in 1914, 5 and 1921, 6 (in vol. IT) respectively; see also 
D.S., Appendix IV. 

The hypotheses in Theorem 3 imply that 4(y) = 0(1/y) as y > 0, and hence that (3.7) 
holds. They also imply, since f’(y) is continuous for y > 0 and O(e-”) as y > oo, that 
fly) ε BV(9Q, 00), Le. that Σ᾽ a, is absolutely summable (A). 

The definition (4.1), for the fractional derivatives and integrals of a sum of negative 
powers of οὕ, and also the formula (4.2), are due to Liouville;f (4.2) is also used in 
1914, 4, §6. 

In the proof that the hypotheses of Theorem 5 imply (3.7), the functions f and —/’ 
may be expressed as fractional integrals of f1+°, by (4.2). Then it is enough to prove 
the two similar propositions (where y > 0+): (i) A43 > ZL and Fy = O(y) imply 
F, = o(y-), (ii) F, = ο(ψ δ) and F = Ο(ψ " δ) imply δὲ = o(y). Since the inte- 
grands are exponentially small at infinity, Riesz’s analysis for integrals with a finite 
base may be adapted. 


+ J. de VEcole polytech. 13, cah. 21 (1832), 1-67. 


NOTE ON A DIVERGENT SERIES 
By G. H. HARDY 
Received 26 July 1940 


1. The series Ynlzenr (1:1) 
0 


is the simplest and most familiar power series whose radius of convergence is zero. 
It is natural to regard it as a development of the function G(z) defined, when 


2=x“2+wy=re® (0 «θ « 27), (1-2) 
© et 
by G(z) - ing (1:3) 
οΟ οο . (zt)r+1 
For G(z)= | e“{l+2t+...4 (2) dt+| et αι 
0 0 1 --- σέ 
=14+1!24+...+n!2"4+R,(z), 
e dt (n+1)! 
: n+1 —tyn+1 n+1 
say; and | B,(z)| <r [ie t ial ie” 
or | B,.(2) |< (m+ 1)t r+, 


according as x is positive or negative*. Thus the series (1-1) is an asymptotic 
series for G(z) in the sense of Poincaré. 

It is easy to verify by standard methods that the origin is the only finite 
singularity of G(z), and that 


G(z) = =e log ( -) + H(z), 


where H(z) is regular at infinity. Thus G(z) has an infinity of branches differing 
by multiples of οπὶ 
— εἴς, 
z 


There is one branch which is positive on the negative real axis and tends to 1 when 
z-> Ο along the axis. We call this branch, which is that represented asymptotically 
by the series, the principal branch; and, by G(z), we shall mean the principal 
branch of G(z). 


* |1~—zt|? = 1~2rt cos 0+ 7%? has the minimum sin? 6 or 1, according as cos @ is 
positive or negative. 


1941, 2 Proceedings of the Cambridge Philosophical Society, 37, 1-8. 
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2. We denote by P the region 0 < 0 < 27 (the plane cut along the positive real 
axis), and by P(R, 7) the closed region 


O<r<R, 0<n<0< 20-74 < 27, (2-1) 


where ἡ <7. The function G(z) is regular in P, and it is natural to suppose that 
there should be some method of summation which sums the series (1-1), to the 
sum G(z), throughout P and uniformly in any P(R,7). But the more obvious 
methods of summation are not so effective as this. Thus we might try to sum the 
series by a double application of Borel’s method. If we apply Borel’s method, in 
its usual form, to (1:1), we obtain 


| e- (zt)” dt. (2-2) 
0 
The series is convergent only if rt < 1, but we may sum it in its turn by Borel’s 


method whenever R(zt) = rt cos <1, (2:3) 


thus obtaining the sum G(z). But (2-3) is satisfied, for all positive f, only when 
rcos@ <0, so that the method is effective only in the half-plane x < 0. 
The method of summation expressed by the formulae 


Ce |, 600 w" dw, 


£0.72" = |, 00 a ΑΝ (wz)" dw, 
0 n 


is a generalization of Borel’s method, to which it reduces when ¢(w) = e~”, 

c, =n}. It is natural to try to sum (1-1) by taking c, = (n!)?, in which case 
p(w) = 2K (2?) 

(in the notation of Watson’s Bessel functions). It will be found, however, that 

this method also succeeds only when x < 0. 


3. It is well known that the “ Lindeléf” method of summation, defined by 


24,2" = lim Le" 8" a, 2”, 
5-—>0 
sums the geometric series £2” throughout its Mittag-Leffler star, and this suggests 
another method of summation which will be found to sum (1-1) throughout P. 
We write* 
Ag =A, = 42 =9;, An = nlognloglogn (n23), (3:1) 


* The point is to choose A, so that 


Xe-bAn nbz" 


is an integral function, for every positive 6, but with ‘‘little to spare”’. 
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and say that 2c, is summable (A), to sum s, if 


lim Xeno, = 8. (3-2) 
ὃ--»0 


THEOREM 1. The 86γ168 (1-1) is summable (A), to sum G(z), throughout P (i.e. for 
all z except positive 2), and uniformly summable in any P(R, 7). 


We suppose that z lies in P(R, 7); that 
0 «πὸ «η; (3:9) 
and that A = 3-5 (so that log log A > 0). We define two contours C and C’, in the 
plane of u = pe", as follows. C is a loop passing through u = A and enclosing the 


part of the real axis to the right of this point. C’ has the general shape shown in 
the figure. On its distant parts 


3(7 + 
u = pe? (—in<d<in), cosd= ee (3:4) 
1 
and cos 6 > ὉΠ) (3:5) 
log p 
to the right of C’.* 
Then, if we write 
A(u) = wlogu loglogu = ulul,u, (3-6) 
roe) —dAtu) ΠΠ ut l — 
we have G,(2,8) = SePan|2" = | “τ ed (3-7) 
4 


* That is to say, of the distant part of C’. The inequality is not satisfied near 
uA, 
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4. We begin by showing that we can replace C by ΟἹ in (3-7). For this, we 
require majorants of the various factors in the integrand. Simple calculations give 


|e) | = exp{—dplpl,pcosd+dpl,pdsindtdpgsing+o(p)}, (4:1) 


| Tut 1) | = exp {plp cos —pp sin φ-- pcos $ + 0(p)}, (4-2) 
1 

cra a O(1), (4:3) 

[χ8} = ΘΧρ (pcosdlr—psing 6). (4:4) 


It then follows from (3-5) that the product of the four functions is majorized by 
exp{—dplpl.pcos¢ + dpl,p psin ¢ + O(p)} 
<exp{—}(7+7) dpl,p +470pl,p + O(p)} = exp {— ξηδρὶ,(ρ)- O(p)} 
throughout the distant parts of the region between Οἱ and C"; and so that 
ew) P(ut+1) 
G,(2, δ) ΞΞ I. Ta 1 2" du. (4:5) 
5. We prove next that the integral in (4:5) is uniformly convergent for ὃ: 0 
and z in P(R,7). We need only consider the distant parts of C”, on which 
1 
 ἐί(τ  η) - ἢ = τ3 ": : 
cos¢ = oe? 16] =4n+ (7), jsing|=1+0(77). (5:1) 
Taking first the upper half of C’, the first two factors are now majorized by 
exp {—4(7+7) dp l,p + 3706p 1p + ἐπὸρ + 0(p)} 
= οχρί-- ξηδρί,ρ- ἐπδρ- ο(ρΡ) (δὅ:2) 
and exp {}(7 +7) p— 47p + 0(p)} = exp {3p + 0(p)}. (5:3) 
The third is bounded; and these three estimates are all independent of z. Finally, 
the fourth factor is majorized by 


LR 
exp (p cos $ ir—psin $6) <exp {s+} pm +010) 


᾿Ξ exp{—1p +0(p)}, (5-4) 
where the o(p) is uniform for z in P(R,7). Hence, after (3-3), the integrand is 
majorized by ρχρ(πὸρ.-- 4np + 0(p)}< exp {— 9p +0(p)}, (5-5) 


and the integrand over the upper part of C’ is uniformly convergent. 
On the lower half of C’, ¢ is negative, and (5-4) must be replaced by 
’ LR 
exp (pcos dlr —psin ᾧ 6) <exp [Ho+ne7 + (2n—n)p+o(p)| 


= exp {(27—7) p+ 0(p)}. 
Here there is an additional factor e27", But now 


— = Ὁ | ee ἜΣ O(e27/ 810?) = Ofe-27P+oln)} ; 
ecru _ 


and so this part of the integral is also uniformly convergent. 
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It now follows that G,(2,8)> [. Put) way (5-6) 


e27tu 1 


when ὃ-» 0, uniformly for z in P(R,7). Incidentally we have proved that the 
integral on the right-hand side is uniformly convergent in P(R, 7), and so repre- 
sents a function regular in P. 


6. It is plain that 


3 3 l 
Ye Man!z" > Yn!2" = Ϊ TAD udu, 
0 0 qr ef7tu — |} 
where C”’ is a contour round the points u = 0,1, 2,3 (and no other poles of the 
integrand). Hence 
= re ] 
G(z, δ) = Ye Ann!2" > Ana, z“du, (6-1) 
0 C, e27tu _ | 
where Οὗ is C’ diverted, as in the figure, so as to cross the real axis between — ! 
and 0. We may suppose that 
Ru>—-l+p>-l (6-2) 
everywhere on C}. 
We have to identify the last integral with G(z). For this, we may suppose that 


zZ=-r =e O=T. (6-3) 

Then | “oe z"du = | wie etdt = | e'v(zt) dt, (6-4) 
σι e2miu__ | σ, inte j 0 0 

we Σ 

where | y¥(w) = | a du, (6:5) 


provided that the inversion of the order of integration is legitimate. 
The part of the repeated integral for which |w| is not large is majorized, 


after (6-2), by [ " snl aa 
| ie ae 
0 


which is plainly convergent. 
On the “‘distant”’ upper part of C, (which is the same as that of C’”), 
| (zt) | = exp {pcos ¢ log (rt) — mp sin ¢}; 
and the corresponding part of the repeated integral is majorized by 


πίε. 7 


πείνττ [άω], 


[ ΣΝ et fe cos} dt — Ϊ ο΄ πρϑὶῃῴ yp COS Γ(ρ COS ᾧ + 1) dp, 
Po Po 


1 
for ἃ certain py. Here οοβῴ = oe pPcosd — ep) 
I'(pcos $+ 1) <exp|? se +2 plogp| = — ek(t+N)p | 


e-7P sing - ρ--πρτοί(ρ)͵ 
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Hence the repeated integral is majorized by 
[ ο΄ ἐ(π--ηγρ-το(ρ) αρ « οὐ. 
Po 


On the distant lower part of C,, we have, as at the end of §5, 6<0 and 
additional factors e?7 and e?7/5I"¢; and the argument goes similarly. It follows 
that the repeated integral is absolutely convergent and the inversion in (6-4) and 


(6-5) justifiable. Thus 00 
G(z, a> | e— v(zt) dt, (6-6) 
0 


where x(w) is defined by (6-5). 
Finally, it is familiar that 


w' du l 
xu) τ- [ἄτα τ = Te (6-7) 


οο οο —t 

for all win P. Hence | e+ y(2t) dt = | Ξ dt, 
0 o 1— 

and this completes the proof of Theorem 1. 


7. We can generalize Theorem 1 as follows. 
THEOREM 2. If 12) => 4,2" (7-1) 
0 


is regular at the origin and in P, and 
f(z) = O([z|*) (7:2) 


for large |z| and some k, uniformly in any P(co, ἢ), then the series 


Σ nla, 2 | (7-3) 
0 


15 summable (A), to sum g(z) = { e+ f(2t) dt, (7:4) 
0 


in P, and uniformly in any P(R, η). 

I prove summability in P, leaving the gloss about uniformity to the reader. 

Suppose that z= ret? (0<0<2n) 
and that (Οὐ is the contour in the u-plane formed by (i) the arc of the circle p = p, 
on which 6<604+€<¢<27+6-€, and (1) the two radii from the ends of this 
arc to infinity. When wu describes (Οὐ, 

wan = 7 εἰ(0--Φ) = Rei? 
u 

describes a contour I’ consisting of (i) the arc of the circle R = r/p, on which 
—27+€<O< —€, and (ii) the two radii from the ends of this arc to the origin. 
This contour is the boundary of P(r/p,),¢), and so G(w, 6) > G(w) uniformly on I. 


* P(o, 9) is the region which is the limit of P(f, 7) when Roo. 
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We write Sraal2) = f(z) --ας-- αι: --... -- ἀκτῇ, 
and similarly for other power series. Then 
f(u) 
== onde 
for n >k,* and so 
ae) ee ee ee ως λυ =)" 
σιγαία, δὴ = Σ eMentayen = 5 | LED Σ οὐκ {57 du 
f(u) [ ) 
apy er ee wd 735 
Oni ἈΝ ΡΒ °° du ( 5) 
Z Zz 
But σκμίξ, ἢ = uea(=] 
uniformly on C, and is O(| u|—*-) at infinity; and so 
1 (w) z 
9x41(2; δ) er πὶ | σι [5] du. (1:6) 
8. Now 9x431(2) = g(2) -—Ag—l!ayz—...—k!a,z* ft 
= e fi, 4(2t) de, (8-1) 
0 
αι 1 f(u) 
= —— a δ΄ Ἐπ τ ῷ. 
end (2t)Ft2 2πὶ J gu*t}(u —2t) oy oa) 
Oe eee 2t\*+) f(u) 
Hence Jr41(2) = J dt iri | (=) nT 
fe) ay f° ef) Ὡς | 
πα], du |e uu) πῶ oe) 


provided once more that we may invert the order of integration. If we take this 
for granted for the moment, then 


1 Γ f@) z\ 0. 
| σε ει(3) = 5 ae σι {5} du; 
and it follows from (7-6) that 
Ix41(2; 9) > σκ εχ(2) 
and so g(z, 0) > σ(2). 
* We express a, first by an integral round a contour lying inside the circle of ¢on- 


vergence of the series (7:1). We may deform this contour into C because f(z) is regular in P 
and satisfies (7-2). 


Τ᾿ This is the definition of g,,,(z). 


811 


8 G. H. Harpy 


9. It remains only to verify that the inversion in (8-3) is legitimate. This is 
obvious so far as the circular part of C is concerned. If 15 on one of the rectilinear 
parts of C, say on the radius ¢ = 0+ ζ, then 


| u—zt| = | pe’—rt| = .(p?— 2prt cos ¢ + τ"), 


and the repeated integral is majorized by a numerical multiple of 


ae 00 1 p*dp 2 a a [᾿ do 
Ι : a |G J(p2— 2pri cost +72)" Sq μὰ prt γ(σἣ -- 20 cos § + 1) 


The inner integral here is less than 
K({) Max (log, i 


where K(f) depends only on ¢, so that the repeated integral is absolutely con- 
vergent. The other rectilinear part of C may be disposed of similarly. 


10. Suppose for example that 


N+a 
a, = ᾿ Mrs 


where m, is a ‘“‘moment constant” 


and y(w) has bounded variation. Then 
1 dx(w) 
ΠῺΣ ] ο (1 -- Ζι0) τὰ 
is regular in P. If «> —1, then [1 -- ζ [2 [509 1» 0 8πα |1—zw|2lifx<0, 


so that 1 
| fe)| < [sin 14 [αχ] 
in P(oo,7). Ifa< —1, then | 1—zw|<|z—1| for large z, and 
| f(z) | = O(]2z|**) 
for large z in P(oo,y). In any case the conditions of Theorem 2 are satisfied, and 


4 


En! ( mM, 2" 


is summable (A) in P. Similarly 
Ln!n=m,, 2” 
is summable (4) in P. 


TRINITY COLLEGE 
CAMBRIDGE 
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COMMENTS 
The series x— l!a? + 2!x3—... was regarded by Euler as a solution of the differential equation 
xy’ Ἔν = x. 
This has a solution eG sea foe BESO. 
See D.S., pp. 26-7, where the calculations ‘easy to verify’, § 1, are given. 

Le Roy? showed that the series (1.1) is summable (B*) to G(z) throughout the complex 
plane, cut along the positive real axis; see also _D.S., p. 192. This trivial solution to Hardy’s 
problem may be excluded, by interpreting ‘some method of summation’, § 2, as some 
method not depending on analytic continuation. 

The ‘double application’ of Borel’s method (δ 2) is the (82) method; see 1935, 1, § 2.2. 

The property, ὃ 3, that Σ᾽ 27. is summable by Lindel6f’s method (A, nlogn) throughout P 
was given by Lindeléf;{ see D.S., Theorem 32. 


+ Ann. de la Fac. des Sci. de VUniv. de Toulouse (2), 2 (1900), 317-430. 
1 J. de math. pures et appl. (5), 9 (1903), 213-21. 
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NOTES ON THE THEORY OF SERIES (XXII)*: ON THE 
TAUBERIAN THEOREM FOR BOREL SUMMABILITY 


G. H. Harpy and J. E. Lirrurwoopyt. 
1. If A, =a,+a,+...+e@, and 
(1.1) e-* A(x) = eS A, uA 
0 nN! 


when 2-00, then we say that La, is summable (B) to sum A, and write 
(1.2) | Σα, ΞΞ- 4 (B). 


This is Borel’s ‘‘exponential”’ definition. The distinction between his 
exponential and integral definitions is irrelevant here, since they are 
equivalent whenever a, 0, and we are concerned only with series which 
satisfy this condition. For the same reason it is immaterial whether 
x - οὐ continuously or through integral values m. 

We are concerned with the group of theorems which assert that (1. 1), 
together with some supplementary condition, implies the convergence of 
Xa, We proved in 1912 (1) that 


(1.3) a, = 0(n-) 


is a sufficient supplementary condition. In 1917 (2) we proved, by a 
much more sophisticated argument, that 


(1.4) | a, = Ο( ἢ) 


is sufficient; and later writers have generalized the condition further, its 
most general form being that of R. Schmidt, Valiron and Vijayaraghavan, 
that 


(1.5) lim (A,—A,) = 0 
subject to 
(1. 6) ~>m, m>o, πνξί(η--1ι)--» 0. 


* The last two notes of this series, published in Proc. London Math. Soc. (2), 41 (1936), 
257-270, and Quarterly Journal (Oxford), 31 (1937), 161-172, were both numbered XX. 
+ Received 1 December, 1943; read 16 December, 1943. 


1943, 4 (with J. E. Littlewood) Journal of the London Mathematical Society, 18, 194-200. 
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There are two quite different lines of proof for these theorems. The 
first, due in its simplest form to Vijayaraghavan (5), depends on a develop- 
ment of the ideas of 2; the second, of which the simplest version is that of 
Pitt (4), on the theory of Fourier transforms and the ideas of Wiener (6). 
Whichever line is followed, a good deal of ingenuity is required, but the 
most essential difficulties remain those involved in the passage from 
(1.3) to (1.4). 

Our object here is to give a proof of the theorem, with the hypothesis 
(1.4), which is a good deal simpler than any published so far. The 
essential idea is that of using “‘ Vitali’s theorem ’’* at the critical moment. 
We have nothing to add concerning the more general hypothesis (1.5): 
we can pass from (1.4) to (1.5) by following Vijayaraghavan. We 
present the proof so as to be complete in itself, suppressing only details of 
approximation by Stirling’s theorem. 


2. We use two definitions of the sum of a divergent series besides 
Borel’s. | 


(i) Ifc>0 and 


(2.1) ὁ / (5) Sewn 4 > A, 


where the summation runs from h=—o to h=o, and A,,,=0 if 
nth <0, then we write 


(2. 2) XLa,=A (ec). 


(ii) If Da,x2" converges to f(x) for |x|< 1, 0<k<1, and 
(2.3) 3b, =D f(1—k) = A, 
0 o Ν᾽.’ 


that is to say if the Taylor’s series for f(z) =f(1—k+ky) converges to 
A tor y= 1, then we write 


(2.4) | La, =A (y, k). 


We call this method of summation the “ circle’? method. 


ee el ΞΕΞΕΙΟΝΟΙ a Ss pean jae - πον a i rn i i ge ..,...............-..-.-- -- 


* For Vitali’s theorem see Titchmarsh, Theoru of functions. 168. 
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We need an explicit formula for B,, = 6,+6,+...+6,, in terms of Ai. 
If [$(z)],» is the coefficient of z in the expansion of ¢(z), then 


oa [ME] = EN] so asto 


= belt ot) dg ὌΠ (Ik Ansat..+} 


- Amt (*) (l—k)"-™ A. 


We shall be concerned with three classes of series Za, viz. those which 
satisfy the conditions 


(2. θα) a, =o0(1), (2.66) A, =o/(n!), (2. θ0) a, = O(n"). 


We call these classes A, B, C. A includes OC, while B does not; but we 
shall find that all series of A (and a fortiori of C), summable by any of our 
methods, belong to B. Our main theorem concerns C, but most of our 
preliminary lemmas are true for all series of A. 


3. We begin with two elementary lemmas, whose content is familiar, 
concerning the exponential and binomial series. The proofs demand only 
straightforward applications of Stirling’s theorem, and need not be set 
out in detail. 


ΠΈΜΜΑ 1. Suppose that m is a positive integer and 


m* 


(3.1) Uy = Up(m) = 6. — 


(so that Lu, = 1). Then the largest u, are u,., and u,, (which are equal). 
Further, of <4 <% andn=m-h, then 
(3.2) Σ Uy, = O(e-™), 


[ΔΓ πα’ 


where [= C(n)> 0; and 
8.3. a= 7 (3) em {140(l4I42) 5 0 (LAL). 


where c= 4, when |h|<m. The conclusion (3.2) ts not affected if u,, is 
multiplied by any power of n.* 


ae re re ee et a A .................οΘ....... ... .. 


* There is a slip (without material consequences) on p. 37 of 2 (3.3) being asserted 
without the limitation that [ἢ |®/m? ia small. 
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LEMMA 2. Suppose that m is a positive integer, Ὁ «-- k <1, and 


(3.4) u,(m)=0 (n<m), — uq(m)=(™) ome (1—kym (n> m), 
so that 
Eu, = πα 1 + (m+ 1y(1—ky+ tm?) (1 B)?+...} 4 


Then the largest u,, 18 uy, where 
= [m/k] 


(two terms being equal if m/k is an integer). If k}<y<2 and n= N+4A, 
then (3.2) holds (with the same gloss as in Lemma 1), and 


(8. δ) με (ἢ Ὁ) οὐ] 140(4I=1) (AN 


with 20 = k/(1—k). 


4, Our next pair of lemmas establishes the equivalences 


(4.1) (B)=¢e, 3), (4.2) (y, Δ) ΞΞ -(., 2(1— 5) 


for series of A or B. The notation implies that any series of either of these 
classes, summable by one of the methods referred to, is summable to the 
same sum by the other. 


ΠΈΜΜΑ 3. Ifa, =0(1), and Xa, is swummable by any one of the methods 
(B), (6, 6), (y, &), then A, =o0(n*). | 


If Xa, = A(B), and m is an integer, then 
(4.3) ye δ᾽ mE (dn —A,)+A-+o(1); 
and we may replace the sum here, after Lemma 1, by 
g-ht/am 
Um+n(™) (A m Amer) = ἘΞ ο! 


2 A 
|hi<m {τ 4/ (2am) | a 


But Ay, 4,—Am = 0(\4|), since a, = 0(1); and so the last sum is 


Aryl 


o(m-* Σ e-¥/2m| |) = o(m- | eH /2m | t\at) =o0(m*). 


If Σα, = A(y, k), then the conclusion follows similarly from Lemma 2. 
If Xa, =A(e,c), the proof is simpler, no preliminary approximations 
being required. 
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Lemma 4. The equivalences (4.1) and (4.2) hold for all series of A or B. 


We take (4.1). It is plainly sufficient, after Lemmas 1 and 3, to 
prove that 


mmth 1 


ir earns τὸ -- SS > wh? / 2m oe 
Bene” GER A Sam) yt Amen = OC) 


Jhl|<m 


whenever A, =o0(n}). But the difference is 


mt Σ eWh’/2m 0 (AL+2) +0 (ἢ ; o(mt) 


|hl<m” 


= o(— Γ. e-#/2m| 4) dt) +o(—, \ οὐ Ἐπ εβαιὴ =o0/(1). 


This proves (4.1), and the proof of (4.2) requires only the use of Lemma 2 


instead of Lemma 1. The proofs apply to all series of B, whether they 
belong to A or not. 


5. Our next group of lemmas establishes the implication 
(5.1) (e,c)>(e,d) (0<d<c) 
for series of A. We use the “‘ circle’ method as a convenient intermediary, 
Lemma 5. The (γ, k) method is regular. 
For, if we write (2.5) as B,,=2c,, ,A,, then 
Cm, n = 9, Z| Cm, n| = Σ Cm, n = kmt1f] — (1—k)}-™1 = 1, 
and ¢y,»,>9, for fixed n, when m->co. Thus the standard conditions of 
Toeplitz and Schur are satisfied. 
Lemma 6, J/f Xa,=Aly,k) and O<l<k, then Sa,=A (y, ὃ). 
This is a corollary of Lemma 5. For if 


2=1—k+ky=1—I+k, f(x) = Xa,2°=2b,y" = Le, 2", 


then y= eae 


If Xa, is summable (y, k), then Xb, is convergent; and therefore, by 
Lemma 5, summable (y, J/k). But this means that Xc, is convergent, 
ν.6. that Xa, is summable (y, /). 


Lemma 7. If a,=0(1), Ua, =Ale,c), and 0<d<c, then 
Ea, = Ale, d). 
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This is plainly a corollary of Lemmas 4 and 6. 
We need one further lemma, concerning series of the narrower class (ΟῚ 


Lemma 8. Jf a, = O(n-*) and Xa, = A(B), then A, = O(1). 
For 2a, = A(e, 4), by Lemma 4, so that 


(δ. 2) VA (-5ἢ Sem 4 = A+o(1) 


with c= 4. Also 


Mg) eennrsoly/() 
and so 


(5.3) A,,{1-+-0(1)} = / (=) Σ 6: ολῆπι 4 


- Δ (-) ded, — Amin) +4+0(1), 


We may restrict the summation to [ἢ < m’, when A,,,,—Aj_ = O(m-*| hj); 
and then the sum is 


O(m-* Σ ζω) = O(m- [e-em eae) = O(1). 


|hl<m” 


Hence 4,,{1-+0(1)} = O(1), te. A,, = O(1). 


6. Proof of the theorem. We now suppose c= y-+i8 complex. We 
choose 59, yo and y, so that 5, > 0, 0<¥<3<¥1; denote by Καὶ the 
rectangle yy9<y <¥,, [δ] <5, in the plane of c; and write 


$m (Cc) = Χ (=) Deet/m 4. 


We may also suppose that |a,,|< n+ for large n. 
If 2a, = A(B) anda, = O(n-+*), then A, = O(1), by Lemma 8. Hence, 
first, $,,(c) is, for each m, an analytic function of ὁ regular in R. Next, 


n(e)= ΟἿ 4/ (KE) Σοῦ — οἱ / (Z) [° ewvmatl = ou) 


uniformly forcin Randallm. Finally, by Lemmas 4 and 7, 5 a, = A(e, c) 
for 0 «ο < ἐ, so that ¢,,(c) > A for every c on the stretch (yp, 4) of the real 
axis. It follows from Vitali’s theorem that ¢,,(c)>A for allc of R. In 
particular, since y, and y, are arbitrary, La, — Α (6, 6) for all positive c. 

Thus (5.3) is true for all positive c. We may restrict the summation 
to ἢ] « πι), and then |A,,,,—A,,|< 3m-|h| for large m. Hence, if 8 
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is the sum on the right of (5.3), thus restricted, 


,31.«Ξ3 “2 (2) Bema 
«Σ᾿ (SE) emilee 7) (2): = yee 00) 


It now follows from (5.3) that 
lim|A,,—A |<3(er)}, 
and therefore, since c is arbitrary, that A,,— A. 


7. In the course of the argument we have proved a number of sub- 
sidiary theorems, such as those expressed by (4.1), (4.2), and (5.1), 
valid for larger classes of series than the class C relevant to the main 
theorem. It has not been necessary to consider how large these classes 
may be made, and what we have proved falls far short of the ultimate 
truth. Thus Hyslop (3) has proved that (B) = (6, $) whenever a, = O(n*) 
for some K, and the scope of (5.1) could be extended similarly. It could 
probably be extended still further by the use of different weapons. 

Thus it may be proved that, if 


fa(x) = “7, (=) | eateftte) dt 


and 0<b<a, then 


" ab\ [5 (a—b)x (  ab(t. 
fle) = 4/ (2) |" (EE exp |" LAY 


under very general conditions; and this formula seems the most appro- 
priate starting point for a general discussion of (5.1). But the indirect 
method which we have followed here is much simpler, and sufficient for 
our actual purpose. | 
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COMMENTS 


The O-Tauberian theorem for Borel summability was first proved by Hardy and 
Littlewood in 1916, 8. In the present proof, Vitali’s theorem plays the role of ‘ repeated 
differentiation’. Vitali’s theorem may be stated in the form: if φ,,(2) is a sequence of 
analytic functions, regular and uniformly bounded in an open rectangle R, and con- 
vergent at an infinite set of points with a limit point in R, then d,(z) converges in R, 
uniformly on any interior closed set, to a function which is regular in R. | 

In (3.3) of Lemma 1 and (3.5) of Lemma 2, h should be restricted so that |h| < m”, 
$<. < §, as in Lemma 4 (ef. D.S., p. 200). This is implied by the footnote to 
Lemma 1, where a similar omission is pointed out in (2.125) of 1916, 8, which is (3.3) 
of the present paper. | 

Hardy says in D.S., p. 220, that the formula stated in § 7, expressing f,(2) in terms 
of f,(t),0 < ὃ < a, holds whenever the mtegral defining f,(x) 8 convergent. The formula 
depends on the identity 


J(Gon|} 


ax/b 
“:) (a—b)x 2) JS) [ Ὁ} 
= J (~ | (az—be)t Ῥὶ (αας- δὴ} ᾽ν ἀπι) “ΣΡ ἬΝ ὦ 
0 
If we substitute this into the convergent integral defining /,(z): 


sya) = f(®) Ϊ exp{ το ΘΠ] κω) ae 


— oo 


and invert the repeated integral, the formula is obtained. 
To verify the identity, write it as: 


ax/b ; Ν Ν 
ὖ 


and make the substitutions bt = axv,v = y/(1+y), (a—b)xy = bwY?. Then the right - 
hand side becomes J{(a—6)w}, where 


se) = 2,/(£} { exp(—o(¥—¥-) av = /(S) [ exp{—e(¥ —Y-1)3\(1-¥-4) dv 
0 0 
= J(2 [ἐπὰν = 


The justification of the inversion is straightforward. 
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NOTE ON THE MULTIPLICATION OF SERIES BY 
CAUCHY'S RULE — 


By G. H. HARDY 
Received 5 June 1944 


1. L proved in 1908(1) that if A = La,, and B = Xb, are convergent, and 
An = O(m-), by = O(n) (1) 
for large m.and n, then 
C = Xe, = 2(ab, + ακῦ,.. Ἔ ... Ἔα, 5p) 
is convergent (necessarily to AB); and this theorem has been extended in a number of 
directions both by other writers and by myself. Thus we may replace (1), when @,, 


and 6, are real, by M,>—1, nb,>—1; (2) 


we may use conditions unsymmetrical in ἀρ, and b,,; we may put the same problem for 
the product of any number of series; and we may consider modes of ‘Dirichlet multi- 
plication’ based on sequences A,, and “,, reducing to Cauchy’s when A,, = m and 
Mt, = n. The appropriate references will be found in (2). ΝΙΝ 

I confine myself here to Cauchy multiplication of two convergent series. Then 
Neder (3) proved a theorem which exhausts the problem so long as our conditions on 
a, and b, are symmetrical, viz. that 


3 |4m|= OC), E1bq| = O10) (3) 


is a sufficient pair of conditions for the convergence of C. It is plain that these con- 
ditions include (1); and it is easy to see that, when A and B are convergent, they also 
include (2). But it seems that there is still something to be said about unsymmetrical 
conditions. | 

Thus Rosenblatt and I proved that, if f(m) is any function of the type 


(log m)* (log log m)* ..., 
_ 9 le = ] 
then Om = oem , b6,=O0 ae (4) 
is a sufficient pair of conditions; but no one seems to have noticed that such a pair 
is quite unnecessarily strong. I shall show here, for example, that it is sufficient that 
Om = O(m-), ὃ, = Of(n log n)} (5) 
for any positive ὃ. 
I need a slight generalization of Neder’s theorem: if A and Bare convergent; «= y +2, 
where y = y(x) and z = 2(x) increase steadily to infinity with x; and 


Slan| = O00), Xlo,| = 0); (6) 
y Ζ 
then C converges to AB. 
We have C(x) = Sep= Σ αρϑ, =  Σ α,εθ,» 
psx Mt+nNSz T 


1944, 2 Proceedings of the Cambridge Philosophical Soctety, 40, 251-2. 


252 Research Notes 
------  -σς.͵ςς͵ς...,.Ἅ. τ ΠΡ 5Ξσ--οο “στ  -  -5" τ’ ---  -- --- τ ---------------------------------------------------------------- -ς- 
where 7' is the triangle m20, n20, m+n. We suppose that 0<y9<y, 0<¢<z, 
and that neither ἢ nor ¢ is integral; and divide T into the five regions 
(1) OSm<y, OSn<z; 

(7,) Osn<C, ysSmsxu—-n; (3) O<nsSz, ysSmsu-n; 

(1) OSm<y, zSnSu-m; (Τ) y<msy, zSnS2—m. 
Here 7, + T; and T, + 7; are the triangles left when the rectangle 7, is removed from 7’, 
and these triangles are subdivided by the lines n = £ and m = ἡ. We denote the five 
sums into which C(x) is divided by S,, 8, ..., S;. Plainly S,> AB, and it is sufficient 
to prove that S,+S8,->0 and S,+ 5..- 0. 


We choose € so that x b,;/<é€ (NM>n >). 
x—¢ τς α-- ξ rm x 
Then | =| Say 38,5 7S |e τ se5|a,,|<He 
y ξ y [4 y 
for a constant H, and 
ἕξ “-τΉ ξ φιτ-Ή 
[5.1 = ΣΌΣ Gy ἘΣΣΊ δι] Σ α,,. 1 
0 7] 0 y 


when ¢ is fixed and 2, y, z tend to infinity. Hence | 8,+,|<2He for large x. Thus 
S, + S3—> 0, and the proof that S,+S,— 0 is similar. 
Let us suppose, for example (taking a pair of one-sided conditions), that a,, and b,, 


are real, 0 « ὃ «1, and α,. --πῦτὸ, b> —(nlogn) (7). 
for large m, n. We write a7, and a;, for the positive and negative a,,, so that Om = α ας 
and |a,,| = αὐ -- απ, and similarly for b,,; and take y = x—2°, z = x*. Then 


S| ayy | = Say — 2 Σ ας <o(1) + Ofy*(e—y)} = O(1), 
7] 


y 7] 


Thus the conditions (7) are sufficient, and (5) are sufficient a fortiorz. 
It is plain that, if y,, is any function which decreases to 0, then we can find a Xn 
such that 2’y,, = οὐ and Om = Om), On = O(x,) 


form a sufficient pair of conditions, and thus obtain a chain of theorems ranging 
from that first quoted to that of Mertens, in which B is absolutely convergent and 
no condition on a,, is needed. For example, we can find a y, when Wm = (log m)-; 
but we shall require that 


Σ Xn = O(1), 


log x 
and the divergence of 2’y,, will be so slow as to elude the logarithmic scale. 
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COMMENTS 


Karlier results on the multiplication of series are given in 1908, 2; 1912, 2; 1913, 2, §§ 44-50; 
1914, 11; 1927, 10. See also D.S., Chapter X. 
» The theorem under conditions (4) was given by Hardy in 1908, 2, with o in place of O, and by 


Rosenblattt with O. 
See also D.S., §§ 10.4~-5, where Hardy’s extension of Neder’s theorem is proved with a diagram, 


and some applications are given. Neder’s theorem was originally given for ‘ Dirichlet multiplica- 
tion’. 


t Bull. de l’ Acad. Polonaise (A), 1913, 603-31. 


RIEMANN’S FORM OF TAYLOR’S SERIES 


G. H. Harpyf. 


1. In his fragment ‘‘ Versuch einer allgemeinen Auffassung der Integra- 
tion und Differentiation’? [Werke (1876), 331-344], Riemann gives the 
formula 

Amtr 
(1.1) PEER) = pe) 


Dor f(z). 


+ Received 9 March, 1945; read 17 May, 1945. 


1945, 3 Journal of the London Mathematical Soctety, 20, 48-57. 
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Here r is fixed, and in general non-integral; m (as always when there is 
no indication to the contrary) runs through all, positive or negative, 
integers; and D+ is an operation of generalized differentiation. If r is 
an integer then the terms for which m < —r disappear, and we obtain 
the usual form of Taylor’s series. The most noteworthy special cases are 
those in which f(x) = e and f(x) =a". If we suppose that c, z, and h are 
positive, and that the operator D is so defined in the two cases that 


C'(n+1) 
29 Dp CL -——~ GP eter DP γῆ — ------.--- ὁ np 
ee) or P(n+1—p) ᾿ 


then (1.1) reduces in the first case ἴο. 


1.3 ee, gee 0 
nee) ia VP(m+r+1) "’ 
and in the second to 

T(n+1) 


(1.4) (ah) => 


gu-m-7r her, 


D(m+r+1) CP (n—m—r-+1) 


generalizations of the exponential and binomial series respectively. 

Riemann writes down (1.4), but not (1.3), explicitly. Both series 
appear, much later, in the work of Heaviside{, and (1.3) is usually 
referred to as ‘“‘Heaviside’s exponential series”. Neither Riemann nor 
Heaviside attempts any discussion of the ‘‘validity”’ of the formulae. 
Riemann’s point of view is avowedly heuristic, his object being to define 
D? in such a way as to secure formal agreement with (1.1); and Heaviside, 
as always in his work, deliberately avoids definitions of any kind§. 

The ‘‘exponential”’ series (1.3) has attracted some attention from 
mathematicians. Thus Ingham and Jeffreys have shown that it is valid 


asymptotically||, 2.¢., that 
ee ee eo 
τ UV(m+r+1) — 


for large positive z, and I have shown that the series is summable to e? 


t Here we have rejected a factor e* and written z for ch. 

t Hlectromagnetic theory (1899), vol. 2, ch. 8. 

§ “1 have avoided defining the meaning of equivalence. The definitions will make 
themselves in time’”’ (Hlectromagnetic theory, 447). They had already done so before 
Heaviside’s volume appeared (though no doubt not when this passage was written), Borel’s 
early writings on divergent series having been published during 1895-1899. 

|| See Jeffreys, Operational methods in mathematical physics (Cambridge, 1929), 91-92. 
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by a method of the Borel type}. But nothing seems to have been written 
about the validity of the general formula (1.1), which I shall consider 
here. I shall not aim particularly at generality, which would hardly be 
appropriate; my object is merely to show that the formula is valid, with 
suitable definitions, in a few of the most obviously interesting cases. 


2. We may suppose without real loss of generality that 0 «7 «. 
I shall also suppose h positive, to avoid any difficulties about the inter- 
pretation of A’; it will appear later (§6) that this restriction is quite 
natural. We use the definitions 


(2.1) Def(z)=D-fla) = Infle) = τίη | ται)! (4 -- —p > 0), 


(2.2) Dm+ f(x) = (4)" Do f(a (p <0, m=1, 2, 3, ...), 


and we confine ourselves to two cases, suggested by the special cases 
(1.3) and (1.4). We shall be interested primarily in real x, and the 
many-valued functions which occur will have their real values; but it will 
be convenient to make assumptions about the behaviour of f(x) as an 
analytic function of the complex variable 1. 7 


(A) f(x) is an integral function, and 
(2.3) f(x) = O(e*) (615 0) 
for Rr <0. In this case we take a= —oo. Then D? f(x) is an integral 
function for every p, 
(2.4) D? DP’ f(z) = D?’ D” f(x) = DP+?’ f(z) 
for all p and p’, and D? f(x) == f(x) for positive integral p. Also, if 
F(z) = D? f(x), then 


(2. δ) F(e+h) == Fez), 
0 Φ 


m 


the series converging uniformly in any finite interval of z. The typical 
case is f(x) = e™, 


-- το .....ὄ ... .. ........ ......-.....-.-.... .---. 


+ Annals of Math., 36 (1935), 167-181. 
t In order to ensure the truth of (2.5). 
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(B) f(x) is regular for Rx > 0, f(x) = O(|2|"), where n > 0, for x small 
and Rx >0, and a=0. Then D? f(x) is also regular for Rx > 0, and 
(2.5) is true for x >0, |h| <2, and in particular for 0<h<2. In this 
case we cannot assert (2.4) without reservations. But if F(x) = D* f(z), 
where 0<r <1], then 


(2.6) F@) =F Df) =a ἐς | ο- τη ι 


=raz r) ral me = μη = ras es |. (e—t) f(t) dt, 


1.6. D' f(x) = D'-1f’(x). The typical case is f(x) = 2", with n> 0. 
We write 


co mtr —1 οὐ 
(2.7) S= sae ὌΡΕ ΤΕ ἘΠῚ i *f(z) = 2 me πτὸ 


and consider S, and S, separately. We shall use the formulae 


h ri 
| (h—u)* (u—t)* du = ii ; 
t 


inrr 
(2.8) : hr | 
\ (h—wu) (27 +u—t)*1du = γα -Π-Ξ- ἢ (x—t)-", 


where x >t, 0<r<l. 


3. The series S, is convergent. We write 


(8.1). Fle)=Df(e)= Do f'(@) = nq | wry wa 
where α is —oco or 0. Then 


2 P(r) C(m+1) hm 


h- T(r) os T(m-+-r+1) mi 


D”" F(z) = ᾿ Σ δ D™ F(z) \ (1—t)"-1i™ dt 
0 
[1 = (ht)™ ; 
=| {ἸΞΞΩΤΣ ra ge Dm F(z) dt = | (1—#t)""! F(x+-ht) dt 
0 o mM: 0 | 


—=h- [ (h—u) | F(x+u) du, 
0 


στ ππΠπττπΠτ π᾿ πτποΠτπττπτ' ae Oe on a a 


{ Integrating by parts and observing that f(t)->0 when ἐ-- 0. 
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since the Taylor series for F(z+ht) converges uniformly, in either case, 
for 0<t<l1. Hence 


; 7 h ctu 
g, =a" \ (h—u)r-tdu " 'αῬν-- τ (t) dt 


= θα αι. ἀγσαν [1 7) τω- ἡ d= 8,48 


7 


say. Here (writing z+ w for τ) 


S,= me [ (h—u)— du ᾿ (u—w)* f’ (x7+w) du 
0 0 


7 


=| f'e+w)dw =fee+h)—fee) 


io mal (h—w)r- du |" (x+u—t) (ὃ dt 


ut [ (h—u)"-1 du {ut f(x)—r \ (x-+-u—t)? f(t) at} 


= f(z) —Q(@, 4), 


where 


Q(z, h)=r “ἢ τῇ arn | (h—u)-1 du \ (x+-u—t)*-1 f(t) dt 
0 a 


sin ra [5 (2—t)* 
Ι ἘΠ ταν f(t) αἱ, 


=f ποτ Ϊ f(t) αἱ | (h—u) (a +u—t)*1du= ht 
by (2.8). Combining these results, we obtain 
(8.3) Sy=fle+h)— S227 w |’ SO pu) dt = fle+h)—$(e, hd, 


say, for z >0,h>0 and for0<A<axin the two cases. 
4. The series 


Σ mtr hr-* 


OY Be B peepee Ol τ 


829 


RIEMANN’S FORM OF TAYLOR’S SERIES. 53 


is usually divergent. In case (A), however, it gives an Bey prety formula 
for f(z4-h) for large h. For 


A a—r f , Sin ra Ἢ —1 ἢ--κ τ μ--7-- 
eet Paw PEE (yess Γ @9 f(t)dt 
ἜΤ M+1 ¢M+1 
ΣΝ, EH Ba t= Std, 
where 


ἐ-- 5: awe & oe x fit) dt = φ(α, h), 


7 


= yy SIT μα (7 yee ἢ 
Ty (— 1s ΝΣ ΝΠ 


so that J, is plainly O(#’-*—1). Τὸ follows from (3.2) that 


Σ μεν 
—M D(m+r+ 1) 


and that Riemann’s series is an asymptotic series for f(a+h). 


Dm f(x) = f(a+h)+-O(ht-M-1), 


5. ‘This analysis does not apply to case (B), when ᾧ must be less than 
« to secure the convergence of S,. In any case we are not concerned 
particularly with large h; and it is probably more interesting, even in 
case (A), to prove the series summable than to prove it asymptotic. Since 
S, usually diverges rapidly, a rather drastic method of summation will 
be required. 


— we 
If the series ua, 
0. -: 
is convergent for small w, the function a(w) represented by it is regular 


for w> 0, and © 


\ eVa(w)dw=s, 
0 


then we say that Xa, is summable (B*) to 8. When a(w) is an integral 
function, the method reduces to Borel’s. We shall prove that the series 
(4.1) is summable (B*) to sum d(2, h), so that Riemann’s series is in 
this sense summable to f(x+h). 


Here (taking a) = 0, m = —p), we have 
a(w) = Σ eee cen .. τ 1»- f(x) 
1 1 [0--μ- 1) p 


pr Βηὕπ S .,μ4 (ἢ) (Fa 
=e OS (yp OOF Fear al 


7 
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This series is majorized by a multiple of 


5 WY gap esi gia ff LOL, (enemy 


which is convergent for small w. Thus the series is convergent for small 


w, and 
__7,8inra (* f(t) Ὁ (—1)*t (w(x—1) |" 
a(w) - ἢ -- \ τ Ξιγτῖ ΤΙΣ π [ΞΞΞΞ dt 


__ pr 8:8 7π \ _ ἢ {1 — ee win} dt, 


7 Η (α ---ἢ ΥῊΙ 


the term-by-term integration being justified by our majorization. It is 
plain that a(w) is an integral function in case (B), while in case (A) it is 
regular for all positive w, and indeed for Rw > —ch. Finally 


| 6 Ὁ α(ι0) dw = hr —— | 6. Ὁ dw [ iti) {l1—e= Ou) di 
0 0 


(x— —t) 7:11 


sin ra (ἢ t sin? χ---ἰτ 
med = reer αἴ i ed a ater ae et 


if we can justify the change in the order of integration. Since the last 
integral is φί(α, h), this will complete the proof. 


We may certainly invert the integrations when w is limited to a finite 
interval (0, W). It is therefore sufficient to prove that 


1(W) = \ eae dt [ ewf1—ee own) dw 


δ. Sp μὰ 


is convergent for W > 0 and tends to 0 when Wc. We write 


Wy=e" (Fo +h =H) +10) 


a a—h/|W/ 
In 1,(W), 
h ae ἦς W\7r+1 
BES, (τοὶ τ ες () ᾿ 
W r+l (az 
so that [κεν =) Ϊ | f(t)| dt > 0. 
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In I,(W), 


h x—t 
1]1-.----.- _ ep{2-) Wh 1. — —__ |) p—-(r—-t) Wh 
xcth—t ᾿ : | (1 st) ἴ 


<1—eteowny 2 (7.1) = <2w 7 


for W> 1, so that 


2We-W (= | f(t) 
τ} <2 [LON ayo. 


Thus [(W)+0. 


6. If f(z) = 655 (c > 0), we obtain (1.3); if f(a) = 2” (n > 0), we obtain 
(1.4). The first formula is proved for z>0, the second for 0<h<z. 
In each case the right-hand half of the series is convergent, the left-hand 
half summable (B*). In the second case the a(w) of §5 is an integral 
function, so that the (B*) may be replaced by (B). In the first, a(w) is 
regular for Rw > 0, so that the positive axis is included in its polygon of 
summability. Thus the series for a(w) is summable (B) for w> 0, and 
we may replace (B*) by (35), a repeated application of Borel’s method. 

I add a few miscellaneous remarks. It is natural to ask whether (1. 3) 
is not true, with a proper choice of 27, for negative or complex z. It is 
not difficult to show that the formula is valid for Rz > 0 if χ᾽ is defined as 
[4 οἴ τὲς But difficulties arise if, for example, z<0. If then we 
interpret 27 as either |z|’e" or |z|"e-", the left-hand half of the series is 

| ΖΦ Γ etrix x (—))" 


ee - 
(ὦ U(m+r+1) [315 


and I'(m-+-r-+-1) has the sign (—1)"™~+. ΓΒ the series is a divergent series 
of negative terms, and so certainly not summable. It is therefore not 
surprising that Heaviside (p. 466) should find himself in difficulties when 
he tries to adapt his series to negative z. There is the same difficulty 
with (1.4), so that the limitations z>0, x >0, h>0 are more natural 
than they might seem at first. 

If h>~«z in (1.4), then the left-hand half of the series is convergent, 
the right-hand half summable. The formula has been proved only when 
n > 0, this restriction being required to make f(t) integrable in the definition 
(2.1) and f’(t) in (2.6). It is true generally, and may be proved directly 
in various ways, but some restriction is inevital [ ᾿ὖ is to be regarded 
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as a case of (1.1), since we have defined D? f(z) only for integrable f(x). 


It is not trivial even for n = 0, 1, 2, ...: thus when n = 0 it becomes 
sin (ηι-7)π ap 
Σ mir 3 “5: 


where y=h/x. It is familiar that this is true for y= Σ (when the series 
converges at both ends). 

The formula may be regarded as one in the theory of hypergeometric 
series, Viz., 


Cin— 
Pent DECED yey yp 


=FQ, —atr, +1, + G>T, F(1, +1, m—r-+2, ——). 


7. There is an integral analogue of (1.1), viz., 


(7.1) fath=| poppy Peay: 


the parameter r now disappears. The special cases corresponding to 
(1.3) and (1.4) are 


οἷ -- 


‘i ey ae Ses T(n+1) a 
᾿ς ΤῺ  @rh) =|. forpre-pyey” 


These formulae are true when interpreted appropriately, but for the 
moment I merely record them. We can deduce (7.1) from (1.1) 
heuristically by the transformations 


2 μν Σ m+1 hv 
Ι. τῳτη ἢ soy = ZI στη Ose 


|, Fomtg py Ones ay = 7 dy = fe+h). 


ὁ Ms 


I am indebted to Dr. L. S. Bosanquet for a number of valuable 
suggestions. 


[Added October 20, 1945. Prof. G. N. Watson points out to me that 
the theorem concerning the asymptotic character of Heaviside’s series 
(1.2), attributed to Ingham and Jeffreys on p. 49, is included, in a more 
complete form, in those proved by Barnes, ‘“‘On functions defined by 
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simple types of hypergeometric series”, Trans. Cambridge Phil. Soc., 
20 (1906), 253-79. Barnes proves there (pp. 268-9) that 


J ante = yen 
nao V(m+p+]) gaa V(p—n-+1)’ 
the series on the right being asymptotic for |argx| < π.] 


ert — 


Trinity College, 
vambridge. 


CORRECTIONS 


p. 52, line 6. For the second du read dw. 
p. 54, line 6 up. Read W/h in the exponent. 


COMMENTS 


Riemann’s fragment, dated 1847, was written when he was a student, and published 
posthumously in his Gesammelte Werke.t 

The formula (2.8),;; may be evaluated, for x—t < h, by expanding the factor 
(c—u—t)*—1 in powers of u/(x—t?). 


7 Ast edn. 1876; 2nd edn. 1892; Dover edn., 1953, pp. 353-66 (Paper XIX). 
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matics, 43, 22-24. VI 

10. N.I.C. XXXVIII: On the definition of an analytic function by means of a definite 
integral, Messenger of Mathematics, 43, 29-33. IV. 2 

11. (With J. E. L.) Some theorems concerning Dirichlet’s series, Messenger of Mathematics, 
43, 134-147. VI 

1915 

1. (With J. E. L.) New proofs of the prime-number theorem and similar theorems, Quarterly 
Journal of Mathematics, 46, 215-219. .11.} 
2. Correction of an error, Quarterly Journal of Mathematics, 46, 261-262. Vv 

3. On the expression of a number as the sum of two squares, Quarterly Journal of Mathe- 
matics, 46, 263-283. II. 2 

4. The mean value of the modulus of an analytic function, Proceedings of the London 
Mathematical Society, (2) 14, 269-277. III. 2 
5. Proof of a formula of Mr. Ramanujan, Messenger of Mathematics, 44, 18-21. Vv 

6. N.I.C. XX XIX: Further examples of conditionally convergent infinite double integrals, 
Messenger of Mathematics, 44, 57-63. Vv 


7. N.I.C. XL: Some cases of term-by-term integration of an infinite series, Messenger of 


Mathematics, 44, 145-149. V 
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1915 (cont.) 


8. N.I.C. XLI: On the convergence of certain integrals and series, Messenger of Mathe- 
matics, 44, 163-166. V 
9. Sur le probléme des diviseurs de Dirichlet, Comptes Rendus, 160, 617-619. IT. 2 
10. Prime numbers, British Association Report, 350-354. II. 1 

11. Example to illustrate a point in the theory of Dirichlet’s series, The Téhoku Mathe- 
matical Journal, 8, 59-66. VI 
12. The definition of a complex number, Mathematical Gazette, 8, 48-49. VII. 2 

1916 

1. The application of Abel’s method of summation to Dirichlet’s series, Quarterly Journal 
| of Mathematics, 47, 176-192. VI 

2. Weierstrass’s non-differentiable function, Transactions of the American Mathematical 
Society, 17, 301-325. IV. 1(d) 

3. (With J. E. L.) D.A.: A remarkable trigonometrical series, Proceedings of the National 
Academy of Sciences, 2, 583-586. I. 1 

4. On Dirichlet’s divisor problem, Proceedings of the London Mathematical Society, (2) 15, 
1-25. IT. 2 

5. The second theorem of consistency for summable series, Proceedings of the London 
Mathematical Society, (2) 15, 72-88. VI 

6. The average order of the arithmetical functions P(x) and A(x), Proceedings of the London 
Mathematical Society, (2) 15, 192-213. IT. 2 
7. Sur la sommation des séries de Dirichlet, Comptes Rendus, 162, 463~465. VI 

8. (With J. E. L.) Theorems concerning the summability of series by Borel’s exponential 
method, Rendiconti del Circolo matematico di Palermo, 41, 36~53. VI 

9. (With J. E. L.) D.A.: The series © e(A,) and the distribution of the points (A,«), Pro- 
ceedings of the National Academy of Sciences, 3, 84-88. I. 1 

10. Asymptotic formulae in combinatory analysis, Quatriéme Congrés des Mathématiciens 
Scandinaves, 45-53. I. 2 (a) 

co 
11. Further remarks on the integral Ϊ — dx, Mathematical Gazette, 8, 301-303. V 
0 
1017 


oN mS 


- (With 5. Ramanujan) Une formule asymptotique pour le nombre des partitions de n, 


Comptes Rendus, 164, 35-38. I. 2 (a) 


- On a theorem of Mr G. Pélya, Proceedings of the Cambridge Philosophical Society, 19, 


60-63. IV. 2 


- On the convergence of certain multiple series, Proceedings of the Cambridge Philosophical 


Society, 19, 86—95. VI 


- (With 5. Ramanujan) Asymptotic formulae for the distribution of integers of various 


types, Proceedings of the London Mathematical Society, (2) 16, 112-132. I, 2 (α) 


. N.I.C. XLII: On Weierstrass’s singular integral, and on a theorem of Lerch, M essenger 


of Mathematics, 46, 43-48. VII. 1 


- N.I.C. XLIII: On the asymptotic value of a definite integral, and the coefficient in a 


power series, Messenger of Mathematics, 46, 70—73. V 


. N.I.C. XLIV: On certain multiple integrals and series which occur in the analytic 


theory of numbers, Messenger of Mathematics, 46, 104-107. V 


. ΝΟ. XLV: On a point in the theory of Fourier series, Messenger of Mathematics, 46, 


146-149. III. 1 (a) 


- N.I.C. XLVI: On Stieltjes’ ‘probléme des moments’, Messenger of Mathematics, 46, 175- 


182. VII. 1 
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11. 
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1917 (cont.) 


(With J. E. L.) Sur la convergence des séries de Fourier et des séries de Taylor, Comptes 


Rendus, 165, 1047-1049. III. 1 (a) 
Mr. 5. Ramanujan’s mathematical work in England, Journal of the Indian Mathematical 


Society, 9, 30-45. VII. 2 


1918 


(With J. ἘΣ. L.) Contributions to the theory of the Riemann zeta-function and the theory 
of the distribution of primes, Acta Mathematica, 41, 119-196. II. 1 


. (With S. Ramanujan) On the coefficients in the expansions of certain modular func- 


tions, Proceedings of the Royal Society, (A) 95, 144-155. I. 2 (a) 


. Sir George Stokes and the concept of uniform convergence, Proceedings of the Cambridge 


Philosophical Society, 19, 148-156. VIT. 2 


. (With J. ἘΣ. L.) On the Fourier series of a bounded function, Proceedings of the London 


Mathematical Society, (2) 17, xiii-xv. Ii. 1 (6) 


. (With 5. Ramanujan) Asymptotic formulae in combinatory analysis, Proceedings of the 


London Mathematical Society, (2) 17, 75-115. I. 2 (a) 


. N.I.C. XLVII: On Stieltjes’ ‘probléme des moments’ (cont.), Messenger of Mathematics, 


47, 81-88. VII. 1 


. N.IL.C. XLVIIT: On some properties of integrals of fractional order, Messenger of Mathe- 


matics, 47, 145-150. V 


. ΝΟ. XLIX: On Mellin’s inversion formula, Messenger of Mathematics, 47, 178-184. VII. 1 
. Note on an expression of Lambert’s series as a definite integral, Messenger of Mathe- 


matics, 47, 190-192. IV. 1(d) 


. On the representation of a number as the sum of any number of squares, and in par- 


ticular of five or seven, Proceedings of the National Academy of Sciences, 4,189-193. I. 2 (a) 


1919 


(With J. E. L.) Note on Messrs. Shah and Wilson’s paper entitled: ‘On an empirical 
formula connected with Goldbach’s theorem’, Proceedings of the Cambridge Philo- 
sophical Society, 19, 245-254. I. 2 (c) 


. N.I.C. L. On the integral of Stieltjes and the formula for integration by parts, Messenger 


of Mathematics, 48, 90-100. ν 


3. N.I.C. LI: On Hilbert’s double-series theorem, and some connected theorems concerning 
the convergence of infinite series and integrals, Messenger of Mathematics, 48, 107- 
112. IT. 3 
4. A problem of Diophantine approximation, Journal of the Indian Mathematical Society, 
11, 162-166. I. 1 
1920 
1. (With S. Ramanujan) The normal number of prime factors of a number n, Quarterly 
Journal of Mathematics, 48, 716-92. IT. 1 
2. (With J. E. L.) A new solution of Waring’s problem, Quarterly Journal of Mathematics, 
48, 272-293. I. 2 (δ) 
3. Note on a theorem of Hilbert, Mathematische Zeitschrift, 6, 314-317. IT. 3 
4. On two theorems of F. Carlson and 5. Wigert, Acta Mathematica, 42, 327-339. IV. 2 
5. (With J. E. 1.) P.N. I: A new solution of Waring’s problem, Géttinger Nachrichten 
(1920), 33-54. I. 2 (δ) 
6. Additional note on two problems in the analytic theory of numbers, Proceedings of the 
London Mathematical Society, (2) 18, 201-204. IT. 2 
7. (With J. E. L.) Abel’s theorem and its converse, Proceedings of the London Mathe- 
matical Society, (2) 18, 205-235. VI 
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1920 (cont.) 


8. N.I.C. LII: On some definite integrals considered by Mellin, Messenger of Mathematics, 
49, 85-91. VII. 1 
9, N.I.C. LIII: On certain criteria for the convergence of the Fourier series of a continuous 
function, Messenger of Mathematics, 49, 149-155. ITI. 1 (a) 


10. On the representation of a number as the sum of any number of squares, and in particular 


of five, Transactions of the American Mathematical Society, 21, 255-284. I. 2 (a) 


11. Some famous problems of the theory of numbers and in particular Waring’s problem, 


Inaugural lecture, Oxford, 1920. I. 2 (d) 


1921 


1. (With J. E. L.) P.N. II: Proof that every large number is the sum of at most 21 bi- 
quadrates, Mathematische Zewtschrift, 9, 14-27. I, 2 (δ) 
2. (With J. E. L.) The zeros of Riemann’s zeta-function on the critical line, Mathematische 
Zeitschrift, 10, 283-317. II. 1 
3. Note on Ramanujan’s trigonometrical function c,(n), and certain series of arithmetical 
functions, Proceedings of the Cambridge Philosophical Society, 20, 263-271. IT. 2 
4. A theorem concerning summable series, Proceedings of the Cambridge Philosophical 
Society, 20, 304-307. VI 
5. A convergence theorem, Proceedings of the London Mathematical Society, (2) 19, vi-vu. II. 3 
6. (With J. E. L.) On a Tauberian theorem for Lambert’s series, and some fundamental 
theorems in the analytic theory of numbers, Proceedings of the London Mathematical 


Society, (2) 19, 21-29. II. 1 
"7. N.I.C. LIV: Further notes on Mellin’s inversion formulae, Messenger of Mathematics, 50, 
165-171. Vit. 1 
1922 
1. Goldbach’s Theorem, Matematisk Tidsskrift B, 1-16. I. 2 (c) 
2. A new proof of the functional equation for the zeta-function, Matematisk Tidsskrift B, 
71-73. IT. 1 
3. (With J. E. L.) P.N. III: On the expression of a number as a sum of primes, Acta 
Mathematica, 44, 1-70. I. 2 (c) 
4, (With J. E. L.) P.N. IV: The singular series in Waring’s problem and the value of the 
number G(k), Mathematische Zeitschrift, 12, 161-188. I. 2 (δ) 


5. (With J. E. L.) D.A.: A further note on the trigonometrical series associated with the 
elliptic theta-functions, Proceedings of the Cambridge Philosophical Society, 21, 1-5. I.1 

6. (With J. E. L.) D.A.: The lattice-points of a right-angled triangle, Proceedings of the 
London Mathematical Society, (2) 20, 15-36. 1.1 

7. (With T. Carleman) Fourier’s series and analytic functions, Proceedings of the Royal 
Society, (A), 101, 124-133. 

8. (With J. E. L.) Summation of a certain multiple series, Proceedings of the London Mathe- 


matical Society, (2) 20, xxx. I. 2 (c) 

9, (With J. E. L.) D.A.: The lattice-points of a right-angled triangle, Hamburg Abhand- 
lungen, 1, 212-249. I.1 

10. N.I.C. LV: On the integration of Fourier series, Messenger of Mathematics, 51, 186— 
192. 7 III. 1 (e) 
11. The theory of numbers, British Association Report, 90, 16-24. VII. 2 

1923 

1. (With J. E. L.) On Lindelof’s hypothesis concerning the Riemann zeta-function, Pro- 

ceedings of the Royal Society, (A) 103, 403-412. II. 1 
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1923 (cont.). 
2. A chapter from Ramanujan’s notebook, Proceedings of the Cambridge Philosophical 


Society, 21, 492-503. . IV. 1 (ἃ) 
3. (With J. E. L.) D.A.: The analytic character of the sum of a Dirichlet’s series considered 
by Hecke, Hamburg Abhandlungen 3, 57-68. I. 1 


4, (With J. E. L.) D.A.: The analytic properties of certain Dirichlet’s series associated 
with the distribution of numbers to modulus unity, Transactions of the Cambridge 
Philosophical Society, 22, 519-533. I. 1 

5. (With J. E. L.) The approximate functional equation in the theory of the zeta-function 
with applications to the divisor-problems of Dirichlet and Piltz, Proceedings of the 


London Mathematical Society, (2) 21, 39-74. IT. 1 
6. N.I.C. LVI: On Fourier’s series and Fourier’s integral, Messenger of Mathematics, 52, 
49-53. IIT. I (e) 
1924 
1. (With J. E. L.) Solution of the Cesaro summability problem for power-series and 
Fourier series, Mathematische Zeitschrift, 19, 67-96. ITI. 1 (δ) 
2. Some formulae of Ramanujan, Proceedings of the London Mathematicai Society, (2) 22, 
Xli-Xiii. IV. 1(d) 
3. (With J. E. L.) Note on a theorem concerning Fourier series, Proceedings of the London 
Mathematical Society, (2) 22, xviii-xix. III. 1 (δ) 
4. (With J. E. L.) The equivalence of certain integral means, Proceedings of the London 
Mathematical Society, (2) 22, xl—xliii. VI 
5. (With J. Ἐς. L.) The allied series of a Fourier series, Proceedings of the London Mathe- 
matical Society, (2) 22, xliii-xlv. ITI. 1 (δ) 
6. (With J. E. L.) P.N. V: A further contribution to the study of Goldbach’s problem, 
Proceedings of the London Mathematical Society (2) 22, 46—56. I. 2 (c) 
7. (With J. E. L.) Abel’s theorem and its converse II, Proceedings of the London Mathe- 
matical Society, (2) 22, 254-269. VI 
8. N.I.C. LVIT: On Fourier transforms, Messenger of Mathematics, 53, 135-142. VII. 1 
9. (With E. Landau) The lattice points of a circle, Proceedings of the Royal Society (A), 
105, 244-258. II. 2 
1925 
1. (With J. E. L.) P.N. VI: Further researches in Waring’s problem, Mathematische 
Zeitschrift, 23, 1-37. I. 2 (δ) 
2. The lattice points of a circle, Proceedings of the Royal Society (A), 107, 623-635. II. 2 
3. What is geometry ? Mathematical Gazette, 12, 309-316. VII. 2 
4. (With J. E. L.) D.A.: An additional note on the trigonometrical series associated with 
the elliptic theta-functions, Acta Mathematica, 47, 189-198. I. 1 
5. (With J. E. L.) A theorem concerning series of positive terms, with applications to the 
theory of functions, Meddelelser Kobenhaun, 7, Nr. 4. IV. 2 
6. Note on a theorem of Hilbert concerning series of positive terms, Proceedings of the 
London Mathematical Society, (2) 23, xlv—xlvi. II. 3 
7. Some formulae in the theory of Bessel functions, Proceedings of the London Mathe- 
matical Society, (2) 23, lxi-lxiii. IV. 1(d) 


8. (With E. C. Titchmarsh) Solutions of some integral equations considered by Bateman, 
Kapteyn, Littlewood and Milne, Proceedings of the London Mathematical Society, (2) 
23, 1-26, and Correction ibid. 24, xxxi-xxxilii. VII. 1 
9. N.I.C. LVIII: On Hilbert transforms, M essenger of Mathematics, 54, 20-27. VII. 1 
10. N.I.C. LIX: On Hilbert transforms (cont.), M essenger of Mathematics, 54, 81-88. VII. 1 
11. N.I.C. LX: An inequality between integrals, Messenger of Mathematics, 54, 150-156. 11. 3 
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1926 

1. A definite integral which occurs in physical optics, Proceedings of the London Mathe- 
matical Society, (2) 24, xxx—xxxl. IV. 1 (α) 

2. (With J. E. L.) Some properties of fractional integrals, Proceedings of the London Mathe- 
matical Society, (2) 24, xxxvii-xli. 111, 2 

3. Note on the inversion of a repeated integral, Proceedings of the London Mathematical 
Society, (2) 24, 1-li. V 

4, (With J. ἘΣ. L.) The allied series of a Fourier series, Proceedings of the London Mathe- 
matical Society, (2) 24, 211-246. III. 1 (6) 

5. (With J. E. L.) A further note on the converse of Abel’s theorem, Proceedings of the 
London Mathematical Society, (2) 25, 219-236. VI 

6. (With J. E. L. and G. Pélya) The maximum of a certain bilinear form, Proceedings of the 
London Mathematical Society, (2) 25, 265-282. Il. 3 

7. (With J. E. L.) Some new properties of Fourier constants, Mathematische Annalen, 97, 
159-209. III. 1 (c) 

8. (With J. E. L.) N.S. I: Two theorems concerning Fourier series, Journal of the Lon- 
don Mathematical Society, 1, 19-25. ΠῚ. 1 (a) 

9. A theorem concerning harmonic functions, Journal of the London Mathematical Society, 
1, 130-131. IV. 2 

10. (With J. E. L.) N.S. II: The Fourier series of a positive function, Journal of the London 
Mathematical Society, 1, 134-138. III. 1 (δ) 

11. (With S. Bochner) Notes on two theorems of Norbert Wiener, Journal of the London 
Mathematical Society, 1, 240-244. VII. 1 

12. N.I.C. LXI: On the term by term integration of a series of Bessel functions, Messenger 
of Mathematics, 55, 140-144. IV. 1(d) 
13. The case against the Mathematical Tripos, Mathematical Gazette, 13, 61-71. VII. 2 

1927 
1. Note on Ramanujan’s arithmetical function 7(n), Proceedings of the Cambridge Philo- 


sophical Society, 23, 675-680. II. 2 


. (With J. E. L.) N.S. III: On the summability of the Fourier series of a nearly con- 


tinuous function, Proceedings of the Cambridge Philosophical Society, 23, 681-684. III. 1 (δ) 


3. (With J. E. L.) N.S. IV: On the strong summability of Fourier series, Proceedings of 
the London Mathematical Society, (2) 26, 273-286. III. 1 (δ) 
4. (With J. E. L.) N.S. V: On Parseval’s theorem, Proceedings of the London Mathematical 
Society, (2) 26, 287-294. III. 1 (e) 
5. (With A. E. Ingham and G. Pélya) Theorems concerning mean values of analytic 
functions, Proceedings of the Royal Society (A), 113, 542-569. IV. 2 
6. (With J. E. L.) Elementary theorems concerning power series with positive coefficients 
and moment constants of positive functions, Journal fir Mathematik 157, 141- 
158. II. 3 
7. N.1.C. LXII: A singular integral, Messenger of Mathematics, 56, 10-16. VII. 1 
8. N.I.C.. LXIII: Some further applications of Mellin’s inversion formula, Messenger of 
Mathematics, 56, 186—192. VII. 1 
9. Note on a theorem of Mertens, Journal of the London Mathematical Society, 2, 70-72. II. 1 
10. Note on the multiplication of series, Journal of the London Mathematical Socvety, 2, 


11. 


169-171. VI 
(With J. E. L.) N.S. VI: Two inequalities, Journal of the London Mathematical Socvety, 
2, 196-201. II. 3 
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1928 


. (With J. E. L.) A theorem in the theory of summable divergent series, Proceedings of 


the London Mathematical Society, (2) 27, 327-348. VI 


. (With A. E. Ingham and G. Pélya) Notes on moduli and mean values, Proceedings of 


the London Mathematical Society, (2) 27, 401-409. IV. 2 


. (With J. E. L.) N.S. VII: On Young’s convergence criterion for Fourier series, Pro- 


ceedings of the London Mathematical Society, (2) 28, 301-311. III. 1 (ὃ) 


. (With J. E. L.) P.N. VIII: The number I'(k) in Waring’s problem, Proceedings of the 


London Mathematical Society, (2) 28, 518-542. I. 2 (δ) 


. (With J. E. L.) Some properties of fractional integrals 1, Mathematische Zeitschrift, 27, 


565-606. III. 2 


. (With J. E. L.) A convergence criterion for Fourier series, Mathematische Zettschrift, 28, 


612-634. III. 1 (a) 


. N.C. LXIV: Further inequalities between integrals, Messenger of Mathematics, 57, 


12-16. IT. 3 


. N.L.C. LXV: A discontinuous integral, Messenger of Mathematics, 57, 113-120. IV. 1(d) 
. A theorem concerning trigonometrical series, Journal of the London Mathematical Society, 


3, 12-13. III. 1 (d) 
(With J. E. L.) N.S. VIII: An inequality, Journal of the London M athematical Socirety,. 

3, 106-110. If. 3 
Remarks on three recent notes in the Journal, Journal of the London Mathematical 

Society, 3, 166-169. II. 3 
A formula of Ramanujan, Journal of the London Mathematical Society, 3, 238-240. IV. 1(d) 


13. (With J. E. L.) N.S. [X: On the absolute convergence of Fourier series, Journal of the 
London Mathematical Society, 3, 250-253. III. 1 (a) 

14. (With J. E. L.) N.S. X: Some more inequalities, Journal of the London Mathematical 
Society, 3, 294-299. Il. 3 

1929 

1. (With J. E. L.) The approximate functional equations for {(s) and €7(s), Proceedings of 
the London Mathematical Society, (2) 29, 81-97. IT. 1 

2. Prolegomena to a chapter on inequalities (Presidential Address), Journal of the London 
Mathematical Society, 4, 61-78, and addenda, ibid. 5, 80. IT. 3 

3. Remarks in addition to Dr. Widder’s note on inequalities, Journal of the London Mathe- 
matical Society, 4, 199-202. IT. 3 

4. (With J. E. L.) A point in the theory of conjugate functions, Journal of the London 
. Mathematical Society, 4, 242-245. ITI. 1 (e) 

5. (With ἘΣ. C. Titchmarsh) Solution of an integral equation, Journal of the London Mathe- 
matical Society, 4, 300-304. VII. 1 

6. An introduction to the theory of numbers, Bulletin of the American Mathematical Society, 
35, 778-818. VII. 2 

7. N.I.C. LXVI: The arithmetic mean of a Fourier constant, Messenger of Mathematics, 58, 
50-52. ITI. 1 (e) 

8. N.I.C. LXVII: On the repeated integral which occurs in the theory of conjugate 
functions, Messenger of Mathematics, 58, 53-58. VII. 1 

9. N.I.C. LXVIII: The limit of an integral mean value, Messenger of Mathematics, 58, 
115-120. IT. 3 

10. N.I.C. LXIX: On asymptotic values of Fourier constants, Messenger of Mathematics, 
58, 130-135. ITI. 1 (a) 

11. (With J. E. L. and G. Pélya) Some simple inequalities satisfied by convex functions, 
Messenger of Mathematics, 58, 145-152. II. 3 
12. Mathematical proof, Mind, 38, 1-25. VII. 2 
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1930 
1. (With J. E. L.) A maximal theorem with function-theoretic applications, Acta Mathe- 
matica, 54, 81-116. II. 3 
2. (With E. C. Titchmarsh) Self-reciprocal functions, Quarterly Journal of Mathematics, 
1, 196-231. VII. 1 
3. (With J. E. L.) D.A.: A series of cosecants, Bulletin of the Calcutta Mathematical 
Society, 20, 251-266. I. ] 
4. (With J. E. L.) N.S. XI: On Tauberian theorems, Proceedings of the London Mathe- 
matical Society, (2) 30, 23-37. VI 
5. (With E. C. Titchmarsh) Additional note on certain integral equations, Proceedings of 
the London Mathematical Society, (2) 30, 95-106. VII. 1 
6. (With J. E. L.) N.S. XII: On certain inequalities connected with the calculus of varia- 
tions, Journal of the London Mathematical Society, 5, 34-39. IT. 3 
1931 
1. Some theorems concerning trigonometrical series of a special type, Proceedings of the 
London Mathematical Society, (2) 32, 441-448. III. 1 (d) 
2. (With J. E. L.) Some properties of conjugate functions, Journal fir Mathematik, 167, 
405-423. ITT. 2 
3. The summability of a Fourier series by logarithmic means, Quarterly Journal of Mathe- 
matics, 2, 107-112. IIT. 1 (ὃ) 
4. (With J. E. L.) N.S. XIII: Some new properties of Fourier constants, Journal of the 
London Mathematical Society, 6, 3-9. ITI. 1 (c) 
5. (With J. E. L.) N.S. XIV: An additional note on the summability of Fourier series, 
Journal of the London Mathematical Society, 6, 9-12. ITT. 1 (δ) 
6. (With E. C. Titchmarsh) A note on Parseval’s theorem for Fourier transforms, Journal 
of the London Mathematical Society, 6, 44—48. VII. 1 
7. (With J. E. L.) N.S. XV: On the series conjugate to the Fourier series of a bounded 
function, Journal of the London Mathematical Society, 6, 278-281. ITI. 1 (8) 
8. (With J. E. L.) N.S. XVI: Two Tauberian theorems, Journal of the London Mathe- 
matical Society, 6, 281-286. VI 
1932 
1. (With E. C. Titchmarsh) Formulae connecting different classes of self-reciprocal func- 
tions, Proceedings of the London Mathematical Society, (2) 33, 225-232. VII. 1 
2. On Hilbert transforms, Quarterly Journal of Mathematics, 3, 102—112. VII. 1 
3. (With J. E. L.) Some integral inequalities connected with the calculus of variations, 
Quarterly Journal of Mathematics, 3, 241-252. II. 3 
4. (With J. E. L.) Some properties of fractional integrals II, Mathematische Zeuschrift, 
34, 403-439. If. 2 
5. (With J. E. L.) Some new cases of Parseval’s theorem, Mathematische Zettschrift, 34, 
620-633. ITT. 1 (c) 
6. (With J. E. L.) An additional note on Parseval’s theorem, Mathematische Zeitschrift, 
34, 634-636. | III. 1 (c) 
7. (With E.C. Titchmarsh) An integral equation, Proceedings of the Cambridge Philosophical 
Society, 28, 165-173. VII. 1 
8. Summation of a series of polynomials of Laguerre, Journal of the London Mathematical 
Society, 7, 138-139, and addendum, ibid. 192. ITI. 1 (e) 
9. (With J. E. L.) N.S. XVII: Some new convergence criteria for Fourier series, Journal 
of the London Mathematical Society, 7, 252-256. : III. 1 (a) 
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1933 
1. (With E. C. Titchmarsh) A class of Fourier kernels, Proceedings of the London Mathe- 
matical Society, (2) 35, 116-155. VII. 1 
2. (With J. E. L.) Some more integral inequalities, The Téhoku Mathematical Journal, 
37. 151-159. IT. 3 
3. The constants of certain inequalities, Journal of the London Mathematical Society, 8, 
114-119. IT. 3 
4. A theorem concerning Fourier transforms, Journal of the London Mathematical Society, 
8, 227-231. VII. 1 
1934 
1. (With J. E. L.) Theorems concerning Cesaro means of power series, Proceedings of the 
London Mathematical Society, (2) 36, 516-531. III. 2 
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